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The paper investigate the coupling between graded
damage [1] and elasto-plasticity. The elastic proper-
ties C of the material depends on a damage variable
d, then the free energy w depends on the strain ε, on
internal variables α and on damage d:

w = w(ε, α, d).

Damage variable is bounded and its gradient is
bounded by a concave function f(d) in order to limit
its concentration:

g2(d) = ||∇d|| − f(d) ≤ 0, f(0) > 0.

These two conditions are taken into account by two
Lagrange multipliers µi

µi ≥ 0, g1 = d(d− 1) ≤ 0, g2 ≤ 0,

µ1g1(d) + µ2g2(d) = 0.

Introducing the potential energy E of a body Ω sub-
mitted to prescribed displacement on ∂Ωu and ten-
sion on the complementary part ∂ΩT .

E(u, α, d, µi) =

∫
Ω

w(ε(u), αd)dΩ

+

∫
Ω

µigi(d)dΩ−
∫
∂Ωt

Td.udS

The evolution of the internal parameter (α, d) are
given by normality laws

α̇ = λ
∂Φ

∂A
, λ ≥ 0,Φ(A) ≤ 0, λΦ = 0

ḋ ≥ 0, Y − Yc ≤ 0, ḋ(Y − Yc) = 0

where Φ is a convex function of the thermodynam-

ical force A associated to α :A = −∂E
∂α

, and Yc

is a critical value for local fracture, Y is the re-
lease rate of energy associated to damage evolution,

Y = −∂E
∂d

.

The variations of potential energy gives the driven
forces:

A = −∂w

∂α
,

Y = −∂w

∂d
+

1

f
div(µ2∇d) + µ1(1− 2d)

Variations of potential energy exhibit discontinuities
along the boundary between sound and damaged ma-
terial, this fact must be discuss.

In particular, w can be discontinuous along mov-
ing boundaries, especially along the surface where
d = 0+. If such a discontinuity exists additional dis-
sipation occurs, if not this imposes some continuity
conditions on the internal variable α. In this case,
in the damaged zone plasticity and damage cannot
evolve simultaneously as shown in [2].

This fact is illustrated on analytical examples based
on cylindrical or spherical geometries on elasto-
plasticity with or without linear hardening.
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