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The phase-field fracture method has been well estab-
lished within the context of linear elasticity. Ongoing
work in soft materials extended the use of the phase-
field model from linear to finite elasticity in a com-
pressible setting where the Poisson’s ratio, ν, ranged
from 0.3 to 0.45. Staying within a compressible set-
ting allows for pure displacement formulations to be
used [1].

In this work we presents a stabilized formulation
for phase-field fracture of hyperelastic materials near
the limit of incompressibility. At this limit, tradi-
tional mixed displacement and pressure formulations
must satisfy the inf-sup condition for solution stabil-
ity. The mixed formulation coupled with the dam-
age field can lead to an inhibition of crack open-
ing as volumetric changes are severely penalized ef-
fectively creating a pressure-bubble. To overcome
this bottleneck, we utilize a mixed formulation with
a perturbed Lagrangian formulation which enforces
the incompressibility constraint in the undamaged
material and reduces the pressure effect in the dam-
aged material [2]. A mesh-dependent stabilization
technique [3] based on the residuals of the Euler-
Lagrange equations multiplied with a differential op-
erator acting on the weight space is utilized [4], al-
lowing for linear interpolation of all field variables
of the elastic subproblem.

This formulation was validated with three examples
at finite deformations: a plane-stress pure-shear test,
a two-dimensional geometry in plane-stress, and a
three-dimensional notched sample. In the last ex-
ample, we incorporate a hybrid formulation with an
additive strain energy decomposition to account for
different behaviors in tension and compression. The
results show close agreement with analytical solu-
tions for crack tip opening displacements and per-
forms well at the limit of incompressibility. From an
energy perspective the variational phase-field frac-

ture model matches closely with theoretical criti-
cal initiation load (i.e., Griffith’s criterion). The fact
that the fully fractured configuration does not exhibit
high residual pressures and stresses is a significant
finding that has not been captured in prior results.
This low-order formulation greatly increases com-
putational efficiency for complex three-dimensional
simulations, and has the potential to be extended to-
wards dynamic fracture problems in soft materials at
the limit of incompressibility.
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