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Preface
The series of International Conferences on Computational Modeling of Fracture and Failure of Materials
and Structures (CFRAC) started at Ecole Centrale de Nantes in June 2007 and continued at the Technical
University of Catalonia in Barcelona in June 2011. On 5-7 June 2013, the third edition of CFRAC is held
at the Czech Technical University in Prague. Its scientific program consists of 5 plenary lectures and 37
parallel sessions assembled into 13 minisymposia, in which 26 keynote lectures and 141 regular lectures
are given. Each lecture is represented in this proceedings book by an abstract.
CFRAC belongs to the large family of ECCOMAS Thematic Conferences, organized with the support
of the European Community on Computational Methods in Applied Sciences. It is also one of the Special
Interest Conferences of IACM, the International Association for Computational Mechanics. The purpose of
CFRAC is to bring together academic researchers and industrial partners involved in the development and
application of numerical procedures for fracture and failure simulation of materials and structures.
The growing need for efficient and robust numerical methods dealing with fracture and failure can be
attributed to the fact that designers of engineering structures must respond to ever increasing demands
on performance in terms of safety, reliability, durability, low cost and low energy consumption. As new
materials and new applications emerge, traditional design rules and conventional testing methods become
insufficient or inapplicable, which strengthens the role of computational methods in the design process.
Numerical tools can substantially accelerate the development of new products and their optimization. The
ambition of CFRAC conferences is to serve as a platform for presentation and discussion of exciting advances in various branches of computational fracture and failure mechanics, and to promote collaboration
among research groups in Europe and worldwide.
One of the characteristic features of the CFRAC series of conferences is the emphasis on a participantfriendly environment, encouraging the presentation of the most recent results. For instance, the final deadline for submission of contributions to CFRAC 2013 was just four months before the actual conference, and
the authors had the opportunity to update the abstracts for two more months. At the conference, at most
five sessions run in parallel, in lecture rooms located next to each other. The coffee break refreshments and
the lunches are served in one spacious lobby, so that the participants can remain together and continue their
discussions in a relaxed atmosphere. The organizers believe that such conditions facilitate the exchange of
ideas and contribute to the success of the conference.
The present proceedings volume has been assembled from individual abstracts submitted by their authors. To ensure uniformity of style and to minimize the number of misprints, the abstracts have been
checked and corrected by graduate students Václav Nežerka and Michael Somr, and the final unified pdf
file with a table of contents and list of authors has been produced by Jan Zeman, associate professor at the
Czech Technical University in Prague. We would also like to thank the minisymposia organizers and the
plenary speakers and acknowledge their important contribution to the preparation of CFRAC 2013.
Finally, let us mention that the complete proceedings can be freely downloaded from the conference
web site via http://mech.fsv.cvut.cz/cfrac/proceedings.pdf. We hope that the readers
will find here stimulating ideas and enjoy the reading.
Milan Jirásek
Czech Technical
University in Prague,
Czech Republic
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Stéphane Guinard
Stephen Hallett
Günter Hofstetter
Alfredo E. Huespe
Stephan Loehnert
Christian Miehe
Nicolas Moës
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D. Geoffroy, E. Héripré, J. Crépin, A. Roos: Fracture of a γ-TiAl polycrystal: Model versus
experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
J. Leflohic, V. Parpoil, M. Poncelet, H. Leclerc: A digital image correlation controlled multiaxial
machine to perform mixed mode crack propagation tests . . . . . . . . . . . . . . . . . .
J. van Beeck, J. Neggers, P.J.G. Schreurs, J.P.M. Hoefnagels, M.G.D. Geers: Quantification of
three-dimensional surface deformation using global digital image correlation . . . . . . .
J.B. Esnault, V. Doquet, P. Massin: A three-dimensional analysis of fatigue crack paths in thin
sheets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A. Tixier, C. Rospars, F. Dufour, A. Khadour, M. Quiertant, B. Masson: Numerical modeling to
analyse optical fibers measurements along a steel-concrete interface . . . . . . . . . . . .
R. Kumpoopong, S. Yindeesuk, D.A. Kuchma, P. Silarom, B. Ongsuksun, A. Issariyanukula,
P. Chupanit: Crack characteristics in complex D-regions designed using strut-and-tie models in reinforced concrete structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CFM: Cohesive Fracture Models
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U. Häussler-Combe, T. Kuehn: A novel strain rate model for concrete and its influence upon crack
energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Convergent Erosion Schemes for Three-Dimensional Fracture and Fragmentation
B. Li1 , A. Pandolfi2∗ , M. Ortiz1
1

Graduate Aeronautical Laboratories, California Institute of Technology, Pasadena, CA 91125, USA,
ortiz@aero.caltech.edu
2
Dipartimento di Ingegneria Strutturale, Politecnico di Milano, 20133 Milano, Italy

Brittle fracture can be formulated as a freediscontinuity problem, i. e., a problem where the
solution can have discontinuities and, in addition,
the jump sets of the solution are a priori unknown.
Within this variational framework, [1] have proposed an approximation scheme, which they term
eigenfracture, based on the notion of eigendeformation. Eigendeformations are widely used in mechanics to describe deformation modes that cost no
local energy. In the eigenfracture scheme, the energy functional depends on two fields: the displacement field u and an eigendeformation field ε∗ that
describes such cracks as may be present in the body.
Specifically, eigendeformations allow the displacement field to develop jumps at no cost in local elastic energy. In addition, in the eigenfracture scheme
the fracture energy is set to be proportional to the
volume of the -neighborhood of the support of the
eigendeformation field, suitably scaled by 1/. The
optimal crack set is obtained by minimizing the resulting energy functional with respect to both the
displacement and the eigendeformation fields, subject to irreversibility constraints.
The eigenfracture scheme of Schmidt et al. [1] has
been specialized to element erosion by Pandolfi and
Ortiz [2], and to material-point erosion by Li et al.
[3], and referred to the resulting schemes as eigenerosion. Eigenerosion is derived from the general
eigenfracture formulation by restricting the eigendeformations in a binary sense: they can be either
zero, in which case the local behavior is elastic; or
they can be equal to the local displacement gradient, in which case the corresponding material neighborhood is failed, or eroded. When combined with
a finite-element approximation, this scheme gives
rise to element erosion, i.e., the elements or material points can be either intact, in which case their
behavior is elastic, or be completely failed — or
eroded — and have no load bearing capacity. The
implementation of the method, included the allimportant -neighborhood construction, is exceedCFRAC 2013
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ingly simple and applies to general situations, possibly involving complex three-dimensional fracture
patterns such as branching and fragmentation. The
accuracy and convergence of the eigenerosion approach is comparable — at a much reduced implementation cost and complexity — to that of other
numerical fracture schemes.
Element erosion has been extensively used to simulate fracture in a number of areas of application, including terminal ballistics. However, some
of these methods fail to converge or converge to the
wrong limit. By contrast, the eigenfracture scheme
is known to properly converge to Griffith fracture in the limit of vanishingly small mesh sizes
[1]. In particular, the local-neighborhood averaging of the energy which underlies the calculation of
the effective energy-release has the effect of eliminating spurious mesh-dependencies. The accuracy
and fidelity of the eigenerosion approach has been
assessed through convergence studies for Mode I
crack growth, both in two and three dimensions and
for structured and random meshes, and validated
against quasistatic and dynamic experimental data.
References
[1] B. Schmidt, F. Fraternali, M. Ortiz, Eigenfracture: An eigendeformation approach to variational fracture, Multiscale Model Sim 7 (2009)
1237–1266.
[2] A. Pandolfi, M. Ortiz, An eigenerosion approach to brittle fracture, Int J Numer Meth Eng
8 (2012) 694–714.
[3] B. Li, A. Kidane, G. Ravichandran, M. Ortiz, Verification and validation of the Optimal
Transportation Meshfree (OTM) simulation of
terminal ballistics, Int J Impact Eng 42 (2012)
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Ductile failure modelling
The recent investment on the research and improvement on ductile damage and fracture modelling
may be explained by the necessity of exploiting
and extending of traditional materials capacities,
for different industrial applications, whilst maintaining safety rules and abiding to economic restrains. Another important factor has to do with the
use of new materials with improved strength properties and the need of understanding their behaviour
at severe stress/strain conditions. This is the case,
in particular, in metal forming processes involved
in the manufacture of a huge variety of structural
parts in many industrial sectors, such as, for example, automotive, aeronautics or consumption goods
in which materials are subject to significant changes
in shape at the solid state that encompass large plastic strains.
Numerical modelling has become indispensable in
the design, development and optimization of metal
forming processes in the industry. The powerful
commercial codes which are available nowadays allow for a reliable prediction of deformation, strain
and stresses at critical points of industrial parts. One
crucial issue is formability, i.e., the capability of
produce a part without defects but within the material limits. The flow of the material, forced by contact with tools involve large plastic strains that, after
a given threshold level, may trigger a ductile damage process occurring concomitantly with the plastic deformation due to the nucleation, growth and
coalescence of micro-voids.
It is still common practice at the industrial level
to use a posteriori fracture criteria, based on the
computational evaluation of functions of some state
variables that depend on the deformation story (e.g.
[1]).These variables may be the total plastic work,
the maximum plastic shear work or the equivaCFRAC 2013
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lent plastic strain. Other criteria may be based on
the growth of defects which include geometric aspects (e.g. [2, 3]), growth mechanisms, dependent
on principal stresses or hydrostatic pressure or material behaviour coupling (e.g. [4, 5]).
Present production of many components in the
industry require complex deformation paths and
these criteria very often fail to give the appropriate information. Situations in which the damage
localizes away from the sites where the maximum
equivalent plastic deformation is concentrated or
where damage evolves differently for different
compression or traction stress states, different
triaxialities or diverse shear stress states are hardly
handled by these criteria.
Coupled models. Stress state dependence.
Models in which damage evolution is taken into account through the deformation process are for that
purpose more reliable. Two major routes are often taken in building those models. One is based
on Continuous Damage Mechanics (CDM) and the
thermodynamics of irreversible processes. The most
popular ones are based on Lemaitre’s model which
includes the evolution of internal damage, as well
as non-linear isotropic and kinematic hardening in
the description of the behavior of ductile materials
[6].
Another route is grounded on micro mechanical
considerations coupling damage and plasticity at
the constitutive level [7, 8]. The Gurson-TvergaardNeedleman (GTN) model , which is one of the most
well-known extensions of Gurson’s model, assumes
both isotropic hardening and damage. This model
includes strong coupling between plastic strain and
damage variable, porosity or the void volume fraction, representing the presence of micro voids. More
recently Xue [9] has proposed the introduction of
Prague, Czech Republic, 5–7 June 2013
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a shear mechanism to improve the model perfor- modynamic forces power-conjugated with internal
mance at low levels of stress triaxialities.
variables (for instance, the elastic energy release
Many researchers have shown that the third invari- rate in damage models). In fact, the choice of the
ant of the deviatoric stress tensor, through the so- non-local variable depends on the kind of material
called the Lode angle, is an essential parameter to be modelled and on the nature of the problem
in the characterization of the effect of the stress to be solved. In the particular case of elasto-plastic
state on material yielding and on ductile fracture damaging ductile solids, the internal degradation of
(e.g. [10, 11]). In particular, Bai and Wierzbicki the material, which in the CDM theory is usually
have suggested a three dimensional fracture loci on treated by means of some damage measurement as
the space of equivalent strain, stress triaxiality and an internal variable, is closely linked to the localisation phenomenon.
Lode angle.
An assessment on the performance of some of the Different choices for non-local variables (damage,
referred models will be carried out here at different void volume fraction, hardening, elastic energy
release rate, equivalent plastic strain) will be here
stress states.
numerically assessed for different combinations of
stress triaxiality ratio and Lode angle.
Non-local models
Nevertheless, most of those models are based on
the assumption of the so-called local continuum in
which the behaviour of the material is completely
represented by a point-wise constitutive law, independently of the influence of surrounding material
points. The material is assumed to be continuous at
any scale and, therefore, size effects are inherently
neglected. However, it is well known that the softening induced by the standard implementation of
those models in finite element solutions may lead
to mesh and orientation dependence. This fact is associated to the local change of the underlying type
of differential equations representing the problem
whenever a negative stiffness is locally included due
to softening. As a consequence localization effects
are not correctly dealt with by mesh refinement.

Damage to fracture transition

Continuum models successfully describe most the
stages of material behaviour. Nevertheless, when it
comes to the final stages of failure, these models
are not able to represent the initiation and propagation of macro-cracks within a structure. To correctly address surface decohesion and avoid spurious damage growth, the use of a discontinuous approach becomes imperative. One of the most successful simulations of ductile fracture processes, in
a finite element method framework, lay in strategies that involve relatively fine meshes and continuous remeshing. Models based on the smeared crack
model, more common in brittle failure applications,
in which the effects of a discontinuity are incorporated in the stress field and not at the displacement
One of the solutions for this problem is the use non- or strain field level, avoid the need for remeshing.
local models (e.g. [12, 13, 14, 15, 16]). The nonlocal theory incorporates an intrinsic length, into A successful alternative approach is to locate disthe traditional continuum theory, trying to mimic placement or strain discontinuities intra-element. A
those size effects at the constitutive level and, as large number of intra-element discontinuity models
a side effect, if conveniently formulated it allevi- falls within the embedded discontinuities class [17].
ates or solves numerical problems associated with These models are in general characterized by the
local models, either by means of gradient-enhanced introduction of new deformation modes in the standard finite element. These deformation modes are
or integral-type formulations.
able to represent discontinuities with an arbitrary
The derivation of any non-local theory requires the orientation both at the strain level (weak discontichoice of the variable or variables to be enhanced by nuity) or at the displacement level (strong discontinon-locality. Typical choices are, amongst others, nuity) (e.g [18, 19]).
the regularization of variables related to kinematics
(such as the strain tensor), regularisation of internal Another powerful technique to represent discontivariables (e.g. scalar measurements of the amount nuities intra-element is the eXtended Finite Eleof plastic strain or damage) or regularisation of ther- ment Method (XFEM) [20] in which the standard
CFRAC 2013
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displacement field approximation is enriched with [10] Y. Bao, T. Wierzbicki, A new model of metal
functions able to capture the decohesion between
plasticity and fracture with pressure and Lode
two surfaces. Extra degrees of freedom are added to
dependence, Int J Plasticity 24 (2008) 1071–
the nodes of the elements containing the disconti1096.
nuity, allowing free propagation through the mesh. [11] G. Mirone, D. Corallo, A local viewpoint for
The XFEM possesses interesting characteristics to
evaluating the influence of stress triaxiality and
develop a successful simulation of ductile failure
Lode angle on ductile failure and hardening,
processes.
Int J Plasticity 26(3) (2010) 207–217.
A simple strategy on how to apply it to ductile fail- [12] G. Pijaudier-Cabot, Z. P. Bažant, Nonlocal
damage theory, J Eng Mech 113(10) (1987)
ure is briefly described here. When damage reaches
1512–1533.
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[15] M. Jirásek, S. Rolshoven, Comparison of
integral-type nonlocal plasticity models for
[1] G. R. Johnson, W. H. Cook, Fracture characstrain-softening materials, Int J Eng Sci 41
teristics of three metals subjected to various
(2003) 1553–1602.
strains, strain rates, temperatures and pressures,
[16] F. Andrade, J. Cesar de Sa, F. Andrade Pires,
Eng Fract Mech 21(1) (1985) 31–48.
A ductile damage nonlocal model of integral[2] F. A. McClintock, A criterion for ductile fractype at finite strains: formulation and numerical
ture by growth of holes, J Appl Mech 35 (1968)
issues, Int J Damage Mech 20 (2011) 515–557.
363–371.
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Finite Element Simulations of Cutting Processes of Thin-Walled Structures
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Thin walled structures appear in many applications
of engineering interest. The intentional or accidental cutting of this type of structures by means of a
sharp object is a complex phenomenon, whose accurate description is of obvious interest in many instances. Early studies on the analysis of the mechanics of blade cutting were for example devoted to
the analysis of ship grounding. The process of cutting involves several types of nonlinearities, such as
large deformations, contact, crack propagation and,
in the case of laminated shells, delamination, whose
effective description requires state of the art computational technologies. In addition to this, a special difficulty in blade cutting is represented by the
blade sharpness, whose accurate geometric resolution would require meshes with characteristic size
of the order of the blade curvature radius.
The purpose of this work is to propose and discuss a computational finite element approach for the
simulation of blade cutting of thin shells. As it is
more convenient in the presence of highly nonlinear problems, the approach is developed in an explicit dynamics framework. Structures of this type
are mostly analyzed using shell finite elements belonging to either one of two main categories: shell
elements derived on the basis of the classical or degenerate shell concept, in conjunction with the assumption of plane stress state; solid-shell elements,
directly derived from three-dimensional continuum
elements, using displacement degrees of freedom
only and allowing for the implementation of fully
three-dimensional constitutive laws. Solid-shell elements are claimed to present several advantages
over classical shell elements: more straightforward
enforcement of boundary conditions, possibility to
incorporate complex 3D material models, no need
for complex update algorithms for finite rotations,
easy usage in combination with 3D solid elements,
possibility to obtain good accuracy in the throughthe-thickness stress distribution in laminated composites. On the other hand, solid-shell elements exhibit several types of locking behavior which deCFRAC 2013
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mand for corrections of the element kinematics. In
the present work, the element proposed in [1] has
been implemented in an explicit dynamics framework. In this element, shear locking and curvature thickness locking are cured by the ANS (Assumed Natural Strain) method, while Poisson thickness locking is controlled by means of an EAS (Enhanced Assumed Strain) approach by enriching the
strain field with one parameter. Reduced integration
with hourglass stabilization is also adopted to reduce the computational cost and to avoid volumetric
locking.
The possible use of solid-shell elements in an explicit context is attracting particular attention and
requires a specific treatment. In fact, in this kind of
elements, usually developed in an implicit framework, the computation of the enhanced strain parameters, which are to be condensed out at element
level, requires the iterative solution of a nonlinear
problem in each element and at each time step,
which turns out to be computationally too expensive
in explicit analyses, where a very small time step
size is dictated by stability requirements. To reduce
the computational cost, the element formulation has
therefore been reconsidered by introducing an explicit update of the enhanced variables.
Another problem connected with the use of solidshell elements follows from the fact that the thickness dimension is often significantly smaller than
the in-plane dimensions, leading to a high ratio
of transverse to in-plane normal stiffnesses, with
a high finite element maximum eigenfrequency.
Hence, very small time-steps are required to guarantee the analysis stability in explicit dynamics. To
circumvent the problem, a new selective mass scaling technique has been proposed based on a linear transformation of the solid-shell element degrees of freedom. The transformation allows to separate middle plane degrees of freedom, which govern rigid body motions, so as to be able to selectively increase the masses associated to out-of-plane
degrees of freedom only, preserving the diagonal
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structure of the mass matrix (see e.g. [2] for a simi- alytical and experimental results, allow to define the
lar approach based on thickness scaling, and [3] for range of applicability of the proposed methodology
mass scaling). Important features of the proposed and to highlight its possible limitations.
approach are that mass lumping is preserved after the transformation, allowing for a direct computation of nodal accelerations, and that only minimal modification to existing codes are required for
its implementation. Furthermore, for solid-shell elements, where the thickness dimension is significantly smaller than the in-plane ones, the highest element eigenfrequency always turns out to be given
by the square root of the eigenfrequency ω 2 corresponding to the thickness vibration mode. In the
case of a regular parallelepiped, in [4] it has been
shown that the critical time-step resulting from this
eigenfrequency can be analytically computed. This
allows to define a strategy for the optimal selection
of the mass scaling parameter, so as to maximize the
time-step without significant accuracy loss.
Special attention is required in considering the action of a sharp blade on a thin shell, since the
blade can interfere with the transmission of cohesive forces between the crack flanks in the cohesive
process zone. Standard cohesive interface elements
are not suited for the simulation of this type of cutting, dominated by the blade sharpness, unless extremely fine meshes, with characteristic size comparable to the blade curvature radius, are used. To
circumvent the problem, the use of a new type of
“directional” cohesive interface element, first proposed in [5], for the explicit dynamics simulation
of crack propagation in elastic shells, is further developed. According to this concept, when a fracture
propagation criterion is activated at a node, the node
is duplicated and a cohesive string element is introduced between the separating nodes. String elements are geometric entities which can detect contact against the blade. When this happens, the string
transmits cohesive forces to the crack flanks in different directions. Specific issues connected with the
use of reduced integration elastoplastic, thin solidshell elements in connection with “directional” cohesive interface element, such as the definition of a
suitable fracture activation criterion and the implementation of a computationally effective hourglass
stabilization are addressed.

Figure 1: Application to blade cutting problems.
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Applications of the proposed methodology to different types of cutting problems are shown in Figure 1.
These examples, by means of comparisons with anCFRAC 2013
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Dynamic Fracture: Discrete Versus Continuum Damage Modeling
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The modeling of catastrophic failure of materials and structures, including dynamic fragmentation, is a long standing scientific challenge with
important societal impact. For example, the observation and prediction of fragment sizes have profound implications on the resistance of a material to
ballistic impact, energy absorption capacity during
crash, hydraulic fracturing, and clustering of galaxies. Upon severe loading, multiple micro-cracks initiate at seemingly random locations. High-speed
cameras reveal that these cracks then propagate at
high velocities. Their paths may be tortuous, single cracks may form complex branches, but eventually the cracks coalesce, resulting in the formation of fragments. Material failure is accompanied
by a complex stress-wave communication network.
At first glance, this catastrophic process appears
chaotic and unpredictable. Yet, universal features,
which can be explored through numerical calculations, emerge from the chaos.
In this presentation, we discuss two different classes
of methods to investigate dynamic fracture and fragmentation: the cohesive element method (discrete
approach) and a non-local integral-type continuum
damage model (continuum approach).
We begin with the analysis of explosive fragmentation of simple structures, including brittle plates
and hollow spheres, using cohesive elements [1, 2].
A comparison between our numerical results and
analytic energy models [3] reveal an identical scaling law exponent for the dependence of the average fragment size on strain rate. However, our
simulations, which include explicitly stress wave
interactions, yield a higher number of fragments.
The calculations give also access to statistics on
fragment shapes and orientations. We show that
thin membranes generate roughly structured orientations, whereas for larger membranes thicknesses,
crack branching mechanisms bring random fragment orientations.

cohesive approaches suffer from mesh dependency.
In the last part of the presentation, we explore the
extension of classical static non-local continuum
damage models to dynamical problems. This approach is used to smear the crack front over several
mesh elements to achieve crack path mesh independence. We discuss the non trivial choice of material
parameters, in particular for the non-local regularization, and present recent results on a benchmark
problem involving dynamic crack-branching instabilities in a pre-cracked PMMA plate [4].
References
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The robustness of our predictions regarding fragment shapes should be contrasted with the fact that
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The main objective of structural analysis is safety.
This happens to be a particularly tricky problem for
quasibrittle materials, i.e. heterogeneous materials
with brittle constituents in which the inhomogeneity
size, and thus the fracture process zone (FPZ), is not
negligible compared to the structural dimension D.

ability < 10−3 . For the typical case of Type 1 size
effect, which occurs in structures with the so-called
positive geometry (i.e., the geometry for which the
energy release rate at constant load increases with
the crack extension), the quasi-brittleness means
that a larger structure fails if a single RVE fails,
in other words, if it behaves as a chain of links,
each representing one RVE. It was shown that as
the structure’s size D (or the number N of RVEs
in the chain) increases, the failure load distribution
gradually changes from Gaussian to Weibullian in
such a way that a Weibull tail gradually grows into
the Gaussian core.

The problem is that the type of strength distribution
must be known up to the tail of failure probability
10−6 , which is the maximum failure probability tolerable in engineering design. Such a small probability is beyond direct experimental verification by
repeated tests (since at least 108 of identical structures would have to be tested). So the distribution
type must be based on a physically justified theory, In quasibrittle structures, N is not large enough (not
> 105 ) to make the distribution completely Weibulverified indirectly in other ways.
For ductile (or plastic) failure, the distribution must lian. So one has a Gauss-Weibull graft, for which
do not sufbe Gaussian (normal) because the failure load is a the mean and the coefficient of variation
−6
weighted sum of contributions of random strength fice to locate the tail probability of 10 . Since, for
−6
values of representative volume elements (RVE) the Weibull distribution, the ratio of the load of 10
of material along the failure surface, all of which failure probability to the standard deviation is alfail simultaneously. For perfectly brittle failure, in most double the ratio for the Gaussian distribution,
which the structural failure is caused by failure of determining the Gauss-Weibull graft is crucially imone negligibly small RVE, the structural strength portant. This means that the structure must be probabilistically modeled as a finite (rather than infinite)
distribution must be Weibullian [16].
chain of RVEs [5]. Unlike ductile or perfectly britSo, in these extreme cases, the load of failure prob- tle structures, the number of RVEs and their weightability 10−6 can be determined from the mean and ing becomes very important for safety assessments
standard deviation, which are easily measured or [13, 14, 15].
computationally simulated. Not, however, for quasibrittle structures, made of quasibrittle materials The present lecture reviews the nano-mechanical arsuch as concrete, tough ceramics, fiber composites, gument for fracture on the atomistic scale, the mulrigid foams, many geomaterials, bio-materials, and tiscale transition to the RVE level, and the compuall brittle materials on the micrometer scale [6, 2]. tational challenges in calculating the failure probability tail. Some typical comparisons with test data
The analysis of interatomic bond breaks and mustis- for concrete and tough ceramics, documenting the
cale transitions to the RVE has shown that the applicability of the theory, are displayed (Fig. 1).
strength of one RVE must have a Gaussian distri- Extension to the size effect on the lifetime distribubution transiting to a power law in the tail of prob- tion of quasibrittle structures subjected to static or
CFRAC 2013
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cyclic fatigue is also explained [9, 10].

that

Although the present theory can be calibrated from
Bi,β
p
ft0
(1)
σ
=
N
i,β
histograms of strength of many identical specimens
1 + D/D0i,β
of different sizes, it is argued that test data on
0
gi,β
the mean size effect of a broad enough range alcf
(2)
where D0i,β =
gi,β
low a much more effective and simpler calibration.
s
Then, the recently developed boundary-layer nonE 0 Gf
l0
, l0 = 0 2 (3)
Bi,β =
0
local method for computing the failure probabilities
cf
gi,β
ft
and the size effect on the probability distribution
are briefly explained and their application illustrated Here F = given load (maximum load), b = beam
[11].
thickness, E = elastic modulus, Gf = fracture enIn the second part of the lecture, two new advances ergy, l0 = Irwin’s characteristic material length
are briefly presented. One involves the computation roughly equal to the length of the FPZ, cf = material
of failure probability of residual strength under sud- characteristic length for size effect (cf /l0 ≈ 0.44
den overload after a sustained period under constant for 3PB tests [7]); gi,β = dimensionless energy release rate for crack extension from element i in the
stress.
0
direction β, and gi,β
= derivative with respect to the
The other involves the probability distribution of
crack extension length in direction β; and σN i,β =
failures after large stable crack growth, which exnominal strength of structure of size D when the
hibit the so-called Type 2 size effect. Since this is a
failure is due to crack extending in direction β from
venture into an unexplored realm, let us now explain
the i-th RVE with tensile strength ft0 (this means
it briefly.
that we consider the crack growth to be governed by
These failures, whose statistics has apparently not the cohesive crack model or crack band model, or
yet been subjected to fundamental probabilistic some nonlocal damage model, in which ft0 is one bamodeling, are typical of reinforced concrete struc- sic material fracture characteristic, which is considtures as well as some unreinforced ones, which typ- ered random). Before undertaking the failure anal0
ically have an initially negative geometry and fail ysis, the values of gi,β and gi,β
are evaluated by Jonce the crack growth switches the geometry to pos- integrals and finite elements for different directions
itive. They are known for a strong energetic (or de- β of crack propagation. The direction β that gives
terministic) size effect roughly following Bažant’s the overall maximum energy release rate is detersize effect law. The statistical part of size effect mined and fixed (for the sake of simplicity, with
has been considered as negligible, mainly because same value for all tips i). The energy release rate
the mechanics of fracture dictates the stable crack also depends on the shape of the crack (which itgrowth in structures of different sizes to follow self is a result of Markov random process of crack
nearly homologous paths despite the randomness of growth) and on the location of its starting point, but
the material. Nevertheless, the coefficient of vari- these effects appear to be secondary and are here
ation of strength is likely to depend on the struc- neglected, for the sake of simplicity.
ture size, and there might be some size effect on the
What greatly simplifies the problem is the fact that
mean as well.
the deterministic size effect law in Eq. (1), which is
Like in all studies of strength statistics, we as- already well established, can be imposed as the insume that the tip of the dominant crack may lie, put, rather than being solved as part of the analysis.
at the maximum load state, at various locations— It is through this law that the energetic aspects of
particularly at the centers of square elements i = fracture mechanics are conveniently introduced.
1, 2, ...ND in a square grid, as exemplified for shear
The probability that the structure of size D fails due
failure of a reinforced concrete beam in Fig. 2. Each
to a crack extending in direction β from the i-th
square element is assumed to represent an RVE of
RVE of tensile strength ft0 may be written as
the material of characteristic size l0 (which implies
an autocorrelated random strength field). Based on P
L
L
f i,β = Prob( σN i,β < σN D ) where σN D = F/bD
Bažant’s size effect law as [6, 2] it can be shown
(4)
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L
where σN
D is the nominal stress of structure under
given load F .Then, since:
!
p
1
+
D/D
0i,β L
σN D
(5)
Pf i,β = Prob ft0 ≤
Bi,β

the cohesive crack model or crack band model, for
which the material strength is one essential material property characterizing the distributed damage
in the FPZ. The lecture presents and reviews the results of this analysis for typical reinforced concrete
beams of various sizes, including the statistical efThe following basic statistical hypothesis now ap- fect on the mean nominal strength and on the coefpears logical:
ficient of variation of nominal strength.
!
p
Final comment: The results of computer analysis
1 + D/D0i,β L
Pf i,β = ΦGW
(6) must be subjected to various safety factors, particuσN D
Bi,β
larly the overload factors and the understrength facwhere ΦGW = cumulative probability distribution tors dictated by the design code. At present, these
function (cdf) characterizing the tensile strength of factors are mostly empirical and highly uncertain,
one RVE. Based on previous work [5, 9], it must mainly because they do not properly reflect the tails
have the form of a grafted Gauss-Weibull proba- of probability distributions and the size effect. Thus,
bility distribution, which was derived theoretically in fact, the design code provisions accounting for
from nano-mechanics and multiscale transition of uncertainty are more uncertain than anything else
probability tail, and was extensively verified and in design. Therefore, to benefit from accurate comcalibrated by Type 1 tests of size effect and his- puter analysis of structures, these tails and the size
tograms.
effect must be realistically incorporated into the
In deterministic analysis, only one specific crack tip system of safety factors. Until that happens, a highly
location corresponds to failure. But if the material is accurate computer simulation of the strength of conrandom, every location could correspond to failure, crete structures has only little practical value.
albeit with a very different probability Pf i,β . For a
random material, the structure of size D will survive under load F if none of the crack tips i leads to
failure. So, according to the joint probability theorem:
!#
"
p
ND
Y
1 + D/D0i,β L
σN D
1 − ΦGW
1−Pf D =
B
i,β
i=1
(7)
where Pf D = failure probability of the structure
of size D; and ΦGW = cumulative grafted GaussWeibull probability distribution of the strength of
one RVE of the material, derived theoretically from
nano-mechanics and multiscale transition of probability tail, and calibrated experimentally by Type 1
size effect tests.
The point to note is that, like in Type 1 strength
analysis, the number of independently contributing
material elements is greater in a large structure than
it is in a small one; see Fig. 2. This intuitively explains the cause of the statistical size effect in Type
2 failures.
What allows us to base the failure probability analysis on the strength (rather than the critical energy
release rate) of one RVE is that fracture of a quasibrittle material is properly analyzed in terms of
CFRAC 2013
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[5] Z. P. Bažant, Activation energy based extreme
value statistics and size effect in brittle and quasibrittle fracture, J Mech Phys Solids 55 (2007)
91–134.
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Figure 1: Illustrations of basic concepts of probability of quasibrittle failure. First row: Small change of
activation energy barrier due to failure of an interatomic bond in an atomic lattice of nano-scale element;
Second row: calibration of the Gauss-Weibull grafted distribution parameters using size effect data; Third
row: optimum fits of strength and lifetime histograms of 99.99% Al2 O3 ; Last row: Type 1 size effect
on the mean strength and on the strength distribution evolving from mostly Gaussian toward Weibullian,
calculated for collapsed Malpasset Dam.
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The same simulation results can be used.

Figure 2: Top two rows: Schematic of half of a 4-point bending shear failure illustrating the approach
used to determine the probability of quasibrittle failure of Type 2. A number of gray geometrically scaled
crack paths from size effect tests are averaged to obtain an average crack path shown in black. The crack
tip of the averaged crack path is placed in each RVE within the zone of possible locations to compute
geometric fracture parameters. Bottom row: Schematic of the scaling of the set of RVEs employed to
utilize a single set of strain energy release rate calculations to determine the size effect on the CoV of
the structural strength. In a scaled down structure (on the right), there are fewer RVEs that influence the
maximum load since their spacing is governed by the ratio of l0 /D.
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Modeling of Damage in Unidirectional SiC/SiC Composites and Multi-Scale
Experimental Validation
C. Chateau1*, L. Gélébart2, M. Bornert1, J. Crépin3
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Université Paris Est, Laboratoire Navier, Ecole des Ponts ParisTech, 77455 Marne-la-Vallée Cedex,
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Because of their favorable mechanical properties at to observe the propagation of matrix cracks [2]. In
high temperatures and under irradiation, SiC/SiC addition, radiographs observation provided
composites are prospective candidates for statistical data on fiber breaking.
functional uses in future nuclear reactors.
Then, a numerical probabilistic model, including
Elaborated from woven tows constituted by 500 both matrix cracking and fiber breaking, is
Hi-Nicalon type S fibers and a SiC matrix proposed on the basis of existing modeling tools
deposited by a Chemical Vapor Inﬁltration process separately addressing these mechanisms. It is based
(CVI), such materials present a complex and multi- on matrix and fiber failure probability laws and a
scale microstructure. Moreover, they exhibit a stress redistribution assumption in the vicinity of
nonlinear behavior due to the accumulated matrix cracks or fiber breaks [3, 4]. The identifydamages occurring between and inside the tows, cation of interfacial parameters was conducted to
such as through matrix cracking, fiber/matrix fit the experimental characterization, and shows
debonding as well as fiber breaking. So, a multi- that conventional assumptions of 1D probabilistic
scale approach is under development to build a models can adequately describe matrix cracking at
predictive model of their complex and damageable both macro- and microscopic scales. However, it is
mechanical behavior taking into account their necessary to enrich them to get a proper prediction
of ultimate failure and fiber break density.
heterogeneous microstructure [1].
In this context, this paper focuses on the study of
damage process at the scale of the tow under a References
uniaxial tensile loading. Thus, a micromechanical
approach has been developed to get a better [1] L. Gélébart, C. Chateau, M. Bornert, J. Crépin,
understanding of interactions between the various
E. Boller, X-ray tomographic characterization
microscopic damage mechanisms as well as their
of the macroscopic porosity of chemical vapor
impact on the macroscopic behavior of the unidiinfiltration SiC/SiC composites: Effects on the
rectional composite. Beyond the building of a 1D
elastic behavior, Int J Appl Ceram Tech
probabilistic model of damage evolution, the key
7 (2010) 348–360.
point of this approach lies in its identification and [2] C. Chateau, L. Gélébart, M. Bornert, J. Crépin,
validation at both local and macroscopic scales.
E. Boller, C. Sauder, W. Ludwig, In situ X-ray
microtomography characterization of damage in
Therefore, in addition to classical tensile tests on a
SiCf/SiC minicomposites, Compos Sci Technol
macroscopic device, damage mechanisms within
71 (2011) 916–924.
minicomposites (1D composites containing a single [3] W. A. Curtin, B. K. Ahn, N. Takeda, Modeling
bundle of fibers) have been experimentally
brittle and tough stress-strain behavior in
characterized using two specific in-situ tensile
unidirectional ceramic matrix composites, Acta
tests. Statistical data about the cracking as a
Mater 46 (1998) 3409–3420.
function of the applied load – such as initiation, [4] E. Castelier, L. Gélébart, C. Lacour, C. Lantuopening and spacing of matrix cracks – have been
éjoul, Three consistent approaches of the
obtained from scanning electron microscope
multiple cracking process in 1D composites,
(SEM) observations. In order to fully characterize
Compos Sci Technol 70 (2010) 2146–2153.
damage, these observations were complemented by
an X-ray computed microtomography investigation
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Thermomechanical Couplings in Metallic Polycrystals: Full-Field Measurements and
Thermoplastic Simulations
E. Charkaluk*, R. Seghir, J. F. Witz, P. Dufrénoy
Laboratoire de Mécanique de Lille, Univ Lille Nord de France, boulevard Paul Langevin, 59655
Villeneuve d'Ascq, France, eric.charkaluk@ec-lille.fr
Polycrystalline metallic materials are made of an
aggregate of grains more or less well oriented, with
respect to the loading axis, for plastic gliding.
Under mechanical loading, this leads to a
heterogeneous deformation at the microstructure
scale. This local plasticity triggers a heterogeneous
thermal dissipation caused by mechanical
irreversibility. Some original experimental works
enabling the simultaneous determination of thermal
and strain fields, in the same area, at this scale have
already been realized in house on a A316L
stainless steel [1,2]. Two complementary ways
have been followed: some numerical treatments in
order to access to experimental dissipations and the
development of a consistent constitutive model.
Both aspects are presented in this communication
and a dialogue between microstructural texture
coming from EBSD analysis, local deformation
mechanism and thermal localization phenomenon
is introduced.
The treatment of the full-field measurements is
done with respects to the polycrystalline texture of
the material. Under different assumptions, strain
and thermal fields are obtained grain to grain [3].
The local disorientation, the different grain sizes
and the crystallographic orientations are the main
aspects, which have an influence on the strain
localization process at the grain scale. The analysis
of the local temperature evolutions is a key
important feature of this coupled analysis as it
enables, for example, the determination of the
critical resolved shear stress from grain to grain.
The values are in good accordance with the CRSS
determined on monocrystals and coming from
literature.

grain to grain. It exhibits some large heterogeneity
at this scale with an evolution with the loading.
These analyses of thermomechanical couplings at
the grain scale could lead to the definition of new
thermodynamically based strain localization
criteria.
References
[1] L. Bodelot, L. Sabatier, E. Charkaluk,
P. Dufrénoy, Experimental set up for fully
coupled kinematic and thermal measurements at
the microstructure scale of an AISI 316L steel,
Mat Sci Eng A 501 (2009) 52–60.
[2] L. Bodelot, E. Charkaluk, L. Sabatier,
P. Dufrénoy, Experimental study of heterogeneities in strain and temperature fields at the
microstructural level of polycrystalline metals
through fully-coupled full-field measurements
by Digital Image Correlation and Infrared
Thermography, Mech Mat 43 (2011) 654–670.
[3] R. Seghir, J. F. Witz, E. Charkaluk,
P. Dufrénoy, Improvement of thermomechanical full-field analysis of metallic polycrystals by crystallographic informations, Méca
Ind (In press 2012).
[4] R. Seghir, E. Charkaluk, P. Dufrénoy,
L. Bodelot, Thermomechanical couplings in
crystalline plasticity under fatigue loading,
Procedia Engineering 2 (2010) 1155–1164.
[5] R. Seghir, L. Bodelot, E. Charkaluk,
P. Dufrénoy, Numerical and experimental estimation of thermomechanical fields heterogeneity at the grain scale of 316L stainless steel,
Comp Mat Sci 53 (2012) 464–473.

The numerical implementation in a FE code of a
fully coupled crystalline plasticity constitutive
model has been realized and is the other main part
of this work [4,5]. It enables to compare the local
kinematic and thermal distributions during
monotonic tests and to study the heterogeneity of
the stored energy at grain scale. Some energy
balances are conducted at the global scale but also
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Identification of a Cohesive Zone Model at the Micron Scale
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Since the pioneering work by Barenblatt [1] and
Dugdale [2], cohesive zone models have been
widely used. One of the reasons for this success
is their ability to model non-linear fracture processes that is suitable for numerical simulations:
mesh dependency is avoided as long as appropriate
the size of cohesive elements is considered, computational cost is preserved as the non-linear processes are concentrated along lines in 2D, planes in
3D.... However, the length scale involved in cohesive fracture is usually small compared to the length
of a crack or a structure. Therefore, the observation
and/or identification of non-linear processes inside
the cohesive zone is a challenging topic. We propose a methodology based on the use of digital images and X-FEM. Digital Image Correlation (DIC)
is a powerful method that allows to compute (in its
2D version) the displacement field on the surface of
solid between two states. Its is based on the resolution of the passive advection of the grey level functions of a reference image f and a deformed one g:
f (z) = g(z + ū(z)).

(1)

In a first analysis, the displacement is searched for
as a decomposition over Williams’ series [3]. As
shown in [4], it allows for extracting not only stress
intensity factors but also the position of the crack
tip. In the case when a cohesive zone is developing, based on the analysis of far-field local nonlinearity are ignored. The equivalent elastic crack is
thus determined as the crack witin a perfectly elastic material which produces the same far-fields. The
evolution of the equivalent elastic crack position is
obtained from this analysis. During the analyzed
experiment, the advance of this tip corresponds to
the development of crazing within a cohesive zone.
In a second step, X-FEM simulations with a cohesive model are performed using the displacement
obtained by DIC as boundary conditions. The obtained displacement field is projected onto the Willimas’ series so that the equivalent elastic crack from
CFRAC 2013
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the X-FEM simulation is determined. The parameters of the cohesive law are then adjusted so that
the gap between the crack tip position obtained the
experimental analysis and the numerical simulation
is minimized. A test on a PMMA sample is performed and analyzed with the proposed methodology. The set identified parameters agrees well with
values found in the literature. Further, the proposed
methodology allows to access to the mechanical
state inside the cohesive law whereas its length is
far smaller than the usual resolution of DIC. The
methodology is exemplified in a fracture test on
PMMA but the framework allows for investigation
of the cohesive zone between in other polymers in
which no cohesive zone are available at the moment and cohesive zone representing the interface
between assembled bulk part.
References
[1] G. Barenblatt, The mathematical theory of
equilibrium cracks in brittle fracture, Advance
Appl M 7 (1962) 55–126.
[2] D. S. Dugdale, Yielding of steel sheets containing slits, J Mech Phys Sol 8 (1960) 100–104.
[3] M. L. Williams, On the stress distribution at the
base of a stationary crack, J Appl Mech-ASME
24 (1957) 109–114.
[4] S. Roux, F. Hild, Stress intensity factor measurement from digital image correlation: postprocessing and integrated approaches, Int J Frac
140 (2006) 141–157.
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Fracture of a γ -TiAl Polycrystal: Model Versus Experiment
D. Geoffroy1,3 , E. Héripré2 , J. Crépin3 , A. Roos1∗
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Titanium Aluminides have excellent mechanical
properties at high temperature, which makes them
attractive for aeronautical applications such as turbine blades. However, the material suffers from
poor ductility at room temperature and is known
to be extremely sensitive on the underlying microstructure. Consequently, in order to understand
the influence of the different microstructural parameters on the fracture thoughness, this work presents
a micromechanical study of cleavage and grain
boundary fracture in a small γ-TiAl polycrystal.

crack path would become strongly mesh-dependent.
Much effort has therefore gone into the development of numerical tools (remeshing and transfert of
internal variables) which allow insertion of cleavage crack planes and the associated CZE on the fly,
using a cleavage stress threshold calculated in a region close to the crack front. On the experimental
side, an in situ four-point bending test has been carried out on a small γ-TiAl sample. A special sample
holder made out of Al was designed in order to prevent catastrophic crack propagation, which would
In earlier work [1, 2, 3], a methodology was devel- not leave sufficient time for image acquisition. As
oped in order to identify the parameters of a consti- before, the grain morphologies and orientations at
tutive law for these materials by confronting Crystal the surface were determined using EBSD.
Plasticity Finite Element Method (CPFEM) calcu- A first comparison between the experiment and
lations with experimental strain fields at the sample the corresponding CPFEM simulations is presented,
surface. The latter were measured during an in situ and the (dis)agreements between them are disfour-point bending test in a scanning electron mi- cussed. This demonstrates that the basic ingredients
croscope. The microscopic strain fields were mea- are now in place in order to initiate the full inverse
sured using digital image correlation techniques be- optimisation procedure.
tween the undeformed and the deformed images
of a microgrid which was deposited at the surface References
beforehand. The strain fields were also correlated
with the grain orientations and morphologies using [1] E. Héripré, M. Dexet, J. Crépin, L. Gélébart,
EBSD. In the method special attention is paid to the
A. Roos, M. Bornert, D. Caldemaison, Couway in which the boundary conditions are applied in
pling between experimental measurements and
the CPFEM calculations, and also to the representapolycrystal finite element calculations for mition of the unknown subsurface microstructure.
cromechanical study of metallic materials, Int J
Plast 23 (2007) 1512–1539.
The objective of the current work is to present the
first steps to extend this method to crack propaga- [2] A. Roos, E. Héripré, J. Crépin, J.-L. Chaboche,
Microstrains, macrostresses and the role of subtion. In γ-TiAl cracks initiate and propagate along
surface fields in the identification of constigrain boundaries or along cleavage planes inside the
tutive laws, in: Proc., MHM 2007: Modelling
grains. Both mechanisms are modeled with coheof Heterogeneous Materials with Applications
sive zone elements (CZE). A first set of approxiin Construction and Biomedical Engineering
mative parameters for both mechanisms is adopted,
(M. Jirásek et al. ed.), Prague, Czech Republic,
based on literature values and on comparing ex2007.
periments from the literature with bicrystal models. One well-known difficulty with using CZE is [3] E. Héripré, J. Crépin, A. Roos, J.-L. Chaboche,
Influence of boundary conditions on strain field
that the crack path is not known beforehand, and
analysis for polycrystalline finite element simuthat CZE cannot be inserted between all volume elelations, Eur J Comp Mech 18 (2009) 333–351.
ments of the Finite Element mesh, because the final
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A Digital Image Correlation Controlled Multiaxial Machine to Perform Mixed
Mode Crack Propagation Tests
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1

The tests performed by Nooru-Mohamed (NM) in
1992 [1] on double-notched concrete specimens are
interesting for several reasons. First, crack propagation occurs under mixed-mode condition. Second, during a test the ratio KI /KII may evolve and
the resulting final crack geometry may be complex.
Third, numerous tests were performed with various
loading paths (proportional or not, displacement or
force controlled), offering a potential rich benchmark for numerical models.

compliance of the machine. A technique based on
DIC has been developed as a preparation for more
complex SIF setup since several difficulties are similar: high number of DOF, 3D motions, computation
time, DIC algorithm, links between components.
Besides the general approach of this study, the
presentation will emphasize the displacementcontrolled setup as a first step toward SIF controlled
one.

The goal of this study is to perform “new” NM References
tests, i.e. to keep the test principle and add new
experimental techniques, like full field measure- [1] M. B. Nooru-Mohamed, Mixed mode fracture
ments which are a priceless technique for experiof concrete: An experimental approach, Docmental/numerical confrontation.
toral thesis, Delft University, 1992.
The machine is a electromechanical hexapod (6 De- [2] R. Hamam, F. Hild, S. Roux, Stress Intensity
Factor Gauging by Digital Image Correlation:
grees Of Freedom) with sufficient force capacity
Application in Cyclic Fatigue, Strain 43 (2007)
and displacement resolution to perform a NM test
181–192.
[3]. Beyond the obvious application of mixed-mode
[3]
M. Nierenberger, M. Poncelet, S. Pattofatto, A.
propagation loadings, the interest of such a machine
Hamouche, B. Raka, J. M. Virely, Multiaxial
are the extra DOF it offers. They may be used to
testing of materials using a Stewart platform:
control unwanted loadings, e.g. out-of-plane ones,
case study of the Nooru-Mohamed test, Exp
unlike a usual biaxial machine. One may force the
Techniques (in press).
crack tilt (or mode III for example) to zero, or on
[4]
X. Fayolle, S. Calloch, F. Hild, Controlling testthe contrary impose one.
ing machines with digital image correlation,
These type of tests can be obtained with a displaceExp Techniques 31 (2007) 57–63.
ment control (stricto sensu the crack propagation
is not controlled) or a Stress Intensity Factor (SIF)
control (propagation is controlled). In this last case,
the use of an outer loop with full-field measurement
techniques like Digital Image Correlation (DIC) is
evident. It may be direct, giving an SIF by using
relevant shape functions [2], or indirect, introducing a Linear Elastic Fracture Mechanics calculation
with a mesh updated by the crack tip position obtained by DIC. For a displacement control, an outer
loop is also needed because of the non-negligible
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Quantification of Three-Dimensional Surface Deformation Using Global Digital
Image Correlation
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A change in surface height profile is characteristic
for many mechanical phenomena, e.g. a) surface relief during cycling fatigue loading, b) grain boundary sliding during many creep experiments, c) surface height changes during loading of a metal, due
to crystallographic orientation differences between
grains and dislocations escaping the free surface, or
d) in contact and wear problems.

captured in-situ using confocal microscopy. This
case study was chosen because of its complexity,
i.e. a) the initial surface roughness of the steel is
smooth in the rolling direction of the steel, creating a low contrast (height) profile in this direction, b) the steel shows Lüder-bands in a uniaxial tensile test, which is accompanied by a sudden
change in the surface profile, and c) the surface proIn these phenomena, pronounced local variations in file continuously and progressively changes due to
the surface height appear. Quantifying this surface the deformation-induced roughening.
height evolution, both in-plane and out-of-plane, The displacement fields, extracted from the experican provide valuable information on the underlying ment, reveal the full-field kinematics accompanying
mechanisms. This quantification is typically per- the roughening mechanism. Local deviations from
formed by studying average surface height values the (average) global displacements are the result of
or the statistical height-height correlation [1]. While the formation, growth, and stretching of hills and
these techniques give insight into the amplitude of valleys on the surface.
the height change and how the (average) height This new way of characterizing an evolving surface
evolves, they do not provide actual information on height profile provides quantitative information for
local material deformation.
various surface deformation phenomena, and hence
This local information is particularly important in
the case of deformation-induced surface roughening of a polymer-coated steel used, for example,
for food and beverage packaging. During production, the material is subjected to large deformations
at high temperatures and strain rates. After production, the material must not exhibit any damage, even
after a relatively long shelf-life period, as this triggers corrosion and compromises the quality of the
content [1].

out-performs conventional methods using average
height values. This information can be used, for
example, in numerical simulations of rougheninginduced interfacial de-adhesion, directly affecting
the local interface integrity.
Acknowledgement
This research was carried
out under the project number M63.2.09343a in the
framework of the Research Program of the Materials innovation institute (M2i) (www.m2i.nl).

A new methodology to obtain the three-dimensional References
surface deformations was developed. The method
uses Global Digital Image Correlation to extract the [1] M. J. van den Bosch, P. J. G. Schreurs, M.G.D.
surface deformations from evolving surface height
Geers, M. P. F. H. L. van Maris, Interfacial
profiles and is independent of the measurement
characterization of pre-strained polymer coated
technique used to obtain these profiles.
steel by a numerical-experimental approach,
Mech Mater 40 (2008) 302–317.
For validation of the method, the deformationinduced surface roughening of a polymer-coated
steel during a uniaxial tensile test was studied. During the experiment, the surface height profile was
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A Three-Dimensional Analysis of Fatigue Crack Paths in Thin Sheets
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Fatigue crack growth normal to the tensile axis
becomes unstable in thin metallic sheets, above a
material and environment-dependent loading
amplitude, even though, in many cases, small scale
yielding conditions still prevail.

amplitude-dependent critical plane were found to
capture qualitatively the transition in fracture mode
and its inhibition by side grooves.
References

Shear lips development has been investigated [1] J. Schijve, Shear lips on fatigue fractures in
mainly in aluminium alloys by Schijve and coaluminium alloy sheet metal, Eng Fract Mech
workers [1-2] or Zuidema et al. [3-4], while very
14 (1981) 789–800.
[2] L. B. Vogelesang, J. Schijve, Environmental
few studies were devoted to steel [5].
effects on fatigue fracture mode transitions
Fatigue crack growth in thin sheets of 7075 T651
observed in aluminium alloys, Fat Fract Eng
Mat Struct 3 (1980) 85–98.
aluminium alloy and S355 steel were characterized
[3]
J. Zuidema, H. S. Blauw, Slant fatigue crack
in 3D, using crack front markings and topographic
growth in Al 2024 sheet material, Eng Fract
reconstructions of fracture surfaces. Tests
Mech 29 (1988) 401–413.
performed in air or in salt water produced different
[4] J. Zuidema, F. Veer, C. Van Kranenburg, Shear
crack paths for similar mechanical conditions,
lips on fatigue fracture surfaces of aluminum
shear lips being reduced by corrosive environment,
alloys, Fat Fract Eng Mater Struct 28 (2005)
in the aluminium alloy as well as in the steel.
159–167.
[5] S. Horibe, M. Nakamura, M. Sumita, The effect
Tunnelling was progressively reduced and
of seawater on fracture mode transition in
fatigue, Int J Fatigue 7 (1985) 224–227.
cancelled as slanted crack growth developed, even
though KI was reduced locally by crack twisting.
This indicates a significant contribution of shear
modes to the crack driving force, even though
mode I striations are present in slanted zones.
Elastic three-dimensional X-FEM computations
were performed with real crack geometries to
analyse the observed crack growth kinetics, based
on KI, KII and KIII. The crack growth rates
correlated much better to
K eq  K I2  K II2 

K III2
(1   )

than to KI.
Elastic-plastic finite element simulations and the
local application of a fatigue criterion with an
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The durability of nuclear reactor confinement
vessels is a crucial issue in civil engineering. Inside
such a large structure, vertical and orthoradial
prestressing cables apply compression to the
reinforced concrete in both directions. Thus, the
steel-concrete interface is loaded in shear due to the
material stiffness difference while the concrete is in
compression. Furthermore, this load level may vary
in time due to material creep and ageing or
decennial pressure tests. Such a stress state must be
accounted for in numerical simulations and it must
be previously analysed from an experimental point
of view.

numerical parameters are calibrated on the
convoluted strain signals to assess the local strain
quantities. Very useful information on the local
behaviour of the interface are thus obtained
regarding the three possible failure modes of the
specimen: (steel bar yielding, concrete splitting or
interface sliding).

The methodology is firstly validated when the steel
bar yielding rupture occurs, while the concrete and
the interface remain in their own elastic domain. It
is then applied when the interface sliding occurs
and compared to numerical results using the
interface model developed by Richard [2]. Results
Many researches have already been performed on are bringing a new and direct lightening on the
steel-concrete bond in civil engineering structures, local mechanisms acting inside the steel-concrete
leading to numerous numerical models (such as bond.
Dominguez [1] or Richard [2]). However, in most
cases (such as Eligehausen [3] and Pijaudier-Cabot
and La Borderie [4]) the interface was loaded by References
means of tension in rebars (through pull-out tests)
with
or
without
confinement.
Besides, [1] N. Dominguez et al., Modèle d’interface acierexperimental results are often global and do not
béton: cadre thermodynamique et formulation
provide local information along the interface.
éléments finis, in: Proc., 16e CFM, Nice, 2003.
Therefore, a specific setup has been developed to [2] B. Richard et al., A three-dimensional steel analyse locally the interface behaviour with rebar
concrete interface model including corrosion
under compression.
effects, Eng Frac Mech 77 (2010) 951–973.
A 16 mm diameter steel rebar is set up along the [3] R. Eligehausen, E. P. Popov, V. V. Bertero,
Local bond stress–slip relationship of deformed
axis of a 16x32 cm concrete cylinder. A push-in
bars under generalized excitations, Technical
load is applied on the top of the steel bar while the
report, University of California, USA, 1983.
concrete cylinder is supported at the bottom. Pre
and post-peak behaviours using various interface [4] C. La Borderie, G. Pijaudier-Cabot, Influence
of the state of the stress in concrete on the
lengths are studied with load - unload cycles
behaviour of steel concrete interface. In:
remaining in the compressive domain.
Fracture mechanics of concrete structures,
Distributed optical fiber sensors [5] are embedded
Breckenridge, Colorado, USA, 1992.
in the concrete for measuring at different load steps
[5] J.-M. Henault, M. Quiertant, S. Delepinethe vertical strain parallel to the steel bar. This
Lesoille, J. Salin, G. Moreau, F. Taillade,
minimally intrusive instrumentation, supported by
K. Benzarti, Quantitative strain measurement
Ifsttar, provides a convoluted measurement of the
and crack detection in RC structures using a
local strain. Thus, the post-processing leads to
truly distributed fiber optic sensing system,
transfer function issues. Therefore, we propose to
Constr Build Mater 37 (2012) 916–923.
use an experiment-model dialog in which the
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Crack Characteristics in Complex D-Regions Designed Using Strut-and-Tie Models
in Reinforced Concrete Structures
R. Kumpoopong1, S. Yindeesuk1*, D. A. Kuchma2, P. Silarom1, B. Ongsuksun1, A. Issariyanukula1,
P. Chupanit1
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Strut-and-tie model (STM) is recognized as the
most rational and simplest method for designing DRegions and recommended in several codes of
practice, such as those in appendix A of ACI31808. Since these code rules were primarily derived
to be taken as being sufficiently general and
conservative only for capacity assessment (ultimate
limit states), members designed using these STM
provisions may not necessary exhibit satisfactory
performance under service load levels [1] e.g.
acceptable crack width and propagation.
In this research, to understand cracking
characteristics and propagations in D-regions
designed using STM, an experimental [2] and
computational [3] program was conducted. A total
of 17 test specimens of four different types of
complex D-Regions were designed based on the
strut-and-tie approach and the associated code
provisions in Appendix A of ACI318-05. The
shapes of STM used in those specimens were
selected from the different multiple truss shapes.
The numerical approach so called “Topology
Optimization” was also adopted to guide the
selection of STM shapes. All specimens were
fabricated, cast, and instrumented with both
tradition and advanced measurement system e.g.
Krypton K600 Dynamic Measurement Machine
(DMM) for accurately measuring 3D coordinates
of Light Emitting Diodes (LEDs) mounted to the
surface of the test structure [1,2]. The use of highresolution photographs taken during the
experimental programs was also adopted for
recording crack markings. All specimens were then
loaded test to failure using displacement controls.
The experimental program results in the following
significant findings: 1) the cracking load, crack
development, pattern, and propagation on the
surface of specimens according to all loading steps
was reported to be significantly influenced by STM
shapes including orientation and amount of main
CFRAC 2013
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reinforcement; 2) the distributed reinforcement
required in ACI318-05 for design of D-Regions
was also reported to significantly dominate the
failure mode relevant to unstable crack
propagation; 3) the shapes of STM based on
Topology Optimization are also reported to show
the most superior structural performance under
service loads in all specimens.
Based on the findings, to eliminate the deficiency
and impracticability of the current STM, a new
design and analysis procedure for complex DRegions is thus proposed and presented in this
research by integrating topology optimization for
STM shape selection and a new nonlinear Finite
Element Analysis (FEA) with the existing STM
code provisions which results in the effective
structural performance design of D-Regions
validated experimentally.
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Quasistatic inelastic processes on interfaces of solid
bodies usually referred to as interface fracture or
damage and also as debonding or delamination [1,
2, 3] are examined. The so-called energetic solution
[1, 2, 3, 4] tends to produce in some applications to
delamination problems an unrealistically too early
delamination [5, 6]. However, when a certain small
viscosity is assumed for approximately elastic bodies, stress-driven rupture may occur, which seems
to be more natural and also in agreement with
usual engineering applications. Damage along the
interfaces can be taken into account by introducing
an interface damage variable. In the present work,
Kelvin-Voigt rheology [7, 8, 9], which is the simplest rheology commonly used in engineering practice, is assumed to approximate well the behaviour
of solid bodies studied. We study one of quite complex failure mechanisms in fiber reinforced composites referred to as matrix cracking or inter-fibre
failure under transverse uniaxial tension. This failure mechanisms usually initiates by fibre-matrix
debonds. Although, there is a large amount of analytical and numerical studies of this problem available in the literature, there is still a controversy regarding the initiation of this failure mechanism. In
particular, considering a single fibre specimen, two
main debond geometries are predicted by numerical studies either with one or two symmetrically
situated debonds. The present works tries to clarify which of these two debond geometries is preferable. The present numerical implementation is accomplished using the collocation boundary element
method for the spatial discretization.
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Applications of fiber-reinforced composites in the
aircraft, automobile and civil engineering industries are tremendously increasing. Safe and efficient
use of these materials requires proper account for
the failure mechanisms of the composite structural
components, which presents challenges due to their
highly heterogeneous nature. Neglecting the damage mechanisms within the bulk materials (matrix
and fibers), this work focuses on interface degradation phenomena, in particular on debonding of two
adjacent laminae within a laminate (delamination).

ing and traction under tension. In the numerical setting, the interaction between non-conforming discretizations for the adjacent laminae is treated with
a master-slave approach by enforcing the contact or
cohesive-zone model constraints at every surface integration point on the slave side.
The methodology is explored in a three-dimensional
finite deformation setting for mode-I delamination
cases. A few different cohesive zone models available in the literature are implemented. The numerical results show that mode-I cohesive zone formulations in conjunction with NURBS-based discretizations allow for a more accurate and robust treatment
of delamination phenomena in comparison to standard linear and higher-order Lagrange discretizations.

In the framework of finite element methods, delamination phenomena are most often treated using
interface elements. However, these methods suffer
from oscillations at large stress gradients that are
only alleviated by impractically fine meshes. Nonconforming discretization frameworks, more suitable for large deformation settings, suffer from the References
lack of smoothness of the discretized contact surfaces in standard (Lagrange) finite element inter- [1] L. de Lorenzis, İ. Temizer, P. Wriggers, G.
polations, which causes deficiencies in both accuZavarise, A Large Deformation Frictional Conracy and robustness. A framework where better geotact Formulation Using NURBS-Based Isogeometrical accuracy is combined with higher (and taimetric Analysis, Int J Num Meth Eng 87 (2011)
lorable) inter-element continuity is provided by iso1278–1300.
geometric analysis. In particular, the isogeometric [2] L. de Lorenzis, P. Wriggers, G. Zavarise,
basis functions used in this work are Non-Uniform
A mortar formulation for 3D large deformaRational B-Splines (NURBS).
tion contact using NURBS-based isogeometric analysis and the augmented Lagrangian
Motivated by the impressive results of NURBSmethod, Comput Mech 49 (2012) 1–20.
based interpolations for the solution of contact
problems [1, 2, 3], and considering that contact and [3] İ. Temizer, P. Wriggers, T. J. R. Hughes, ThreeDimensional Mortar-Based Frictional Condelamination phenomena can be treated in a unitact Treatment in Isogeometric Analysis with
fied manner by properly extending unilateral conNURBS, Comput Method Appl M 209 (2012)
tact formulations, this research develops a compu115–128.
tational modeling framework to describe the interface damage mechanisms for laminated composite
materials exploiting the advantages of the NURBSbased isogeometric setting.
The model for the interface between adjacent laminae incorporates frictionless contact in compression, and a mode-I cohesive zone model featuring a
non-linear relation between interface normal openCFRAC 2013
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Thermal barrier coatings (TBC) are widely used to
prevent components from high temperature attack
and extend their durability. Nevertheless, in service TBC systems are subjected to severe thermomechanical loading and they may break by spallation of large areas of the protective ceramic layer.
Due to coefficient of thermal expansion mismatch
between the layers the TBC failure often initiates
near the interface between the brittle oxide layer and
the ductile substrate. Microcracks initiate from the
growing oxide, expand along the interface which
subsequently leads to the spallation of the TBC
layer. This failure mechanism shall be discussed and
modeled in this work by means of coupled thermomechanical cohesive zone model. The object of
study is a multilayered structural system loaded by
an applied heat flux obtained from an aero-thermal
computation of the turbine. The cracks expanding
along the interface induce a temperature jump and
modify the heat flow conducted across the interface. The aim of this work is to develop a physically motivated, computationally efficient and complete thermo-mechanical cohesive zone model including its finite element formulation. The thermal
and mechanical problems will be solved in a coupled way to simultaneously consider the changes in
load transfer due to crack propagation and the heat
flux variations as a result of the mechanical damage
of the interface.

hesive energy and hence the cohesive strength are
not chosen to be a constant, but rather functions of
the mode mixity parameter. Continuum Based shell
elements including Multi-Point Constraints to ensure kinematic continuity between the cohesive elements and the shell’s reference surface are used to
mesh the TBC.
The description of thermal transport includes a thermal cohesive zone model inspired by [1] in which
the degrees of freedom are the temperature jumps
and the heat flux across the interface. This thermal cohesive zone can describe the breakdown of
the interface conductance with increase in material
separation. The cohesive zone conductance, based
on [2], takes into account the current state of interfacial failure, the presence of gas trapped between the
crack surfaces, the radiative heat transfer across the
crack and a contact conductance between the crack
faces. The thermal gradient through the thickness
of the TBC also plays an important role in modeling the TBC delamination. A Continuum Based
thermal shell element with a linear approximation
of the temperature in the thickness is introduced to
mesh the TBC in the thermal problem. A coupled
numerical framework for modeling the TBC failure
is presented and applied to a representative test case.
The thermo-mechanical coupling is performed with
the partitioned coupling algorithms of Z-set.

The mixed finite interface element for cohesive References
zone models [1] is implemented in the finite element code Z-set to mesh the crack path located [1] E. Lorentz, A mixed interface finite element for
between the TBC and the substrate. Its variational
cohesive zone models, Comput Methods Appl
formulation is based on an augmented Lagrangian,
Mech Engrg 98 (2008) 302–317.
the degrees of freedom of which are the displace- [2] A. Hattiangadi, T. Siegmund, An analysis of
ment jumps and the density of cohesive forces. The
the delamination of an environmental protecmodel accounts for the well-known fact that the
tion coating under cyclic heat loads, Int J Sol
fracture toughness of the interface is not a constant
Struct 42 (2005) 6335–6355.
but a function of the mode mixity (or phase angle). Within the framework of this model, the coCFRAC 2013
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Influence of Contact in Fragmentation Phenomena
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Fragmentation consists in a rapid and catastrophic
failure of a material. When subjected to extreme
loading, internal local defects cause nucleation and
extension of cracks. These cracks propagate and coalesce forming fragments, which can move and impact each other.
Dealing with this problem is very challenging for
several reasons: it is fast transient, many complex
mechanisms lie behind it, and it is characterized
by a high unpredictability. Some aspects, like fragment size distribution, begin to be well understood
(see [1, 2]) while others, such as fragment residual
velocity distribution, still represent an open question. Studying this phenomenon experimentally is
difficult, so numerical methods represent a useful
tool for this purpose. Numerical methods that are
usually utilized are divided in two categories: particle and continuum methods. In the first case materials are represented by a certain amount of discrete
particles. This approach permits to handle discontinuities and big deformations more easily, but at the
same time usually leads to highly complex computations and can potentially cause non-physical behaviors (only at atomic scale materials can effectively be represented by particles). In the second
case materials are represented as continuum objects
in order to easily obtain a physical behavior together
with high efficiency. However this makes it hard to
deal with discontinuities (cracks) and big deformations.

curs, stress waves propagate inside the material and
consequently fragments repeatedly shrink and expand. First a reference case without energy dissipation and contact is analyzed. Then these two levels
of complexity are sequentially added. The following data was examined:
• number of fragments;
• dissipated energy;

• residual velocities.
It emerged that contact plays a fundamental role
when dealing with materials characterized by low
fracture energy dissipation, even in the context of
tensile loading. Indeed, while both number of fragments and dissipated energy increase, residual velocities change significantly. A power law relation
was observed in the difference between final residual velocities and initial ones.
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is properly modeling contact. The aim of this work
is to analyze its importance and effects on such simulations with a particular emphasis on residual velocities. For this purpose a very simple case is considered: a brittle quasi 1D bar under uniform traction modeled through the Finite Element Method
with cohesive elements (see [3]). In this problem
it is possible to study also contact because fragments impact each other. In fact when cracking ocCFRAC 2013
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Cohesive-zone models (CZMs), which were first
introduced by Dugdale [1] and Barenblatt [2], are
widely used in numerical simulations to describe
the fracture processes in various materials and
structures. However, the identification of the CZM
constitutive equations still remains a difficult
problem. In this work, we focus on overall
elastoplastic damageable behaviors of ductile
materials. The CZMs are associated with a purely
damageable softening surface behavior embedded
between purely elastoplastic bulk elements with
non-negative hardening.

For such a ductile material, the data identified for
the bulk can be directly associated with the volume
behavior and the related material parameters to be
introduced in a Finite Element Model. However,
the identified surface behavior cannot be directly
used in CZM-based simulation since a
characteristic length is necessary to transform the
experimental stress-strain surface response into a
traction-separation law. The characteristic length is
identified by a mixed numerical-experimental
approach [4]. This dimension represents the
physical scale at which the CZM was identified.

With the recent developments in imaging
techniques, local thermo-mechanical measurement
fields can now be reached. This paper aims at
proposing an experimental approach combining
Digital Image Correlation (DIC) and InfraRed
Thermography (IRT), to characterize the shape and
the parameters of a CZM by analyzing the
kinematic fields and checking the thermomechanical consistency of the identified model
with respect to the calorimetric measurements.

The thermo-mechanical consistency of the
identified model can be ensured using energy
balances. This thermo-mechanical coherence is
stronger than the simple consistency of the
mechanical responses. We underline on various
examples that simple rheological models taking
into account elasticity, plasticity and damage
effects can ensure the mechanical consistency but
the thermo-mechanical consistency of the
identified CZM is only reached when the
An experimental setup, which includes a elastoplastic bulk behavior dissipate the
mechanical testing machine, a CCD camera and an appropriate amount of energy.
InfraRed (IR) camera, is used. The kinematic
measurements are extracted from the CCD images References
using DIC and the thermal measurements are
obtained from the IR images using IRT. The local [1] D. S. Dugdale, Yielding of steel sheets conthermo-mechanical fields can be derived from
taining slits, J Mech Phys Solids 8 (1960) 100–
these experimental measurements under certain
104.
assumptions.
[2] G. I. Barenblatt, The mathematical theory of
The normal component of the cohesive response is
equilibrium of cracks in brittle fracture, Adv
identified during tensile loading on standard
Appl Mech 7 (1962) 55–129.
specimens. From the material experimental [3] V. Richefeu et al, Towards local identification
response and from the damage level obtained by
of cohesive zone models using digital image
volume variation measurements, an isochoric
correlation, Eur J Mech A-Solid 34 (2010) 38–
elastoplastic response associated to the bulk
51.
behavior is firstly characterized. Then, the surface [4] S. Wen, Identification expérimentale de moresponse associated to the CZM is deduced as the
dèles de zones cohésives à partir de techniques
difference between the material response and the
d'imagerie thermomécanique, PhD thesis,
bulk response [3].
Montpellier 2 University (2012).
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Interfaces play an important role in mechanical
and thermal responses of a body simply because
they can possess different properties than that of
the bulk. They are also an inevitable part of components including two or more different materials
that undergo cyclic loading therefore fatigue crack
growth is a concern. As a result, interfaces combined with cohesive zone model have been used to
study fracture, especially if the location of the crack
is known before hand. The numerical modelling of
a solid with finite deformation, using the finite element method, including mechanical interfaces, can
be performed to investigate these effects.

deformation gradient of the mid-plane, a surface
between two faces of interface. Motivated by the
surface/interface elasticity theory [3], the interface
Helmholtz energy is a function of the interface deformation gradient, Ψ̄(F̄).
The nonlinear governing equation are given. They
are solved then, using the finite element method.
The results are illustrated through a series of threedimensional numerical examples for different interfacial and material parameters exploiting the aforesaid traction-separation laws.
In particular, a comparison has been made between
the implementation of the classical (cohesive) and
novel (cohesive and elastic) interfaces. In addition
to the purely mechanical interface implementation,
thermomecanical coupling of the interface is performed and the results are discussed.

To numerically model a geometrically non-coherent
interface, a decohesion element with mixed-mode
capability and zero thickness, based on a normalshear decomposition of displacement discontinuity vector is used, exploiting two different tractionseparation laws: bi-linear and exponential [1]. The
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In addition to classical strategies, interfacial elements are allowed to have an in-plane stretch
resistance by assuming a hyperelastic interface
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The cohesive zone concept has become the most
common approach to the computational simulations
of delamination. This have been enabled by realistic constitutive modeling of interfaces under general
mixed-mode conditions, along with the development of robust numerical tools [1]. The aim of this
contribution is to reconcile these issues in a variational format, utilizing recent advances in mathematical theory of rate-independent evolution [2] and
its application to delamination problems [3].

minimization problem to two strictly convex subproblems that can be efficiently resolved using specialized solvers. The second one represents a time
stepping strategy based on the two-sided energy estimates [5], ensuring that the energy remains conserved during the inelastic process.

Basic features of the formulation will be demonstrated using energy landscapes of typical interfacial models, performance of the time-stepping procedure for a simple discrete system, and by the finite
To this purpose, the system under consideration is element analysis of the mixed-mode flexure delamdescribed by a stored energy functional, quantify- ination test.
ing the reversible changes, and a dissipation rate Acknowledgment This work was supported
functional, related to irreversible interfacial pro- by the Czech Science Foundation, project
cesses. Both functionals are constructed to incorpo- No. P201/10/0357.
rate a wide class of interfacial constitutive models
available in existing literature, e.g. [1]. Among othReferences
ers, this implies that the dissipation must be statedependent to account for the mode mixity effects.
[1] N. Valoroso, L. Champaney, A damage-

Evolution of the system is then provided by the enmechanics-based approach for modelling decoergetic solution [2], defined in terms of energy stahesion in adhesively bonded assemblies, Eng
bility and energy equality, ensuring that no energy
Fract Mech 73 (18) (2006) 2774–2801.
is lost during the process. Moreover, using a (semi)- [2] A. Mielke, Evolution in rate-independent sysimplict time discretization, the energetic solution
tems (Ch. 6), in: C. Dafermos, E. Feireisl
can be naturally approximated by an incremental
(Eds.), Handbook of Differential Equations,
energy minimization procedure.
Evolutionary Equations, vol. 2, Elsevier B.V.,
Amsterdam, 2005, 461–559.
Restricting ourselves to the time-discrete framework, we will comment on the existence of the [3] T. Roubı́ček, M. Kružı́k, J. Zeman, Delamination and adhesive contact models and their
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isfies the stability condition and two-sided energy
Mathematical Methods and Models in Composinequalities, closely related to the energy equality.
ites, Imperial College Press, 2013, to appear.
This will be complemented with convergence analysis for discretization with standard conforming fi- [4] B. Bourdin, G. A. Francfort, J.-J. Marigo, Numerical experiments in revisited brittle fracture,
nite elements.
J Mech Phys Solids 48 (4) (2000) 797–826.
The numerical treatment of the problem is based [5] A. Mielke, T. Roubı́ček, J. Zeman, Complete
on two ingredients. The first one is the incremendamage in elastic and viscoelastic media and
tal energy minimization algorithm due to Bourdin
its energetics, Comput Meth Appl Mech Eng
et al. [4] that allows us to split the incremental
199 (21–22) (2010) 1242–1253.
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1

Concrete as a significant construction material, is
a very complex material, which is comprised of
aggregates, cement paste and interfacial transition
zone between aggregates and cement paste at the
mesoscale [1]. The interfacial zone is inferior due to
more pores and calcium hydroxide, therefore, many
experiments have already observed that more cracks
concentrate in the interfacial zone. In addition, the
work on the thermal conduction and the water diffusion through the crack zone in the concrete should
be investigated.
In this contribution, aggregates with a random distribution embedded in the homogenized cement
paste represents the mesoscale of the concrete,
which is generated through the take-place method,
not taking into account the interfacial zone yet [1].
The mesoscale representation is discretized with the
tetrahedral element, where the mesh can match geometrical boundaries between aggregates and matrix.
The zero-thickness interface elements are produced
through doubling the nodes on contact meshes,
where the mechanical behavior of the interfacial
transition zone can be predicted. Cohesive Zone
Method (CZM) is used to describe the crack phenomenon in the interfacial transition zone, which is
based on nonlinear traction-separation relations between the normal and tangential components of the
interface tractions and relative displacements [2].
The mechanical deterioration of the cement paste
is represented by the Mazars damage model, which
can capture behaviors of tensile and compressive
tests individually.

ter will be increased with the enlargement of the
crack opening according to the experiment. The
obtained relation between the crack opening and
the diffusivity of the water is incorporated into the
equation between the diffusion flux and the relative humidity jump of two separate faces, thus enabling to reflect the evolving diffusion flux through
the open crack with the dependence on the crack
opening.
The staggered method is used to combine the well
established cohesive zone method with the heat
flux-opening relation and diffusion flux-opening
through the interface, allowing solving each field
individually. In the end, a 3D multiscale hydrothermo-mechanical work is present to capture the
influences of crack opening on the thermal conduction and the water diffusion in the concrete.
References
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Fiber-reinforced polymer (FRP) sheets bonded to
the surface of reinforced concrete members are a
relatively recent technique for strengthening of
civil engineering structures. Failure of the FRPconcrete bond controls the capacity of the
strengthened member and thus has been
extensively investigated.
Several numerical mesomechanical analyses of
concrete have been developed to deduce its
macroscopic constitutive behaviour [1-3]. Using
this approach the material mesostructure is
described explicitly and the influence of size,
shape, grading and distribution of the coarse
aggregates on the mechanical response can be
assessed. On the other hand, fracture in concrete
has also been extensively interpreted with
macroscopic cohesive zone (CZ) laws. However,
there have been limited attempts to derive the
shape and magnitude of these laws based on a
detailed consideration of the mesostructure.

size distribution based on the Fuller curve. These
aggregates are generated numerically with a Monte
Carlo random sampling procedure combined with a
take-and-place positioning method. The cement
matrix is modeled with an isotropic damage law
available in the literature [2], where the damage
variable is evaluated from an appropriate
combination of tension and compression damage.
The behavior of the aggregates is assumed linearly
elastic. In the present formulation, aggregates and
matrix are taken as perfectly bonded but future
developments will include consideration of an
interfacial transition zone.
A micromechanical test setup is developed where
the interfacial behavior between FRP and concrete
is investigated and leads to the obtainment of a
macroscopic CZ law via a suitable micro-macro
transition. Upon the examination of the
representativity of the numerical sample, the role of
the aggregate shape, size and distribution on the
macroscopic law is examined. Single-mode as well
as mixed-mode effects are investigated, and
appropriate comparisons are made with available
test results.

Considering the case of FRP sheets bonded to
concrete substrates, interfacial failure may occur by
formation of a crack prevalently within the
concrete, a few millimeters from the bond line, or
within the adhesive. Several phenomenological CZ
laws are available for the FRP-concrete interface in
References
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interface between FRP sheets and concrete is
presented, leading to a multiscale CZ model for the
same interface. The mesostructure of concrete is
modeled using aggregates of polygonal shapes with
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problems under monotonic [1-3] and dynamic [6] B. Yang, S. Mall, K. Ravi-Chandar, A cohesive
loading [4, 5] conditions. Recently, attempts have
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sive zone model for interface fatigue crack
growth simulation, Eng Fract Mech 70 (2003)
This study focuses on crack growth analysis under
209–232.
low-cycle fatigue loading. An original cohesive
[8]
Q. S. Nguyen, E. A. Repetto, M. Oritz, Radozone model was proposed by Besson and Bugat [9]
vitzky, A cohesive model of fatigue crack
to account for monotonic creep fracture. This
growth, Int J Fract 110 (2001) 351–369.
former model was adapted to deal with fatigue
crack growth on the basis of bulk plastic energy [9] J. Besson, S. Bugat, Modélisation méca-nique
de la corrosion sous contrainte: modèle de zone
dissipation. Non-local method was used to
cohésive appliquée à la corrosion par l’iode
overcome element size dependence problem. The
des alliages de zirconium, in: Proc., Colloque
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yielding condition. The initiation and propagation
of cracks were satisfactorily described with this
model for different strain levels.
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Modelling of Fatigue Crack Growth with a Cohesive Zone Model Approach
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This presentation addresses the modelling of interfacial damage behaviour under monotonic and
cyclic loading conditions. A cyclic cohesive zone
model (CCZM) is proposed wherein a single evolution equation for the scalar damage variable D allows the description of both monotonic and cyclic
loading cases. The traction-separation relation characterising the separation law in the monotonic case
is based on the well-known exponential approach
of X U and N EEDLEMAN (1993). It forms an upper bound for the tractions attained under cylic
loading conditions (damage locus). In contrast to
comparable CCZM, e.g. [1, 2], a lower bound of
damage evolution is introduced by a local damagedependent endurance limit (endurance locus). In
combination with a non-linear approach for the unloading behaviour, a smooth transition from reversible to dissipative processes is guaranteed, see
[3].
The capabilities of the CCZM to simulate interfacial fatigue crack growth is investigated with a 2D
finite element boundary layer model under plane
strain and small scale yielding conditions loaded
by the mode I cyclic stress intensity factor ∆KI .
Complete fatigue crack growth rate (FCGR) curves
(FCGR vs. cyclic load) between a threshold value
∆Kth and static failure are generated. Parameter
studies are carried out to investigate the influence
of the model parameters with respect to static failure load, threshold value and PARIS region. As expected, the first corresponds to an energy release
rate above the fracture energy density, Γ0 , i.e. the
area under the monotonic envelope. Concerning the
lower bound of FCG, the threshold value, ∆Kth , is
found to be dependent on the endurance properties
in terms of the stress type initial endurance limit
and the shape of the endurance locus. Of course,
below ∆Kth no crack propagation occurs. Nevertheless, damage initiates here and evolves but newly
formed cracks arrest due to the low load level. The
lower bound of this region is determined by the
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initial endurance limit. A relation between the parameters of the PARIS equation describing the region of constant slope in the log-log FCGR curve
and the CCZM parameters is of particular interest.
As assumed in [2], the PARIS parameters correlate
with the parameters governing the damage evolution equation. Thereby, the variations of the PARIS
exponent, nP , and ∆Kth are coupled. Apart of this,
slight dependencies of nP with respect to the nonlinearity of the unloading paths and the shape of the
monotonic envelope at constant values of both Γ0
and ∆Kth are observed.
Acknowledgement This work was performed
within the Cluster of Excellence ”Structure Design
of Novel High-Performance Materials via Atomic
Design and Defect Engineering (ADDE)” that is financially supported by the European Union (European regional development fund) and by the Ministry of Science and Art of Saxony (SMWK).
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A Thermo-Hygro-Mechanical Model of Concrete Deterioration due to Alkali-Silica
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One of the most important causes of deterioration of
concrete structures is due to the alkali-silica reaction
(ASR), which is the most common form of alkaliaggregate reaction (AAR). ASR in concrete,
originally observed by Stanton in 1940 [1], is a
chemical reaction that occurs between reactive
forms of silica in the aggregates and alkali and
hydroxyl ions in pore solution. This produces an
amorphous gel, which expands in presence of water
and creates an increasing internal pressure resulting
into a drastic reduction of the mechanical properties.
Even though the ASR process is complicated and
consists of several stages, a simplified description,
consisting in 2 stages, was proposed by Dent
Glasser and Kataoka [2]: the first step is
characterized by the hydroxyl ions attack of the
siloxane groups on the surface of the aggregates
forming silanol groups that further react hydroxyl
ions forming the amorphous alkali silica gel; the
second step is the expansion of the formed gel, by
absorption of free water. Several factors may
influence the ASR process such as the mineralogy
and the size of the aggregate, the alkali content in
pore solution, the temperature and the relative
humidity. As regards to the numerical modeling of
this phenomenon, during the last decades and thanks
to the upgraded computational resources, many
different and more complex models have been
developed. Recalling some of the most important
ones: the mesoscopic model based on fracture
mechanics approach presented by Bazănt and Meyer
[3] together with the one for the kinetic of the
reaction and the diffusion processes by Bazănt and
Steffens [4]; the thermo-chemo-mechanical model
of the material swelling, by Ulm et al. [5], in the
framework of chemoelasticity; the coupled chemohygro-mechanical model, within the framework of
porous media, by Bangert et al. [6]; the chemothermo-damage model proposed by Comi et al. [7]
and the chemo-hygro-thermo-mechanical model by
Pesavento et al. [8] at variable hygro-thermal
conditions. In this work the ASR evolution and the
resulting concrete degradation have been implemenCFRAC 2013
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ted in the coupled thermo-hygro-mechanical finite
element code developed at Padua University, called
NEWCON3D [9], which treats concrete as a multiphase system. The enhanced code will find application into the study of the degradation mechanism
due to alkali-aggregate reaction in spent nuclear fuel
casks subjected to accelerated aging.
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The sustainability and serviceability of concrete
structures has become highly relevant. Adequate
modelling is important when engineers have to deal
with long term deterioration process. One of these
phenomena is the Alkali-Silica Reaction (ASR),
that is the chemical process between the alkali available in the cement and the silica in the aggregates [1].

tions. In this way, the gel mass production can be
calibrated and it becomes the internal driver in the
model for modelling the ASR process in a structural
analysis. The model allows studying the coupling
phenomenon between the internal ASR loading and
the external mechanical loading.
References

Its product is a hydrophilic gel which swells and
causes damage, possibly influencing the integrity [1] T. E. Stanton, Expansion of concrete through
reaction between cement and aggregate, Proc
and capacity of the structure. The expansion proASCE 66 (1940) 1781–1811.
cess is strongly linked to the stress state of the structure [2, 3] and it indeed results in the degradation of [2] S. Multon, F. Toutlemonde, Effect of applied
stresses on alkali-silica reaction-induced expanthe mechanical properties [4].
sions, Cement Concrete Res 36 (2006) 912–
The multiscale nature of the problem does not yield
920.
to a straightforward modelling approach, because a
[3] V. Saouma, L. Perotti, Constitutive model for
small difference at micro scale can result in subalkali-aggregate reactions, ACI Mater J 103
stantial discrepancy at macro scale. Noting that the
(2006) 194–202.
micro-mechanical nature of the phenomenon can[4] R. Esposito, M. A. N. Hendriks, A Review of
not be excluded from a macro-mechanical model,
ASR modeling approaches for Finite Element
the authors present a new material model making
Analyses of dam and bridges, in: Proc., 14th
use of Homogenization theory.
International Conference on Alkali Aggregate
The concrete is modelled, at micro level, as a hetReaction, Austin, 2011.
erogeneous material: aggregates and cracks filled by [5] T. Mori, K. Tanaka, Average stress in matrix
the gel are considered as embedded inclusions in the
and average elastic energy of materials with
cement paste, that is, the matrix. It is assumed that
misfitting inclusions, Acta Metall Mater 21
the gel formation starts at the rim between aggre(1973) 571–574.
gates and cement paste and that subsequently the
gel flows in the matrix causing cracks and damage.
The aggregate and the surrounding gel are modelled
by spherical inclusions; the cracks as ellipsoidal inclusions. The effective properties of the medium
are evaluated by the Mori-Tanaka homogenization
scheme [5].
In the first place the model should be calibrated
on the basis of experimental laboratory tests. These
tests should provide the evolution of the expansion
and the degradation of global mechanical properties in time for a sample in free expansion condiCFRAC 2013
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Reinforced concrete structures exposed to
aggressive environmental conditions, such as
structures close to the sea or highway bridges and
garages exposed to de-icing salts, often exhibit
damage due to corrosion [1]. Damage is usually
manifested in the form of cracking and spalling of
concrete cover caused by expansion of corrosion
products around reinforcement. The reparation of
corroded structure is related with relatively high
direct and indirect costs. Therefore, it is of great
importance to have a model, which is able to
realistically predict influence of corrosion on safety
and durability of RC structures.

reinforcement-concrete contact surface. Once the
reinforcement is depassivated (beginning of
corrosion), corrosion rate is calculated and
corrosion contact elements are automatically
activated generating radial compressive pressure,
which can cause cracking of concrete cover.
To demonstrate the application of the model, 3D
FE analysis is performed on the beam-end
specimen assuming aggressive environmental
conditions (splash zone). The numerical results are
compared with the experimental data. In the first
part of the study the corrosion induced damage is
predicted for different levels of corrosion. The
influence of the geometry (concrete cover and bar
diameter), position and size of anode and cathode
and the influence of the distribution of rust through
corrosion induced cracks on current density and
damage of concrete cover is studied. Subsequently,
the influence of the corrosion induced damage on
pull-out capacity of reinforcement bar is
investigated.

In the present contribution recently developed
coupled 3D chemo-hygro-thermo-mechanical
model for concrete is discussed. The model takes
into account the interaction between nonmechanical processes (distribution of heat,
humidity, oxygen, chloride and rust) and
mechanical properties of concrete (damage). The
mechanical part of the model is based on the
microplane model.
The results can be summarized as: (i) Concrete
To predict the increase of volume of the corrosion cover, bar diameter and position and size of anode
products it is necessary to calculate the corrosion and cathode significantly influence corrosion rate
current density in the corrosion unit. Furthermore, and corrosion induced damage; (ii) Pull-out
the transport of corrosion products into the pores capacity of reinforcement is reduced due to the
and through cracks needs to be taken into account corrosion induced damage of concrete; (iii)
in order to consider decrease of the pressure due to Transport of reinforcement through cracks reduces
the expansion of corrosion products around the damage of concrete cover; (iv) Corrosion induced
reinforcement cross-section. Generally, calculation damage increases corrosion rate and (v) Good
of corrosion current density depends upon agreement with experimental data is obtained.
following
physical,
electrochemical
and
mechanical processes: (i) Transport of capillary
water, oxygen and chloride through the concrete References
cover; (ii) Immobilization of chloride in the
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The expansion of corrosion products is modeled
using 1D contact corrosion elements on the
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Interface Elements
I.Carol*
ETSECCPB-UPC, Jordi Girona 1, Edif D2, 08034 Barcelona, Ignacio.Carol@upc.edu
A number of environmental process such as drying,
temperature changes or chemical attacks of various
sorts, may affect concrete behavior and may cause
material cracking. In general, the immediate cause
of cracking is the differential volume changes
between different concrete components, or between
different parts of the same component at different
locations within the the specimen or structural
member. Volume changes may be due to chemical
of physical processes, for instance, losing or
increasing the free water content in the pores of
cement due to drying, or certain chemical reactions
taking place between external agents and
components of the aggregates of cement paste, that
result in products that occupy different volume
than the ingredients.
Throiugh the last two decades, the group of
Mechanics of Materials at the School of Civil
Engineering in Barcelona (ETSECCPB), has been
developing a meso-mechanical representation of
concrete, under the effects of mechanical as well as
environmental actions, with special emphasis on
cracking, The underlying geometric description of
concrete consists of the explicit representation of
the larger aggregates, which are immersed in a
homogeneous matrix representing the average
homogenized behavior of mortar. From the
mechanical viewpoint, those two continuum phases
are assumed to behave elastically or viscoelastically, and the possibility of non-linear
behavior and cracking is introduced via zerothickness interface elements that are inserted in
between continuum elements, along all aggregatematrix and some of the matrix-matrix lines (2D) or
edges (3D). For most analysis, the aggregate
geometry is generated using Voronoi tessellation,
followed by some contraction algorithm for he
polygons/polyhedra, plus some fill-up of the spaces
left between them. But some other algorithms have
also been been used, such as numerical generation
of circles/spheres, or mapping particle geometries
from real material images. In the first
developments, devoted to purely mechanical
actions, the model was applied to a variety of 2D
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and 3D loading scenarios with very satisfactory
results [1], including crack initiation, development,
branching, merging, and spontaneous localization
of microcracks into macrocracks.
In more recent years, the model has been extended
to environmental phenomena coupled with
cracking. The main peculiarity of the approach is
that zero-thickness interface elements are also
considered in the diffusion formulation, with a
localized diffusivity that is directly related to the
mechanical opening of the crack. Initial
applications in 2D were drying shrinkage [2] and
external sulfate attack [3]. The model was also
applied to high-temperature problems from a
purely mechanical viepoint (different expansion
curves for each concrete component) [4].
Currently, the model is being extended to the 3D
version of the high-temp. mechanical analysis, to
incorporating the high-temp moisture flow, and to
the modeling of alkali-silica reactions (ASR), the
latter involving at least a second diffusion process
to couple with the mechanical analysis. Examples
of all these applications are presented.
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Adding a concrete overlay to an existing concrete
structure is one of the most widely used methods
for repair, retrofitting and rehabilitation. Most of
the experimental research contributions regarding
this structural strengthening technique found in the
literature are restricted to lab test programs ([1],
[2]). Thus, in the present contribution the
strengthening of a reinforced concrete bridge by a
concrete overlay will be presented. The plate girder
bridge to be investigated, which shows four webs
and three spans in longitudinal direction, was built
in 1970 as part of the Austrian road network. In
order to maintain the load bearing capacity of the
bridge with deteriorated material properties and in
order to improve the structural capacity of the
bridge due to increasing traffic loads a 90 mm thick
reinforced concrete overlay was added.

Furthermore, advices regarding conclusions from
experimental results determined on composite lab
tests to real bridge decks strengthened by an
overlay can be formulated.

In order to get a deeper insight into the effects of
drying shrinkage of concrete overlays parallel to
the
experimental
investigations
numerical
simulations of the laboratory tests were carried out.
To this end a physically based model of drying
shrinkage relying on a multi-phase concrete
formulation, in which concrete is considered as a
porous material, [4] was used. The determination
of the respective material parameters for drying
shrinkage from measurement data was a main
focus in the framework of the research work. The
computed response compared to available
experimental data demonstrated the capabilities of
In course of the experimental investigation the the numerical model.
evolution of both, the depth dependent moisture
distribution and the deformations measured in
longitudinal and lateral direction of the concrete References
bridge were monitored. The in-situ measurements
were started before, continued during rehabilitation [1] H. Beushausen, M. Alexander, Failure
mechanism and tensile relaxation of bonded
work and are still going on.
concrete overlays subjected to differential
Since the restraint of shrinkage deformations is one
shrinkage, Cement Concrete Res 36 (2006)
of the main factors influencing the serviceability
1908–1914.
and durability of bonded concrete overlays the in- [2] A. Momayez, M. R. Ehsani, A. A. Ramesitu measurements of the overlay and the adjacent
zanianpour, H. Rajaie, Comparison of methods
substrate were accompanied by a comprehensive
for evaluating bond strength between concrete
laboratory testing program concerning the
substrate and repair materials, Cement Concrete
evolution of shrinkage strains. The latter was based
Res 35 (2005) 748–757.
on the experimental program described in [3]. [3] Y. Theiner, G. Hofstetter, Evaluation of the
Similar to [3] water desorption isotherms, ultimate
effects of drying shrinkage on the behavior of
drying shrinkage strains, moisture distribution
concrete structures strengthened by overlays,
profiles as function of time and autogenous and
Cement Concrete Res 42 (2012) 1286–1297.
drying shrinkage strains as function of time as well [4] B. Valentini, Y. Theiner, M. Aschaber,
as the temperature evolution during the hydration
H. Lehar, G. Hofstetter, Evaluation of the
process were determined.
effects of drying shrinkage on the behavior of
Comparison of the lab results with the in-situ
concrete structures strengthened by overlays,
measurements
allows
an
assessment
of
Cement Concrete Res 42 (2012) 1286–1297.
environmental influences on the bonded overlay
behaviour and allows a better understanding of the
impact of surface preparation and finally of the
resulting restraint effects at the interface.
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We describe our approach to simulating hydraulic
fractures based on the use of Universal Meshes.
This problem is challenging to simulate because
of the non-linear coupling between the fluid pressure and the crack opening, and also because of the
presence of two moving boundaries, the crack tip
and the fluid front. Often in simulating hydraulic
fracture, the rock is modeled as a homogeneous,
isotropic, infinite elastic medium. This has the advantage of bypassing the 2D elastostatics equations
for the rock and instead solving a 1D integral relation between the fluid pressure and crack opening.
While this approach has been highly successful for
this simplified case, there would be great difficulty
in extending it to more general problems, for example when it is desired to model the effects of poroelasticity or the intersection of hydraulic fractures
with pre-existing natural fractures. Finite-elementbased approaches are attractive in the simulation of
hydraulic fractures because of their ability to easily handle inhomogeneities in the material and more
general geometries.

evolves, the Universal Mesh is always deformed so
as to exactly mesh the crack surface. The advantages of such an approach are: (a) the crack faces
are exactly meshed with a conforming mesh at all
times, and the quality of the surface mesh is guaranteed to be good, (b) apart from duplicating degrees
of freedom when the crack grows, the connectivity
of the mesh and the sparsity of the associated stiffness matrix remains unaltered; this has the positive
effect of enabling efficient iteration over the crack
geometry, needed for the satisfaction of Griffith’s
criterion at the crack tip.

Constructing finite-element-based approximations
for hydraulic fracture problems faces a crucial obstacle though: a suitable mesh is needed over the
faces of a possibly-curved-crack to solve for the
pressure distribution in the fracturing fluid. Since
the crack itself is part of the solution, it is not possible to a priori know where the crack will be and
hence where to construct such mesh. Standard solutions for crack propagation, such as cutting elements as in the extended finite element method, lead
to very irregular meshes over the crack surfaces not
suitable for computation. Such meshes can lead to
accuracy and conditioning problems.

References

To this end, we have introduced the idea of a Universal Mesh. A Universal Mesh is one that can be
used to mesh a class of geometries by slightly perturbing some nodes in the mesh, and hence the
name universal [1, 2, 3]. In this way, as the crack
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We have devised one algorithm to simulate planestrain, straight [4] and curvilinear hydraulic fractures that takes advantage of a Universal Mesh. The
algorithm is capable of handling the non-linear coupling between the pressure and crack opening profile, and to separately track the evolution of the fluid
front and the crack tip. For straight fractures, we
validate the algorithm by exactly reproducing some
asymptotic exact solutions.
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When the impeller was used for a period of time
including the whole life cycle, wear and crack can
be found. The remaining values of such used
impeller can be recovered by remanufacture [1].
The remanufacture quality can rely on the
component replacement and reprocessing on the
product surface [2].
The use of the replacement and reprocessing
technologies can change the mechanical properties
of the surface material. Finite element method was
used to study the effect of the mechanical property
changes of the surface material on the contact
status in the impeller-axle system. When laser
melting coating is used on the surfaces of the
impeller and the axle, the calculated contact
pressure
and
the
corresponding
contact
displacement are very similar. This means that the
change of the mechanical properties caused by
laser melting coating hardly affects the contact
status in remanufacture.

of the residual stress on the crack propagation rate
becomes more obvious in lower nominal stress
ratio. When the nominal stress ratio is 0.1, the
crack propagation rate for FSW is the lower at the
welding line than the other two joining
technologies. When the crack grows to the shoulder
border, the crack propagation rate for FSW becomes higher. When the nominal stress ratio is
increased to 0.8, the crack propagation rates of the
three welding technologies become very similar.
The crack propagation rate is not only dependent
on the residual stress distributions but also on the
nominal stress ratio.
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In the impeller-axle system, the remanufacture of the National High Technology Research and
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at the root of the blade. The new blade can be
joined to the used impeller by welding technologies
in remanufacture. Three welding technologies are References
compared in current work: friction stir welding
(FSW), tungsten inert gas welding (TIG), and laser [1] A. Robotis, T. Boyaci, V. Verter, Investing in
reusability of products of uncertain remanuwelding (LW). Results show that the longitudinal
facturing cost: The role of inspection caparesidual stress in LW is the highest and the one in
bilities, Int J Prod Econ 140 (2012) 385–395.
FSW is the lowest.
[2] B. S. Xu, H. D. Wang, G. Z. Ma, Advanced
The impeller to be re-manufactured usually
surface engineering technologies for remanuconsists of cracks. The cracks must be studied for
facturing forming, Rare Metal Mat Eng 41
the determination of the possibility for
(2012) 1–5.
remanufacture of such an impeller with cracks. [3] C. D. M. Liljedahl, M. L. Tan, O. Zanellato, et
Virtual crack closure technique (VCCT) and the
al., Evolution of residual stresses with fatigue
superposition approach are employed for the
loading and subsequent crack growth in a
investigation on the influence of the residual stress
welded aluminum alloy middle tension
on the crack propagation. Benchmark is tested for
specimen, Eng Fract Mech 75 (2008) 3881–
validation with comparison to Ref. [3].
3894.
When the residual stress is considered, the total
stress intensity factor is increased by 187.5% at the
position of 11 mm from the weld center. The effect
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Concrete under severe environmental conditions is
References
a topic of wide interest for various applications in
engineering. In particular, when dealing with [1] M. F. Kaplan, Concrete radiation shielding:
concrete shielding in nuclear facilities, a thermonuclear physics, concrete properties, design,
hydro-mechanical modeling of concrete behavior is
and construction, John Wiley & Sons, New
mandatory to investigate the load bearing capacity
York, 1989.
under thermal effects and the durability of the [2] H. K. Hilsdorf, J. Kropp, H. J. Koch, The
structure.
effects of nuclear radiation on the mechanical
Our work deals with concrete conceived for a next
properties of concrete, in: Proc., Douglas
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McHenry International Symposium on
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Concrete and Concrete Structures, ACI SP 55Legnaro National Laboratories (LNL), National
10, American Concrete Institute (1978) 223–
Institute of Nuclear Physics (INFN) location in
251.
Padua, Italy. The point with this structure is that it [3] C. E. Majorana, V. Salomoni, B. A. Schrefler,
is subjected to the prolonged exposure of high
Hygrothermal and mechanical model of
energy neutron fluxes, which can become
concrete at high temperature, Mat Struc 31
dangerous for the mechanical properties of the
(1998) 378–386.
material above critical quantities [1,2].
[4] Z. P. Bažant, Pore pressure, uplift, and failure
analysis of concrete dams, Int. Commission on
The numerical approach consists of a 3D Finite
Large Dams, Swansea, UK, 1975.
Element phenomenological model for concrete [3],
[5] Z. P. Bažant, W. Thonguthai, Pore pressure and
based on the findings by Bažant and co-authors for
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[6] Z. P. Bažant (Editor) Mathematical Modelling
The model is developed within the theoretical
of creep and shrinkage of concrete, John Wiley
framework of porous media ultimately applied to
& Sons, New York, 1988.
visco-elastic materials and it allowed us to make
considerations on damage due to radiation under
the normal operative condition and accident. The
most relevant results are offered by a meso-scale
modeling of concrete, in which the multiphase
system is distinguished in: aggregates, cement
paste and interfacial transition zone (ITZ). The
interfacial transition zone between aggregates and
cement paste is found to be the weakest region,
therefore it becomes the first possible location for
fracture triggering, moreover the role of aggregates
is shown to influence the deposition of energy
generated by radiation exposure.
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Correlations Involved in the Failure of Quasi-Brittle Materials: Analysis with a
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The degradation of quasi-brittle materials
encompasses micro-crack propagation, interaction
and coalescence in order to form a macro-crack.
These phenomena are located progressively within
the so-called Fracture Process Zone (FPZ), i.e. in a
small region of the solid ahead of the tip of a
macro-crack. The shape and growth of the FPZ,
and its interaction with boundaries lead to typical
phenomena such as size effects, boundary effects
and shielding effects.

locations is projected onto a horizontal axis,
perpendicular to the direction of propagation of the
crack.
The interpretation of bending test is biased by the
correlation introduced by the stress/strain gradient
within the structure. In order to facilitate the
analysis, further interpretations have been carried
out on tensile geometries for which results on
histograms between successive failure events
already exist [2]. Numerical results are considered
only. The material heterogeneities are described
either explicitly or with the help of auto-correlated
random
fields
capturing
the
material
heterogeneities at a scale lower than the mesoscale. Ripley functions [3] are used to characterise
the correlation patterns in the course of failure. As
expected, it is observed that the failure patterns
deviates from random fields in the course of
localisation of damage and from auto-correlated
random fields resulting from the initial disorder in
the material too. Patterns are then compared to
those resulting from auto-correlated random fields
in order to extract a correlation length involved in
the localization of damage during failure.

Meso-scale models encompass the meso-structure
details and therefore capture the failure process at
the scale of the heterogeneities with details that
continuum based model cannot provide. Typical
meso-scale models such as the one used in this
contribution consider aggregate embedded in a
mortar matrix and introduce also a special response
of the interfacial transition zone between mortar
and the aggregate. With the help of the 2D lattice
model used in this paper, we were able already to
provide predictions of the experimental mechanical
responses obtained from three-point bending tests
on notched and un-notched concrete beams of
different sizes. Both the maximum loads and the
softening regime were recovered and the energy
dissipation within the FPZ was analysed [1]. The
aim of this contribution is to provide a further References
insight in the description of failure with the help of
statistical analyses of local damage.
[1] P. Grassl, D. Grégoire, L. R. Solano,
G. Pijaudier-Cabot, Meso-scale modelling of
In the numerical models, the histograms of relative
the size effect on the fracture process zone of
distance between locations at which damage grows
concrete, Int J Solids Struct 49 (2012) 1818–
within a given loading step have been built first.
1827.
These histograms reveal the correlation between
individual failure events. They can also be [2] A. Delaplace, G. Pijaudier-Cabot, S. Roux,
Progressive Damage in Discrete Models and
compared to the histograms of the relative
Consequences on Continuum Modelling,
distances between the locations of successive
J Mech Phys Solids 44 (1996) 99–136.
acoustic events in experiments. These numerical
and experimental histograms have been obtained in [3] B. D. Ripley, Modelling Spatial Pattern, J Roy
Stat Soc B Met 39 (1977) 172–212.
the case of 3 point bending tests on notched and
un-notched beams. They are similar, especially
those in which the distance between damage
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We present a discrete element model of brittle materials with highly heterogeneous micro-structure and
investigate the uniaxial compression of cylindrical
specimens. In order to capture the heterogeneous
micro-structure of materials the sample is generated by sedimenting randomly sized spherical particles inside a cylindrical container with a log-normal
size distribution. The cohesive interaction of particles is represented by beam elements which can
break when they get overstressed. The breaking rule
takes into account the stretching and shear of particle contacts. When particles not connected by beam
come into contact their interaction is described by
the Hertz contact law. The time evolution of the
system is generated by molecular dynamics simulations in three dimensions [1]. The modelling approach is similar to the one presented in Refs. [2, 3].

are characterized by their size, i.e. the total crack
surface generated by the burst, by the released elastic energy, and by the duration. Interesting information is encoded also in the waiting time between
consecutive bursts. Our analysis showed that characteristic quantities of bursts have power law probability distributions over a broad range. We found
that the energy and duration of bursts have power
law dependence on the crack surface created by
bursts. An analytic expression was derived for the
relation of burst exponents which was confirmed by
numerical calculations. As the system approaches
macroscopic failure we pointed out that consecutive
bursts get correlated: the average waiting time to the
next event proved to be an increasing function of the
burst size, furthermore, the formation of the damage
band is marked by the decrease of the average disComputer simulations revealed that under strain tance of consecutive bursts.
controlled uniaxial loading of the system first The simulation results are in reasonable agreement
micro-cracks nucleate in an uncorrelated way all with the experimental findings on the fracture proover the sample. As loading proceeds localization cess of some quasi-brittle materials.
occurs, i.e. the damage concentrates into a narrow
band which has an angle of 30-45 degrees with the References
load direction. Inside the damage band the material is not completely crushed, it is composed of [1] T. Pöschel, T. Schwager, Computational Granfragments which are embedded into fine powder of
ular Dynamics, Springer, Berlin, 2005.
single particles. The mass distribution of fragments [2] H. A. Carmona, F. K. Wittel, F. Kun, H. J. Herproved to be a power law with an exponent 2.1.
rmann, Fragmentation processes in impact of
spheres, Phys Rev E 77 (2008) 051302.
In order to analyze the temporal fluctuations of the
breaking process we introduce a correlation time of [3] G. Timár, F. Kun, H. A. Carmona, H. J. Herrmann, Scaling laws for impact fragmentation
local breaking events of particle-particle contacts:
of spherical solids, Phys Rev E 86 (2012)
if two beam breakings follow each other within the
016113.
correlation time they are considered to belong to the
same correlated breaking avalanche. Similar burst [4] R. C. Hidalgo, F. Kun, K. Kovács, I. Pagonabarraga, Avalanche dynamics of fiber bundle moddefinition based on temporal correlation of consecels, Phys Rev E 80 (2009) 051108.
utive events has also been used to investigate crack[5]
G. Timár, F. Kun, Crackling noise in three-point
ling noise emerging during three-point bending of
bending of heterogeneous materials, Phys Rev
heterogeneous brittle materials [4, 5]. Our calcuE 83 (2011) 046115.
lations showed that during the fracture process local breaking events form correlated trails which are
analogous to acoustic bursts of experiments. Bursts
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We present a theoretical study of the creep rupture
process of heterogeneous materials based on a fiber
bundle model which provides a direct connection
between the microscopic damage mechanism and
the macroscopic time evolution. In the model, material elements fail either due to immediate breaking
or undergo a damage accumulating ageing process
[1, 2]. For the damage rate a power law dependence
on the local stress is assumed. In the limit of equal
load sharing after local failure events we show analytically that the model reproduces the Basquin law
of creep lifetime and the time-to-failure power law
behaviour of strain rate [1, 2, 3].

exponent z decreases from 2 to 1.4 as γ is raised
from 1. We analyzed the micro-structure of damage
in the last stable configuration of the system just before catastrophic collapse. Simulations showed that
under the dominance of disorder the crack structure
is analogous to percolation lattices, i.e. power law
distribution is obtained with a varying exponential
cutoff. However, when a single crack propagates,
the cluster size distribution becomes steeper [4].
We show that the time evolution of the rupture process can be described as a non-homogeneous Poissonian process, where the rate of bursts obeys the
(inverse) Omori law. The Omori parameters exhibit
a high degree of universality. Studying the temporal
and spatial evolution of single bursts we show that
the average pulse shape of bursts encodes information about the range of load redistribution, namely,
for long range load sharing pulses are symmetric, however, for localized interaction right-handed
asymmetry is obtained. For localized load sharing
burst are found to be compact geometrical object
having a fractal frontier with a fractal dimension
1.25. We argue that burst frontiers fall in the universality class of loop erased random walks.

Based on computer simulations of localized load
sharing we carried out a detailed investigation of
the interplay of quenched structural disorder and
of the inhomogeneous stress field during the creep
rupture process. The sensitivity of the system to the
details of the stress field is controlled by the exponent of the law of damage accumulation. Assuming
strongly localized load redistribution around failed
fibers, we showed that the system has two phases
depending on the amount of strength disorder and
on the damage accumulation exponent γ: For high
disorder and low values of γ simultaneously growing cracks are spread homogeneously over the en- References
tire system. However, for low disorder and high γ
values the damage gets localized to highly stressed [1] F. Kun, H. A. Carmona, J. S. Andrade Jr,
regions giving rise to a single growing crack. The
H. J. Herrmann, Avalanche dynamics of fiber
jerky time evolution of the bundle is characterized
bundle models, Phys Rev Lett 100 (2008)
by the size distribution of bursts and by the distribu094301.
tion of the waiting times elapsed in between. Both [2] F. Kun, Z. Halász, J. S. Andrade Jr, H. J. Herdistributions proved to have a power law behavior
rmann, Crackling noise in sub-critical fracture
with a load-dependent cutoff [4].
of heterogeneous materials, J Stat Mech: Theor
Exp (2009) P01021.
The most important outcome of the simulations
is that the exponent of the burst size distribution [3] R. C. Hidalgo, F. Kun, K. Kovács, I. Pagonabarraga, Avalanche dynamics of fiber bundle modproved to be independent of the details of the damels, Phys Rev E 80 (2009) 051108.
age process such as the γ exponent, however, it de[4]
Z. Halász, Zs. Danku, F. Kun, Competition of
pends on the external load which controls the effistrength and stress disorder in creep rupture,
ciency of triggering. For the waiting time distribuPhys Rev E 85 (2012) 016116.
tions the opposite behavior is observed, i.e. the load
only affects the cutoff of the distribution, while the
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Bio-inspired cellular ceramics appear to be attractive solutions to support the need for new stronger
and lightweight materials in strategic applications
as diverse as tissue engineering, energy storage or
catalysis. The microstructure of these cellular ceramics can be controlled by varying the process
parameters, yielding materials with very different
functional properties. The challenge of developing
such materials can only be met through a sound understanding of the relationships between materials
architecture and their mechanical response.

teristics of the strength size effect are discussed. A
scaling law is proposed and compared to the classical power law size effect. Finally, characteristic
fracture lengths are identified and correlated with
the scaffold architecture and material properties.
We expect our approach will provide a valuable insight into the mechanics of cellular ceramics and
should help materials scientists to build more reliable materials.

References
Cellular ceramics exhibit a quasi-brittle mechanical
behavior with a statistical and size-dependent fail- [1] M. Genet, M. Houmard, S. Eslava, E. Saiz,
ure. A previous work on cellular ceramics made by
A. P. Tomsia, A two-scale Weibull approach to
robotcasting [1] has shown that predicting the cethe failure of porous ceramic structures made
ramic scaffold strength from the rod scale using a
by robotcasting: possibilities and limits, J Eur
classical Weibull approach leads to very conservaCeram Soc (in press 2012)
tive results. The successive breakings of scaffold [2] M. Genet, A. P. Tomsia, R. O. Ritchie, An howalls and the resulting stress redistribution need to
mogenized damage model for ceramics strucbe considered to accurately predict the final failtures made by freezecasting, in: Proc., 10th
ure of the structure. Here, we propose a compuWorld Congr. on Comput. Mech., Saõ Paulo
tational approach to quantitatively understand the
2012.
mechanics of cellular ceramics at multiple length
scales, and to predict the size-dependent and statistical stiffness and strength of such structures.
For a typical cellular ceramic scaffold, we consider
periodic representative volume elements (RVE) of
increasing size, i.e. containing from one to several
hundreds of unit cells. The mechanical response of
these RVE is computed using the Finite Element
method for several loading paths. The statistical
distribution of the cell wall strengths is introduced
through the Weibull framework. Extensive computations eventually allow to obtain the strength distribution for each RVE size and the distribution of
the scaffold stiffness evolution. The latter can possibly be used to derive a volume-dependent continuum mechanics model [2]. The statistical characCFRAC 2013
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Today, industrial wire sawing is the most efficient
and economic technology to cut brittle materials
into thin wafers. An important field is the production of silicon wafers for photo-voltaic and microelectronics applications. For the cutting process a
web of wires moving with a velocity of about 15
m/s is fed into the material ingot, while a fluid suspension (slurry) with abrasive particles (∼ 15 µm)
is added. The material is fragmented and removed
in the sawing kerf by micro-mechanical fracture
processes that occur by interaction forces between
rolling abrasive particles and the silicon surface.
The sharp edges of the particles are pressed into the
surface and lead to indentation fracture and chipping off small amounts of material. This entire process is denoted by ”rolling indentation” [1].
In order to study this micro-mechanical process,
the model of a moving and interacting particle system in a viscous shear flow was developed in [2].
The numerical realization is based on the 2D discrete element method, which has been extended by
sharp edged polygonal particles and by drag and lift
forces acting from the fluid flow on the particles.
Concepts of indentation fracture mechanics are included to account for the elementary fragmentation
processes, see [3]. Due to high local stresses under
the indenting particle, median and radial cracks are
formed. During unloading lateral cracks appear beneath the plastic zone and, if they reach the surface,
the material is chipped away.
The numerical simulations are capable of reproducing fundamental aspects of the sawing process.
Qualitatively, the idea of ”three body abrasion” is in
principle verified to happen as basic phenomenon
in the complex particle system, too. Moreover, this
view could be generalized to the multiple interaction of abrasive particles in the sawing kerf with the
silicon surface and among each other, driven by the
slurry and the moving wire.

process parameters like wire speed, lapping pressure, particle shape, particle size distribution a. o.
on the material removal process. A parametric study
towards the influence of wire speed and lapping
pressure on the amount of material removal is also
presented. The results obtained by rather extensive
and expensive simulations confirm the phenomenological law of Preston for the removal rate stating
that it is proportional to wire speed and lapping
pressure. Moreover, the simulations enable correlations between the Preston coefficient and micromechanical process parameters. The obtained results agree qualitatively quite well with experimental observations. The generalization to threedimensional DEM-simulations is subject of ongoing research [4].
References
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The model allows to study the influence of essential
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Zero-thickness interface elements are often (but not
only) used in the discrete simulation of cracks in
brittle and quasi-brittle materials. Two major approaches can be identified. In one case, interfaces
are inserted amongst the mesh lines only after certain cracking conditions have been reached. The interfaces behave as non-linear elements that dissipate
energy while they open [1]. In the other approach,
interfaces are inserted a priori along the mesh lines,
to include as many crack path scenarios as possible
[2]. To keep the interface closed while the cracking
conditions are not yet satisfied, a fictitious elastic
behaviour is imposed through penalty stiffness parameters. These are elastic stiffness parameters set
as high as possible to guarantee that no penetration
or separation take place while the cracking nucleation conditions are not satisfied, but not so high to
avoid ill-posed problems.

the accurate recovered values of the nodal interface
stresses.
References
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When using the above mentioned second approach,
the elastic solution in the standard continuous elements is not affected by the presence of the fictitious elastic interface elements. However, this paper
shows that the elastic static variables (stresses and
forces) at the nodes of the interfaces are affected
by errors that are often higher than 10%, hence not
negligible. The error seems to be affected by the distribution in the space of the interface elements concurrent to a node, but not by their length.
A solution is proposed here that is based on the satisfaction of the kinematic conditions at the node to
which several interfaces converge [3] and the assumption of the existence of a unique stress tensor at the node. Concurrent interface weights are introduced in the stiffness matrix governing the elastic behaviour of the interface. Several examples are
presented showing the goodness of the solution and
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The present work deals with the structural response
of quasibrittle and elastic domains in adhesion, that
can be significantly influenced by the process of
decohesion.

effective stress through the introduction of a
suitable yield function.

For the interface, a model, which accounts for the
mode I, mode II and mixed mode of damage and
In order to model the deterioration of the interface for the unilateral contact and friction effects, is
between the materials, both volume and interface developed.
damaging behaviors and their interactions are taken In the adhesion zone there is interaction between
into account [1].
damage at a point and damage in its neighborhood.
A coupled interface-body nonlocal damage model Thus, there is interaction between the interface and
is proposed. A nonlocal damage and plasticity the quasi-brittle material behavior. This interaction
model is developed for the quasi-brittle material.
is modeled introducing two different coupling laws
The model is able to reproduce the main in which the damage evolution at the adhesion zone
mechanisms of cohesive materials under cyclic is governed not only by the local difference of
loadings, i.e. degradation of the mechanical displacements but also by the damage occurring in
properties, development of irreversible strains and the neighbor quasi-brittle materials [3,4]. In
recovery of stiffness due to crack closure. The particular, in the first approach the degradation
internal stiffness degradation is measured by the state of interface is equal to the highest value
introduction of two scalar damage variables: a between the interface damage and the body damage
tensile and compressive damage. Moreover, it is evaluated at the bond surface [3]. The second
is
based
on
micromechanical
assumed that the damage occurring in compression approach
considerations
[4].
directly induces damage in tension.
In cohesive heterogeneous materials subjected to
loading conditions, the initially smooth distribution
of strain changes into a highly localized one.
Typically, the strain increments are concentrated in
narrow zones while the major part of the structure
experiences unloading. Thus, when high strain
gradient occurs, the standard ‘local’ models fail to
describe localized failure patterns in an objective
way. Nonlocal approaches are needed in order to
overcome the problem due to the strain localization
[2]. The nonlocal formulation is not affected by
mesh sensitivity. In particular, an integral-type of
nonlocal model based on the weighted spatial
averaging of a strain-like quantity is adopted. In
particular, the growth of the compressive damage is
governed by the nonlocal value of the
accumulation of the plastic strain, while the
evolution of the tensile damage state mainly
depends on the nonlocal measure of the equivalent
elastic strain linked to the positive principal elastic
strains. The plastic flow is controlled by the
CFRAC 2013
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The presented methodology is implemented in a
numerical code. Finally, numerical applications are
performed in order to assess and compare the
performances of the proposed coupled models and
of the developed procedure.
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Sensitive restoration of historical timber structures
or efficient design of modern ones often requires a
detailed nonlinear analysis by the finite element
method (FEM). To this end, the FEM code must be
equipped with appropriate constitutive model.
In this contribution we present a two-dimensional
constitutive model for timber fracturing under
tensile and shear loads [1]. The model captures the
following phenomena: (1) elastic and inelastic
behavior in small deformation range, (2) material
orthotropy, both in linear and non-linear range, (3)
cracking across and along fibers, (4) behavior
under unloading/reloading. The model can be
applied both to hardwood and softwood by
selecting appropriate material characteristics. We
idealize timber as a homogeneous quasi-brittle
material. Prior to cracking, the material is
characterized by elastic orthotropic stress-strain
relationship. An orthotropic fracture criterion,
which can distinguish between crack forming
across or along fibers is proposed. Post-cracking
response is treated by means of the fixed smeared
crack model.
As the primary fracture criterion we use the
generalized Rankine-type condition proposed by
Lourenco [2]. This condition is defined by three
parameters: direct tensile strengths in two
directions (parallel and perpendicular to fibers) and
pure shear strength. Furthermore, we assume that if
the maximum principal stress diverts from the
fibers direction by an angle less than a certain limit
value (which is considered as a material
parameter), a crack forms across fibers in the
direction perpendicular to the principal stress
(crack type CT1). If the angle exceeds the
threshold, then a crack forms along fibers
regardless of the principal stress direction (type
CT2). This implies that at crack initiation, the
surfaces of CT1 are exposed to normal traction
only, but in the case of CT2 both normal and shear
tractions may be nonzero at this instant. It is
assumed that only one crack (either CT1 or CT2)
can occur at a given material point and its direction
remains fixed throughout the loading history.
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Response of a crack is governed by the tractionseparation law, which relates the crack-bridging
tractions to the relative displacements of the crack
surfaces. This relationship is defined in the local
coordinates n-m, perpendicular and parallel to the
crack. The same form of the traction-separation law
is assumed for both crack types CT1 and CT2,
albeit with different parameters. In the cracknormal direction, the traction is assumed to
decrease with crack opening displacement
according to exponential function [3]. In the
tangential direction, the traction-separation law is
proposed using an arctangential function, which
fulfills the following assumptions: (1) at constant
crack opening displacement n the shear traction tm
increases
with
increasing
crack
sliding
displacement m, but never exceeds the shear
strength fs, (2) at constant slip m, tm decreases with
increasing opening n, (3) the function of tm can
take any value from the interval (-fs, fs) at the crack
initiation state. The latter property ensures that the
proposed formulation ensures a smooth transition
from the stress state on the failure surface to the
state governed by the traction-separation law even
for crack type CT2. Additionally, the tractionseparation law is limited in both n and m directions
by critical crack opening/slip.
The model performance is demonstrated for
various load cases and the results are consistent
with expected timber behavior.
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The main objective of this work was to determine
the influence of carbon nanotubes (CNTs) reinforcement to the fracture energy and tensile strength
of the cement paste. The work was divided into experimental and computational parts. The effect of
the CNTs amount, length and clustering was studied. The clustering of CNTs in volume was found
as the governing factor of CNTs reinforcement. The
results were already published in [1].
In the experimental part, samples with various
CNTs content were produced and the fracture energy was measured. The CNTs were added to the
cement paste in the form of so-called cement hybrid
material (CHM). The CHM is an ordinary Portland
cement with CNTs directly synthesized on the surface of the grains. The CHM was produced by L.
Nasibulina’s group from Aalto University, Finland
[2] with the average CNTs length 2.5µm.
The CHM can be simple intermixed with regular
cement and water. CHM avoids a flocculation of
separately added CNTs. No special treatment as
demanding sonification of the cement paste with
CNTs is needed for the CNTs dispersion. At least
three samples of each batch were evaluated.
The micromechanical simulations aimed at reproducing the measured fracture energies. The task
was solved using the finite element method in
OOFEM package [3]. The mesh was created from
a 100×100 µm 2D microstructure generated by
CEMHYD3D model. The various chemical phases
were simplified into three parts: unreacted cement
particles, hydration products and voids. Each pixel
of the 2D microstructure corresponds to one quadrilateral finite element with four nodes. CNTs were
incorporated to the mesh as trusses. Isotropic damage material model was assigned to all four components. A simple cohesive crack model with linear
strain softening and Mazars’ measure of strain was
used.

plain paste. The final values yielded: fracture energy Gf =12.9 N/m, tensile strength ft =5.57 MPa
and Young’s modulus E=21.7 GPa. The mechanical properties of CNTs and cement grains
were estimated from recent results [4]; for CNTs
Gf =200 N/m, ft =3000 MPa and E=231 GPa, for
cement grains Gf =118.5 N/m, ft =1800 MPa and
E=135 GPa.
The initial volume of the cement grains in the
fresh paste is about 50% for w/c 0.35. The CNTs
could not enter this space even if the cement is
hydrated. This leads to the CNTs cluster formation. The micromechanical simulations proven the
measured data, Gf increased from 16.5 N/m (plain
paste) to 19.7 N/m (CNTs in clusters) and ft from
5.5 MPa to 6.3 MPa. On the other hand the theoretical uniform distribution of 2.5 µm long CNTs
led to the improvement of the fracture energy from
16.5 N/m to 38.8 N/m and of the tensile strength
from 5.5 MPa to 6.7 MPa. It has been also shown
that there is no significant effect of CNTs length
to the tensile strength and fracture energy until the
CNTs length does not exceed the average cement
particle size (about 20 µm).
Authors gratefully acknowledge the financial support from the Czech Science Foundation GACR under the project P104/12/0102.
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Demolished Portland cement concrete can be
crushed into small pieces, grouped into different
sizes and reutilized as aggregates (called recycled
aggregates) in a new construction. The concrete
made of either fully or partly recycled aggregate is
called recycled aggregate concrete (RAC). The
major difference between RAC and regular
concrete made of natural aggregate is that there is a
layer of residual cement paste on the surface of
recycled aggregate, which results in poor
mechanical properties of RAC. As a result, RAC
has only been used sporadically as a structural
material. The residual cement paste has high water
absorption capacity, high porosity, and weaker
bond of interfacial transition zone between the
residual cement paste and new cement mortar. In
order to use RAC as a structural material, various
combinations of mixing approaches, surface
pretreatment methods with pretreatment materials
were developed and optimized to improve the
compressive strength of RAC [1]. The present
paper focuses on fracture properties of RAC made
of 100% recycled coarse aggregate and prepared by
an optimized mixing and pretreatment method.
The present paper includes experimental study and
theoretical analysis.

internal structure of recycled aggregate particles
(natural aggregate as the core, residual cement
paste, surface pretreatment layer, and new cement
paste as outer shells) and to estimate the fracture
process zone of RAC. When the fracture process
zone is estimated by the model, the fracture energy
of RAC can be determined by testing of concrete
beam of one size instead of multiple sizes.
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prepared. Load-displacement curves of the beams
were measured. The fracture properties of RAC
such as the fracture process zone, fracture energy,
and R-curve were determined based on the size
effect method developed by Z.P. Bazant in 1984
[2,3,4]. Comparisons were then made between the
mechanical and fracture properties of the RAC and
those of ordinary concrete.
In the analytical study, a multi-scale analytical
approach was developed for evaluating fracture
process zone, cf of RAC. cf is characterized by
fineness of aggregates as well as the interface
bond, which depends mainly on the surface
pretreatment method and material for RAC. The
model combines micromechanics models and
cement chemistry to simulate the multiple layered
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For quasi-brittle materials, failure is often caused
by nonlinear phenomena, such as fracture, damage localization, and frictional shearing, occurring
at weak locations in the internal material structure.
These weak locations coincide, for example, with
interfaces among particles in particulate materials,
weak matrix layers in composites with hard inclusions, compliant interfaces between stiff material
grains, and they are typically characterized by a specific geometry and well determined orientations.
Due to this peculiarity, classical tensorial constitutive equations typically fail to provide a satisfactory
representation of the mechanical behavior of these
materials especially if failure mechanisms are associate with strain-softening. A better approach in
these cases is the so-called Microplane Model, first
introduced by Bažant and coworkers [1] to simulate concrete. The microplane model is based on the
following assumptions: (1) material weak locations
are idealized through the concept of “microplane”
which represents a plane with a given orientation at
a point of the 3D continuum; (2) on each microplane
the material behavior is described in terms of stress
vector and strain vector; (3) microplane strains are
kinematically constrained to the macroscopic strain
tensor; and (4) microplane stresses are related to the
macroscopic stress tensor through the principle of
virtual work.

acteristic length are the ones based on discrete
approaches (lattice and particle models) in which
solids are discretized “a priori” according to the features of their internal material structures. Very successful discrete formulations have been proposed
for geo-materials and concrete materials [3].
In this study, a new high-order microplane model
is derived directly from a discrete particle formulation, which gives rises to an enhanced kinematic
contraint where the microplane strains are obtained
through projection of both strain and strain gradient tensors. In addition, high-order stresses, energy
conjugate of the strain gradient are computed naturally from the microplane stresses by means of the
principale of virtual work.
The new formulation has the following characteristics: (1) it is conceptually simple; (2) it can be implemented within the framework of the classical finite element method and used to retrofit available
finite element computer programs; and (3) it suppresses mesh sensitivity in the softening regime.
In this presentation, several examples in both the
elastic and inelastic regime are presented to demonstrated the effectiveness of the new theory.
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their total principal tensile stress (1σA + λBσB) with
the current saw-tooth strength. This leads to sets of
quadratic equations in λB and a unique solution not
always exists. Different points may lead to
conflicting constraints for λB. Physically, the new
cracking for load B leads to redistribution of the
initial load A in the system, which in turn may
violate the stress criterion for other points and inner
cascade cracking may result. Solutions are to
moderate the constitutive requirements [1], to add
numerical damping or to use a double-load
multiplier method. The latter method if required
temporarily scales the last present total load
(FA + λB,previousFB) on the system via λtemp allowing
for redistribution cracking until all points recover,
i.e. all stresses are below their current saw-tooth
strength. Thereafter, λtemp=1 and the scaling for just
Load scaling presents an alternative. A series of load B via λB proceeds. Examples include Noorulinear analyses is applied and the global load is Mohamed’s test, a masonry façade and a prescaled such that only one single point changes its stressed beam.
status at a time. The critical point is traced by Third, it is shown that stepwise softening is a
comparing stress to current strength in a saw-tooth natural way to rotate a smeared crack. A tensionsoftening diagram. Local damage increments drive shear model problem is included.
the global solution. The method applies to lattices
[1], continua and interfaces. It was termed eventby-event, sequentially linear, saw-tooth or non- References
iterative [2] while similarities exist with implicit/
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explicit methods [3].
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limit points is re-evaluated for asymmetric fracture
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in symmetric notched tensile specimens and for
Fracture 178 (2012) 281–298.
dispersed fracture in RC bars. The role of load [3] J. Oliver, A. E. Huespe, J. C. Cante, An
scaling and positive secant stiffness is explained.
implicit-explicit integration scheme to increase
computability of non-linear material and
Second, the model is extended to non-proportional
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loading. Suppose the structure carries an existing
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initial load FA and the task is to sequentially add a
[4]
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Researchers generally apply increments of load or
displacement and then iterate hoping to find
equilibrium. The increment size is finite and
controlled. This means that within a single step
multiple points may crack and start softening
simultaneously. Numerically, this leads to negative
tangent stiffness and ill-conditioning due to
alternative equilibrium states or bifurcations.
Physically, multiple cracks initiate but only a few
survive while others unload. This loading/
unloading competition process gives local jumps
and hampers convergence. Advanced pathfollowing techniques and the use of imperfections
only partly remedy the problem. The issue is
relevant for concrete and masonry structures where
the scale is large, the cracks jump in suddenly and
the reinforcement has a crack spreading tendency.

CFRAC 2013

80

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Simulation of Crack Propagation Through the Static Application of Peridynamics
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Peridynamics is an integral theory of continuum
mechanics that can easily describe crack
propagation. Cracks in a solid represent a
discontinuity in the material, and the classical
theory of solid mechanics, based on partial
differential equations, presents many difficulties in
these circumstances. Peridynamics can overcome
these problems, since it does not require spatial
derivatives to be evaluated [1].

In this paper, an appropriate constitutive law has
been chosen to allow the bonds to break and the
crack to propagate. Therefore, the problem
becomes nonlinear as a whole and an iterative
procedure based on the Newton-Raphson method is
used to solve it numerically.

In fact, when some bonds overcome the linear
elastic limit and become damaged, the stiffness of
the entire structure changes and needs to be
The most relevant advantage introduced by this updated. Iterations are accomplished until the
theory in the study of crack propagation is the lack equilibrium between external and internal forces is
of necessity to define a-priori the crack path or at verified.
least the cracked zone, as it happens in the finite In order to simulate the propagation of a crack in a
element method (interface elements [2] or x-fem structure, a quasi-static procedure has been
capabilities [3]). In fact, with peridynamics, the implemented, consisting in the incremental
crack is free to appear in every part of a structure,
application of external controlled displacements,
following only physical and geometrical within which a convergence criterion checks the
constraints.
compliance of the equilibrium.
Bond-based peridynamics’ main assumption is that
the body is composed of material points which are
linked to any other point within a finite distance
named horizon. This connection is called bond.
This represents the biggest difference between this
theory and Finite Elements, where the direct
interaction between two nodes exists only if they
belong to the same element (i.e. they are in
contact).
A force, named pairwise force function, acts along
the bond direction and does not produce any
moment.
The original peridynamics formulation regarded
dynamic problems and was adapted to the static
case by introducing a substantial amount of
numerical damping [4]. The novel aspect of the
present work is the implicit static implementation
of the theory applied to the simulation of crack
propagations.
Through this theory, the crack propagation in a
structure can be simulated by adopting appropriate
constitutive laws of the material: nonlinear
(suitable to model a progressive bond damaging
phenomena), brittle or quasi-brittle relationships.
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The results obtained with the developed procedure
are presented for different structure configurations,
boundary and load conditions.
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Application of a Coupled Continuous-Discontinuous Approach to Concrete Fracture
J. Bobiński*, J. Tejchman
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Modelling of quasi-brittle materials like concrete is
demanding task due to the presence of fracture that
is a fundamental phenomenon. At the beginning of
loading, a region with several micro-cracks is
formed. Later these micro-cracks create a macrocrack. There exist two basic approaches to simulate
cracks in solid bodies. The first idea is based on a
continuum description. The material can be
described using e.g. elasto-plastic, damage
mechanics or coupled elasto-plastic-damage
constitutive laws. These formulations include
softening, so they have to be equipped with a
characteristic length of microstructure to preserve
the well-posedness of the boundary value problem.
It can be done by means of e.g. non-local or
gradient theories. Alternatively, a crack can be
regarded as a discrete macro-crack with a
displacement jump (by omitting a micro-crack
phase). The oldest solutions used interface
elements defined along element edges. The modern
ones allow for considering cracks in the interior of
finite elements using embedded discontinuities or
XFEM (eXtended Finite Element Method) [1]
based on a concept of the partition of unity.
Continuum constitutive laws are more realistic in
describing strain localization phenomena, but they
cannot properly capture the crack formation and
crack propagation. Discontinuous models, on the
other hand, can handle macro-cracks, but they are
not able to simulate localized zones. A combination
of continuous and discontinuous approaches
enables to capture all stages of a fracture process.
Such coupling can be done in several ways, e.g. the
latest approaches combine XFEM with implicit
gradient [2] or integral-nonlocal [3] isotropic
damage models.

conditions. The problem of choosing a transition
point between continuous and discontinuous
displacements was numerically analysed and FE
results were compared with experimental results of
measured displacements on the surface of notched
concrete beams under 3-point bending using the
digital correlation image (DIC) technique [5]. In
experiments, a transition point was marked on the
load-deflection diagram. The influence of the socalled shading effect of newly created crack
segments on non-local calculations was
investigated.
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a fracture process in concrete elements using a
coupled continuum-discontinuous description. An
isotropic damage model with non-local softening
was defined as a continuous approach [4]. To
describe discontinuous jumps in the displacement
field, XFEM was assumed [4]. Cohesive laws on a
traction-separation surface in a damage format
were formulated. Several benchmarks were tested
starting from uniaxial cases to mixed-mode
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Simple, Cheap and Efficient Explicit Error Estimator for Adaptive Fracture and
Damage Analysis of Quasibrittle Materials
T. Gerasimov1∗ , E. Stein2
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2
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in 2D and a single-scale setting), for which accurate non-adaptive solutions are seemingly out
of reach (unless the advanced FE techniques like
e.g. GFEM/XFEM are implemented) or can be
very costly to obtain when using the higherorder elements. Instead, we employ the most sim! 12
X
ple P1 -triangular approximations driven by errorc̃P c̃K
ηT2
|||u − uh |||Ω ≤ UB := √
controlled adaptivity due to (1)–(4) to gain very ac2µ + c̃SE λ
T
(1) curate, yet affordable results for those problems.
In this context, modeling of cracks initiation (here,
where
in a single-edge notched concrete beam undergoing
ηT := hT kf + div σ(uh )kL2 (T )
four-point unsymmetric loading) using an isotropic
gradient-enhanced damage formulation [3] is of our
3
1
hT X
h
+ 1
|E` | 2 k[[σ(u )·n]]E` kL2 (E` )
(2) most interest. Estimator (1) is used to generate
meshes which adaptively follow evolving non-local
|T | 2 `=1
equivalent strain localizations and damage patterns,
and the constants c̃P , c̃K and c̃ES read explicitly as
significantly improving the overall accuracy of the
√
1
quantities of interest. Also, a subsequent accurate
4( 17 − 1) 2
c̃P := √
(3) transition from continuous damaged state to actual
√
1
( 17 + 7)( 17 + 3) 2
discontinuity (fracture) is also possible in our case.
 12

2π + 4
π
, c̃SE :=
.
(4) References
c̃K := 2
3π + 2
3π + 2

In [1], the explicit residual-based (Babuška-Miller
type [2]) error estimator, which is free of an unknown multiplicative constant, has been currently
derived for the standard FEM in 2D isotropic linear elasticity using piecewise linear elements:

The pronounced advantages of the estimator is, in
[1] T. Gerasimov, E. Stein, P. Wriggers, Simple and
the first place, that it is computationally simple and
accurate explicit residual-based error estimator
cheap. The upper bound UB on the discretization
for P1 -triangular FEM and P1 -based Singular
error is guaranteed and, under the shape regularity
Function Method (SFM) in linear elasticity and
assumption for an underlying mesh, it is also accufracture, in preparation.
rate – in [1], for a number of singular and regular
[2] I. Babuška, A. D. Miller, A feedback finite elebenchmark linear problems the effectivity indices
ment method with a posteriori error estimation.
UB
θ := |||u−u
were found to be of order 1.3–1.6,
h |||
Ω
Part I: The finite element method and some bawhich is treated as practically (very) acceptable. Fisic properties of the a posteriori error estimator,
nally, the derivation ideas for the above c̃P , c̃K and
Comput Method Appl M 61 (1987) 1–40.
c̃ES are applicable to the 3D FE setting, that is, the
[3] R. H. J. Peerlings et al., Gradient-enhanced
extension of (1)–(4) to the three-dimensional linear
damage for quasi-brittle materials, Int J Numer
formulations is seemingly straightforward.
Meth Eng 39 (1996) 3391–3403.
In this talk, we consider two types of practical engineering problems, crack propagation and
crack initiation in quasi-brittle materials (so far,
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On the Calibration of Nonlocal Models for Tensile Fracture in Concrete
P. Grassl∗ , D. Xenos
School of Engineering, University of Glasgow, Oakfield Avenue, Glasgow G12 8LT, United Kingdom,
peter.grassl@glasgow.ac.uk
Tensile fracture in concrete is characterised by a
quasi-brittle response in the form of a gradual reduction of stress with increasing displacements.
This softening response is caused by the development of a fracture process zone in the heterogeneous concrete, involving mechanisms such as
branching and bridging of micro-cracks. The fracture process zone evolves from distributed and disconnected micro-cracks to a strongly localised tortuous macroscopic crack, whereby the tortuosity is
governed by the presence of aggregates, which represent the dominant heterogeneity of the material.
For the analysis of concrete structures, it is important to include this quasi-brittle softening response,
since it strongly influences the load capacity of
structures and is the source of a particular size effect on nominal strength, which neither follows the
strength theory nor linear elastic fracture mechanics
[1].
For many structures, the heterogeneities in concrete
are too small to be modelled explicitly and too large
to allow for the use of linear elastic fracture mechanics. Therefore, concrete is often assumed to be
homogeneous on the scale studied and the fracture
process zone caused by interactions on the lower
scale are modelled by localised but regular strain
profiles using nonlocal models [2]. In these models the stress at a point is evaluated by the weighted
spatial averaging of history variables in the vicinity
of this point. Nonlocal approaches do not rely on the
assumption that strains localise in a mesh dependent zone. Therefore, they are capable of describing the simultaneous occurrence of distributed and
localised failure mesh-independently. Additionally,
fracture patterns obtained with nonlocal models are
less sensitive to the alignment of the finite element
mesh than those obtained by other models.

more research is required to provide simple procedures which would allow for the determination of
this length parameter.
Here, a recent approach based on the meso-scale
analysis of the fracture process of a unit cell subjected to tension [5] is further developed to determine this parameter. The tortuosity of the final localised crack is linked to the width of the fracture
process zone and the length parameter used in the
nonlocal model. The influence of aggregate size and
volume fraction on the nonlocal length will be investigated with this method. Furthermore, suggestions for experimental techniques to determine the
length parameter will be proposed.
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[3] Z. P. Bažant, G. Pijaudier-Cabot, Measurement
of characteristic length of nonlocal continuum,
J Eng Mech ASCE 115 (1989) 755–767.
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The spatial averaging in nonlocal models requires
the input of a length parameter, which should be
related to the width of the fracture process zone.
Calibration approaches to determine this parameter
have been proposed in literature [3, 4]. However,
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A New Method to Assess the Most Likely Tensile Strength Field in Quasi Brittle
Materials Complying with the Probabilistic Scale Effect
A. Sellier1*, A.Millard2
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Numerical prediction of cracking in quasi brittle
large structures homogenously loaded has to face
in tensile strength dependence on loaded volume.
This phenomenon is related to the probability to
find a defect, which increases with the solicited
volume. The tensile strength reduction with the
specimen size phenomenon is also known as
“Weibull scale effect” and often modeled thanks to
the “weakest link theory”. In concrete structures
for example, if the tensile strength mean value is
obtained performing classical split tests, the scale
effect leads, for a metric element, to a reduction of
50% of the tensile strength, the non-negligible
character of this size effect was also confirmed and
studied by Bazant for beams more longer than 2 m
[1] who proposed a “non-local Weibull”
formulation to consider both the energetic and the
probabilistic size effect. In fact, and as explain
below, his formulation was more a “classical
Weibull formulation” applied to a “non-local
model” than a non-local Weibul method. The
probabilistic scale effect is due to the material
random properties at the meso-scale. Many authors
have tried to consider it thanks to meso-scopic
approaches, or through a random sampling of
tensile strength field. However these last
techniques, even if they explain more or less the
scale effect origin and facilitate the localization,
needs numerous Monte Carlo simulations to assess
the mean behavior of the structure. As resorting to
Monte Carlo simulations is particularly time
consuming for nonlinear finite element analysis of
large structures, a new method was proposed by A.
Sellier [2] and implemented in Castem with the aid
of A. Millard in the framework of the French
research program Mefisto. This method reconciles
probabilistic scale effect and determinist
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simulations, and then avoids resorting to random
simulations. Most of the method’s assumptions are
classical: the material tensile strength complies
with a Weibull distribution, the behavior is brittle
in tension and must be modeled thanks to a
classical regularization procedure; the weakest link
theory is applicable. But a few non-classical
assumptions have to be formulated to achieve the
formulation: specifically a “probabilistic influence
function” is introduced in the weakest link theory
to consider that the influence of a volume loaded
too far from a considered point has a neglected
probabilistic influence on this point, mainly due to
the redistribution capability of the 3D structure
which is not considered in the classical weakest
link theory. At last, the proposed method must be
used in parallel to a regularization technic, not in
substitution, since its role is not to regularize the
localization problem, but to determine the most
likely tensile strength to be used in the damage
model.
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On the Determination of Softening Curves for Cementitious Materials by Inverse
Analysis of Fracture Tests
V. Slowik*, N. Bretschneider, B. Villmann
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04251 Leipzig, Germany, volker.slowik@htwk-leipzig.de
The measurement of complete load-displacement
curves in deformation controlled fracture tests and
subsequent inverse analyses of these tests are a
widely used procedure of determining fracture
properties to be adopted for numerical simulations
of cracking in concrete structures. According to
this approach, also referred to as work-of-fracture
method, the external mechanical work necessary to
completely split the respective specimen is divided
by the nominal (plane) ligament area and, in this
way, an apparent fracture energy is obtained. If the
specimen boundaries are sufficiently remote from
the fracture process zone, the latter is propagating
in a stationary way and the fracture energy defined
as the flux of energy into this zone is a material
property [1]. In laboratory tests of normal-scale
concrete specimens, however, this condition can
usually not be met. When the crack tip comes close
to the specimen boundary, the size of the fracture
process zone will be reduced and only a portion of
the fracture energy is activated, i.e., the locally
required energy for crack propagation is getting
smaller [2]. As a consequence, the apparent
fracture energy of concrete determined on the basis
of the work of fracture in bending or wedge
splitting tests becomes smaller with decreasing
ligament length. Due to the aforementioned
boundary effect, the local softening curve will also
show variations along the crack path. The intention
of the authors was to consider this boundary effect
in inverse analyses of fracture tests in order to
obtain ligament length independent fracture
properties of the respective material [3].
Wedge splitting tests with different specimen
dimensions were carried out. For the inverse
analyses of these tests, the cohesive crack model
with multi-linear softening curves was adopted and
the experiments were numerically simulated by
using 2D Finite Element models. As optimization
method an evolutionary algorithm has been used
[3, 4]. Such algorithms replicate the process of
biological evolution of a population by consecutive
genetic operations and selection. When compared
to a deterministic gradient descent optimization,
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the major advantage of the applied evolutionary
algorithm is the improved objectivity of the results.
It may be shown that in the case of fracture tests
objective inverse analysis results require very good
fits of the numerical load-displacement curves to
the experimental ones [4]. The corresponding error
function has multiple local minima and
evolutionary algorithms are suitable means for
solving such non-convex optimization problems.
If the boundary effect on the local fracture
properties is taken into account in the inverse
analyses of the wedge splitting tests, the variation
of the softening curve along the crack path may be
studied. It was found that the tail of the softening
curve is shortened and lowered when the crack tip
approaches the specimen boundary whereas tensile
strength and initial slope of the softening curve
appear to be not affected [3]. This observation is in
agreement with the generally accepted theory that
the so-called initial fracture energy is sizeindependent whereas the tail of the softening curve
may exhibit a boundary effect [1].
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Dynamic Fracture of Quasi Brittle Materials: Failure Mode and Crack Branching
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The experimental and theoretical evidence show
that loading rate significantly influences the
resistance and failure mode of concrete structures
[1]. In case of linear elastic material there is no rate
sensitivity. However, in materials that exhibit
damage and fracture phenomena, such as concrete,
there is significant influence of loading rate on
material and structural response. This implies that
rate sensitivity is closely related to damage of the
material, i.e. more is the damage the stronger will
be the influence of loading rate on the structural
response. The confirmation for this statement can
be found in the fact that concrete like materials
exhibit the highest rate sensitivity for tensile load.

phenomena takes place. Both phenomena are
studied experimentally and numerically.

The experiments are performed on the compact
tensile specimen (CTS) dimensions 200×200×25
mm made of normal strength concrete. The
specimen is loaded by controlling displacement
ranging from 0.01 to 5 m/sec. Beside CTS similar
experiments are carried out also on L-shaped
concrete specimen dimensions 500×500×200 mm.
The main objective of the experimental research
was: (i) Study the influence of the loading rate on
the failure mode, crack branching phenomena and
speed of crack propagation and (ii) To confirm
recent numerical results obtain for the same
It is assumed that the response of concrete specimens using 3D FE analysis that was based on
structures depends on time dependent loading the rate sensitive microplane model [2, 3].
through three different effects [2]: (1) through the The results of experimental investigations can be
rate dependency of the growing microcracks summarised as follows: (i) With increasing loading
(influence of inertia at the micro level), (2) through rate there is a change of failure mode from mode-I
the viscous behavior of the bulk material between to mixed mode; (ii) Maximal crack speed measured
the cracks (viscosity due to the water content) and in experiments is approximately 500 m/sec; (iii)
(3) through the influence of structural inertia forces Once the crack reaches maximal velocity there is
(macro scale), which can significantly change the crack branching and (iv) The experimental results
state of stresses and strains of the material. At nicely confirmed recent numerical results obtained
macro scale the first two effects can be accounted by the 3D finite element studies [2, 3].
for by the constitutive law and the third effect
should automatically come out from dynamic
analysis where the constitutive law interacts with References
structural inertia [2, 3].
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tension and L-specimen, Eng Fract Mech 85
The present contribution addresses two important
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phenomena, rate dependent failure mode and crack
branching. With increasing loading rate failure
mode changes, i.e. there is a transition from mode I
to localised shear failure mode and crack branching
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3D Global / Local Analysis of Cracking of Reinforced Concrete
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The assessment of crack features — pattern,
spacing, opening — is a requirement for the design
of reinforced concrete structures. Those
assessments cannot rely on formula or experiment
only, the first one being too simplistic and the
second one too heavy. Therefore, numerical tools
are developed to tackle the problem.

The numerical strategy is confronted to two
different experiments to show its capabilities. The
experimental crack pattern and crack openings are
obtained on the surface with a digital image
correlation analysis. The first experiment is a
laboratory three points bending test performed on a
concrete beam with light reinforcement. The
On one hand, non-linear finite element analyses second experiment is an industrial four points
based on continuum damage mechanics [1,2] are bending test on a massive concrete beam with
efficient to obtain the global behavior of large heavy reinforcement.
reinforced concrete structures. RicRag [3] is a
finite element model coupling elasticity, isotropic
References
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Thesis, 1984.
handle large-scale computation. However, this [2] J. Simo, J. Ju, Strain and stress based
model does not model the discontinuities and thus
continuum damage models formulation. Int J
makes the study of the cracks complex.
Solids Struct 23 (1987) 821–840.
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discontinuities such as cracks. DEAP [6] is a lattice
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quasi-brittle materials rupture are recovered, such
frictional sliding, Eng Fract Mech 77 (2010)
as spatial correlation, crack tortuosity or scale
1203–1223.
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A global/local analysis has been proposed [7] to
application of a discrete model to the fracture
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lar Matter (2002) 77–90.
of finite element models at a structural scale and a
decoupled local analysis of some interesting areas, [6] A. Delaplace, R. Desmorat, Discrete 3D model
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tropic damage, Int J Fracture 148 (2007)
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115–128.
The presentation will focus on the extension of the [7] C. Oliver-Leblond, A. Delaplace, F. Raguenglobal/local method for 3D analysis of reinforced
eau, B. Richard, Non-intrusive global / local
concrete beams. The treatment of reinforcement
analysis for the study of fine cracking,
and interface will be addressed.
Numerical and Analytical Methods in
Geomechanics (accepted).
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José M. A. César de Sá and Ron H. J. Peerlings

CFRAC 2013

89

Prague, Czech Republic, 5–7 June 2013

CFRAC 2013

90

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Micro-Mechanical Numerical Analyses on the Effect of Stress State on Ductile
Damage and Failure
M. Brünig∗ , S. Gerke, V. Hagenbrock
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The presentation deals with the effect of stress state
on the damage behavior of ductile metals. Experimental results obtained from different tension and
shear tests with carefully designed specimens allow
identification of basic macroscopic parameters. To
be able to get more insight in the complex damage
and failure mechanisms series of three-dimensional
numerical analyses on the micro-scale of void containing unit cells have been performed. The calculations cover a wide range of stress triaxialities and
Lode parameters. They allow development of equations of damage criteria and damage strains as well
as identification of corresponding material parameters.
The continuum damage model [1] has been generalized to take into account the effect of stress
state on damage criteria and on evolution equations
of damage strains corresponding to various physical mechanisms at different scales. It is based on
the introduction of damaged and corresponding undamaged configurations. Different elastic potential
functions are introduced to be able to take into account the effect of damage on the elastic material properties. In addition, plastic behavior is modeled by a Drucker-Prager type yield condition and
a non-associated flow rule formulated in the effective stress space (undamaged configurations). In a
similar way, a damage criterion is proposed characterizing the onset of damage which is formulated in
the damaged configurations. Different branches of
this criterion are considered corresponding to various damage mechanisms depending on stress triaxiality and Lode parameter [2, 3]. Furthermore, a
non-associated damage rule describes the evolution
of damage strain rates caused by the growth and coalescence of voids as well as the simultaneous formation and growth of micro-shear-cracks.

parameters as well as the equivalent stress at onset
of damage. However, it is not possible to identify all
parameters appearing in the continuum model based
on these experiments [4]. To be able to get more
insight in the complex damage mechanisms under
different types of loading conditions, additional series of three-dimensional micro-mechanical numerical analyses of void containing unit cells have been
performed. These finite element calculations on the
micro-scale cover a wide range of stress triaxialities
and Lode parameters in the macroscopic tension,
shear and compression domains. The numerical results are used to show general trends and to understand the physical mechanisms of ductile damage
under complex loading paths as well as to propose
equations for the stress-state-dependent damage criteria, to develop evolution equations for the macroscopic damage strains, and to identify parameters of
the continuum damage model.
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Experiments with smooth and notched tension and
shear specimens have been performed and the test
results are used to identify elastic-plastic material
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Ductile fracture is an important failure mechanism
in metallic materials and there is a huge number of studies about this topic (for an overview
see e.g. [1]). Ductile failure is caused by nucleation, growth and coalescence of microscopic voids. Usually, these voids nucleate at inclusions or
second-phase particles and start to grow due to the
plastic deformation of the surrounding matrix material. The onset of internal necking between the voids corresponds to the start of acceleration of void
growth leading to final failure by void coalescence.

secondary voids on the flat ductile rupture mode
is investigated numerically by 3D cell model calculations. The present study focuses on materials
with a large primary void volume fraction like nodular cast iron. The non-local GTN-model of implicit
gradient-enriched type developed by Linse et al. [4]
is used to model the behavior of the porous matrix
material surrounding the primary voids. Due to the
internal length scale incorporated in the non-local
GTN-model the size or the spacing, resp., of the secondary voids can be taken into account in the simulations. Hence, the influence of different ratios between the size of primary to secondary voids on void
growth and coalescence is examined. Furthermore,
the effect of different primary void arrangements is
studied for certain combinations of stress triaxiality and Lode parameter. Finally, the numerically obtained failure strains are compared to experimental
values for materials with different microstructures.

In structural metals there are several types of defects
with different sizes and mean spacings such as carbides, precipitates and non-metallic inclusions. Under mechanical loading voids nucleate first at the
larger particles and start to grow. These large voids represent the primary porosity. Upon further loading smaller secondary voids nucleate at the smaller
particles so that there are now two populations of
voids on different size scales. The final coalescence
process between the larger voids can take place by References
two mechanisms: Either there is coalescence by a
flat rupture mode or by development of a micro she- [1] A. Benzerga, J. Leblond, Ductile fracture by void growth to coalescence, Adv Appl Mech 44
ar band resulting in the so-called void-sheet forma(2010) 169–305.
tion. Which type of coalescence mechanism gets ac[2]
J. Faleskog, C. Shih, Micromechanics of coaletive depends on the applied type of loading and the
scence - I. Synergistic effects of elasticity, plamicrostruture of the material.
stic yielding and multi-size-scale voids, J Mech
Regarding the influence of an existing or nucleating
Phys Solids 45 (1997) 21–25.
population of secondary voids, Faleskog and Shih
[2] performed micromechanical simulations under [3] M. Kuna, D. Z. Sun, Three-dimensional cell
model analyses of void growth in ductile madifferent strain biaxialities with discretely resolved
terials, Int J Frac 81 (1996) 235–258.
secondary voids in order to study both mechanisms.
Furthermore, unit cell analyses, e.g. Kuna and Sun [4] T. Linse, G. Hütter, M. Kuna, Simulation of
crack propagation using a gradient-enriched
[3], were performed, where the secondary porosity
ductile damage model based on dilatational
was introduced by employing the GTN-model for
strain, Eng Frac Mech 95 (2012) 45–56.
the matrix material containing the secondary voids.
These investigations showed, that the effect of secondary voids is significant if the secondary voids
are present right from the start and that it is negligible if the secondary population nucleates late.
In this contribution the influence of a population of
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Since the pioneering work of Gurson [1], who proposed a macroscopic criterion for porous isotropic
plastic solids containing spherical voids, several
works have been extended this ductile fracture
model, taking account of the void shape and the
material anisotropy. For example, Monchiet et al.
[2] proposed a criterion for a Hill material containing spheroidal voids, and very recently, Madou and
Leblond [3, 4] proposed a criterion for isotropic material containing general ellipsoidal voids.

and parameters are determined using a rigorous
bound applicable to non linear composites, specialized to porous materials, because this bound is
well known to provide accurate results for this kind
of loadings. Consequently, parameters pertaining to
deviatoric loadings are adjusted in order to enforce
coincidence of the approximate yield function and
the bound.

The criterion is then assessed through numerical
limit analysis in a number of representative cases,
The aim of this work is to extend both criteria performed using finite elements on representative
of Madou and Leblond [3, 4] and Monchiet et al. cells of various geometries, with anisotropic mate[2], to Hill materials containing general ellipsoidal rial. Both the yield locus and the flow rule are investigated, and the results obtained are quite good.
voids.
To this end, we perform a limit analysis of some ellipsoidal cell made of a Hill material and containing
a confocal ellipdoidal void. The velocity fields used
are exactly the same than in the isotropic case, since
”isotropic” fields have been shown by Monchiet et
al. [2], in the spheroidal case, to provide accurate results. Then, simplifications of the macroscopic plastic dissipation are proposed, based on asymptotic
studies, and lead to a yet non fully determined approximate yield function. This yield function, very
similar to that of Madou and Leblond [3, 4], consists of a quadratic form of the stress tensor plus a
hyperbolic cosine of a linear form of the stress tensor. Full determination of the criterion parameters is
conducted in distinct ways for hydrostatic and deviatoric loadings.
For hydrostatic loadings, finite elements simulations are performed in a number of significant cases
in order to refine the limit analysis. Some parameters of the criterion are then fitted to match the results of these numerical limit analyses. We take advantage of the hypothesis of isotropic velocity fields
to perform these numerical studies on isotropic materials, the anisotropy intervening only in the exploitation of results.
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60 (2012) 1037–1058.

For deviatoric loadings, limit analysis is dropped
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Ductile damage prediction is still an important
issue in the mechanical industry. Ductile failure
criteria as well as coupled damage models were
enhanced in the last decade by accounting for the
influence of stress triaxiality ratio and Lode angle.
For the Gurson-Tvergaard-Needleman (GTN)
model, these improvements were essentially made
for the growth and coalescence stages based on
unit-cell models in which the behavior of a single
ellipsoidal void is studied under various loading
conditions [1]. In the present work, the stage of
nucleation is also addressed in addition to void
growth and coalescence for large plastic strain and
different particle/void morphologies.

- Germ-based method: a void germ, represented by
a new level-set function, is created at the location
for which the failure criterion was reached. The
interface between this void and the matrix (or
particle) is well described thanks to the anisotropic
mesh adaptation.
- Failure plane method: an instantaneous failure
plane, modelled by a level-set function, is created
once the critical failure criterion is reached. For
good accuracy, particular attention has to be paid to
the mesh refinement in the area in which this
failure plane is created.

The two methods are compared and their
advantages and drawbacks are presented in terms
 Microstructure representation
of numerical accuracy and physical representation
Heterogeneous microstructures with particles and of ductile failure mechanisms.
voids in a metallic matrix are considered. This
 Applications
heterogeneous microstructure is meshed using
level-set functions - to define interfaces between Several 2D and 3D applications are presented. The
matrix, inclusions and voids - and anisotropic mesh influence of failure parameters and loading
adaptation. This anisotropic mesh adaptation is conditions are studied for simple microstructures
particularly well suited for macroscopic [2] and and for real microstructures coming from scanning
electron microscopy (SEM) images.
microscopic [3] ductile damage problems.


Mechanical failure criteria

References
Nucleation starts either by particle failure or by
debonding at particle-matrix interfaces. For [1] D. Fabrègue, T. Pardoen, A constitutive model
debonding nucleation (respectively particle
for elastoplastic solids containing primary and
failure), the failure criterion is based on interfacial
secondary voids, J Mech Phys Solids 56 (2008)
normal and tangential stresses (respectively
719-741.
maximum principal stress in particles). The void [2] R. El Khaoulani, P.-O. Bouchard, An
growth stage is based on plastic strain around void
anisotropic mesh adaptation strategy for
during the deformation stage. Finally coalescence
damage and failure in ductile materials, Finite
is activated when a critical plastic strain value is
Elem Anal Des 59 (2012) 1-10.
reached between two growing voids. It has to be [3] E. Roux, M. Bernacki, P.-O. Bouchard, A levelnoticed that this coalescence criterion can be easily
set and anisotropic adaptive remeshing strate-gy
transformed in a criterion based on the distance
for the modeling of void growth under large
between neighbouring voids.
plastic strain, Comp Mater Sci 68 (2013) 32-46.
 Numerical failure techniques
Once the failure criterion is reached, two different
techniques can be used to model failure:
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Understanding Apparent Ductility of Martensite in Dual Phase Steels
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Dual Phase (DP) steels are a class of Advanced
High Strength Steels, combining a good
combination of high strength and ductility. Despite
the fact that the DP steels have already been on the
market for a while, their damage initiation and
propagation behaviour is not yet fully understood,
as these seem to differ from the classical void
growth mechanism. As a result, in the industrial
practice, DP steels sometimes show failure at strain
levels which should be save according to the
conventional failure criteria.
The excellent properties of DP steels are the result
of their microstructure, consisting of a ductile
ferritic phase and a high strength martensitic phase.
Despite the natural expectation that the decohesion
of the phases would be responsible for damage (at
least its initiation), in more recent experimental
observations, the severe plastic straining of ferrite
near to the martensite islands and martensite
cracking have been observed [1]. In particular, the
high strains and the apparent ductile behaviour of
martensite islands [2] seems to contradict the
generally observed brittle behaviour of martensite.

assigned according to the Kurdjumov-Sachs (K-S)
orientation relationship. Both phases are modelled
by a classical crystal plasticity model, with FCC
and BCC slip systems for the austenite and
martensite, respectively.
The results of the simulations show that as long as
there are enough carriers for plasticity present in
the thin austenite layer, shearing along the lath
habit plane yields high deformations. Under such
conditions, the austenite phase acts like a greasy
plane on which stiffer martensite laths can slide.
This mechanism is dominated by the orientation
relationship between the phases, which is such that
the lath habit planes are approximately parallel to
the slip planes of the parent austenite. In the
absence of the crystallographically correct
orientation relationship the shearing mechanism is
not present to the same extend.
Therefore, it has been concluded that this shear
mechanism due to the presence of the interlath
retained austenite can indeed be a plausible reason
explaining the observed apparent ductility of the
lath martensite.

In this work, an attempt is made to systematically
References
study the possible mechanisms of apparent
martensite ductility, as well as their potential [1] C. C. Tasan, Micro-mechanical characterization
contribution to the overall properties of DP steels.
of ductile damage in sheet metal, PhD thesis,
To this aim, the internal hierarchical substructure
Eindhoven University of Technology, The
of a martensite island is considered, known to
Netherlands, 2010.
consist of packets, blocks, laths and variants, [2] M. Calcagnotto, D. Ponge, D. Raabe, Effect of
having particular crystallographic features and
grain refinement to 1 m on strength and
related to a parent austenite grain orientation by a
toughness of dual-phase steels, Mat Sci Eng Aso-called orientation relationship [3]. In addition,
Struct 527 (2010) 7832-7840.
the role of thin layers of retained austenite, [3] S. Morito, H. Tanaka, R. Konishi, T. Furuhara,
possibly present either between the martensite
T. Maki, The morphology and crystallography
laths, or at prior austenite boundaries, is studied.
of lath martensite in Fe-C alloys, Acta Mater 51
(2003) 1789-1799.
A microstructural unit cell model is created,
incorporating several martensite laths (of the same
crystallographic variant) with a thin layer of
austenite between them. The crystallographic
orientations of the laths and the austenite are
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A Crack Insertion Strategy Based on a Gradient-Type Criterion and Local
Remeshing
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The failure process of ductile materials, such as
metals, can be divided into two main phases. The
first stage involves extensive plastic strains together
with the nucleation and growth of voids in localized
areas. During this phase, a continuous model may
be used to describe the failure of the underlying microstructure in an average sense by means of a damage variable. This continuous description is acceptable up to the onset of fracture. At this point, voids
coalesce to form macroscopic cracks, and a continuous model cannot properly describe the kinematics associated with a crack opening. A modern approach consists in introducing a discontinuous description to model crack propagation, e.g. using a
remeshing strategy [1]. A crack initiation and propagation strategy using a new orientation criterion
and global remeshing has recently been proposed by
the authors [2, 3] for both 2D and 3D cases. In this
contribution, we present the latest developments devised to make this strategy more robust and more
efficient, as well as some new test cases.

Once the position of the considered crack increment has been determined, a mesh intersection algorithm is used to insert the crack surface in the
structure’s mesh [4]. The fields are then transferred
from the old mesh to the new mesh so that computation can be resumed. The main drawback with
this remeshing strategy is that the field transfers introduce numerical errors which may result in different mechanical states before and after remeshing. In
order to reduce these errors, a local remeshing approach is preferred. The only areas which undergo
remeshing are those where the mesh is too coarse –
according to an error estimator – and those where
a crack increment will be inserted. A least square
method is used to transfer the fields in the areas
where the mesh has changed. Everywhere else the
fields can be transferred exactly. Numerical examples illustrating the advantages of this approach will
be presented.

Finally, other challenging issues regarding the transition between damage and fracture will be adThe proposed orientation criterion relies on the Pro- dressed (e.g. crack branching or merging), with new
jected Gradient of a Smoothed Field (PGSF) to de- numerical examples on different structures.
termine the position of the next crack increment.
Until now, the considered field has been the damage References
field. However, the fact that damage is a bounded [1] J. Mediavilla, R. H. J. Peerlings, M.G.D. Geers,
variable (between 0 and 1), would make it difficult
Discrete crack modelling of ductile fracture
to study the sign of the gradient in the areas where
driven by non-local softening plasticity, Int J
damage had almost reached its maximum value. To
Numer Meth Eng 66 (2006) 661–688.
overcome this difficulty, the authors now propose to [2] S. Feld-Payet, Amorçage et propagation de fisuse any unbounded field which is representative of
sures dans les milieux ductiles non locaux, Phd
the material degradation.
Thesis, École Nationale Supérieure des Mines
de Paris, 2010.
One of the main advantages of the PGSF method
is its cost, since it relies only on a scalar field, [3] S. Feld-Payet, J. Besson, F. Feyel, V. Chiaruttini, Crack initiation and propagation in nonloas opposed to a second order tensor. Besides, this
cal ductile media, in: Proc., ICDM 1, Belgrade,
orientation criterion is particularly interesting if a
117–120, 2012.
crack initiates completely inside the structure (i.e.
far from the boundary). This strong feature will be [4] V. Chiaruttini, F. Feyel, J. L. Chaboche, A robust meshing algorithm for complex 3D crack
illustrated by some numerical examples, where crigrowth simulation, in: Proc., IV ECCM, Paris,
teria based on weighted averages might fail.
2010.
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Fracture lies at the heart of many failure phenomena of man-made and natural structures. For quasibrittle and ductile fracture, where the length of the
fracture process zone is not small compared to a
typical structural size, cohesive surface models have
proven particularly successful. One type of cohesive model can be characterized by a fracture initiation criterion, and after initiation, by a cohesive
opening that is governed by the work of separation.
The fracture process zone is lumped into a plane.
Its opening is governed by the shape of the decohesion curve, which sets the relation between the normal and the shear tractions across the cohesive surfaces and the relative displacements between these
surfaces. Fracture is then a natural outcome of the
loading process.

usual cohesive surface formulation, the band constitutive relation is independent of the volumetric
material relation. In addition, the band thickness appears to be a numerical parameter, rather than a material parameter, and the formulation is such that as
the band thickness goes to zero, a conventional cohesive surface formulation is recovered. Finally, the
cohesive band approach is fully discrete, with continuity of the discontinuity gap at element boundaries.

In this paper, we carry out analyses of ductile crack
growth using the cohesive band method. The analyses use a rate dependent Gurson type relation in
the band and a rate dependent Mises solid outside
the band. The performance of this model is compared with simulations performed by Siegmund and
A conventional zero thickness cohesive surface for- Brocks [2] and with simulations using the finite
mulation involves a relation between tractions and band model performed by Huespe et al. [3].
displacement jumps across a surface. Stress components that do not affect the tractions are not ac- References
counted for in the cohesive constitutive relation and
neither are deformation components that only in- [1] V. Tvergaard, J. W. Hutchinson, The relation
volve displacements and gradients parallel to the
between crack growth resistance and fracture
surface. This limits the modelling capability in a vaprocess parameters in elastic-plastic solids, J
riety of circumstances, including ductile failure of
Mech Phys Solids 40 (1992) 1377–1397.
metals [1] where stress triaxiality plays an impor- [2] T. Siegmund, W. Brocks, A numerical study on
tant role. One approach to overcome this limitation
the correlation between the work of separation
is to insert the normal stress from a neighbouring
and the dissipation rate in ductile fracture, Eng
integration point in the continuum into the cohesive
Fract Mech 67 (2000) 139–154.
surface relation, e.g. [2]. Another approach is to in- [3] A. E. Huespe, A. Needleman, J. Oliver, P. J.
troduce a band of finite thickness upon the occurSanchez, A finite strain, finite band method for
rence of the loss of ellipticity at a material point [3].
modeling ductile fracture, Int J Plasticity 28
(2012) 53–69.
Recently, the cohesive band method has been pro[4]
J. J. C. Remmers, R. de Borst, C. V. Verposed as a promising alternative [4]. Here, the cohoosel, A. Needleman, The Cohesive Band
hesive zone is represented by a band with a speciModel: A Cohesive Surface Formulation with
fied, constant thickness. The various strain terms of
Stress Triaxiality, Int J Fract (2013, to be issued,
the in-band response are derived by exploiting the
10.1007/s10704-013-9834-3)
partition-of-unity property of finite element shape
functions. This in-band response is taken to augment the cohesive surface relation so that, as in the
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One current challenge related to computational
fracture mechanics is the modelization of ductile
fracture and in particular the damage to crack transition. In this paper we propose to achieve this goal
by combining

ment in parallel with excellent scalability properties
to model fragmentation, dynamic crack propagation
in brittle and small-scale yielding materials, for 3D
problems and for thin structures [2, 3].

In this work, the DG/ECL method is extended
to account for the damage process, as described
1. A non-local damage model
in the non-local setting. One main advantage of
2. The hybrid discontinuous Galerkin (DG) / ex- the DG/ECL formulation is the existence of intertrinsic cohesive law (ECL) formulation
face elements in which the damage model can be
solved, the hydrostatic pressure can be resolved,
As classical damage models for finite element for- and through which discontinuities can easily be inmulations lose the solution uniqueness and face troduced with a physically-based criterion.
the strain localization problem when strain softening of materials is involved, the damage model is References
herein formulated in a so-called implicit non-local
approach, following the developments in [1]. In this [1] R. H. J. Peerlings, R. de Borst, W. A.
formulation, a new non-local variable, the non-local
M. Brekelmans, S. Ayyapureddi, Gradientaccumulated plastic strain eg, representative of an
enhanced damage for quasi-brittle materials, Int
internal variable and its derivatives, results from the
J Numer Meth Eng 39 (1996) 3391–3403.
resolution of a new boundary value problem. Be- [2] R. Radovitzky, A. Seagraves, M. Tupek, L.
sides the advantage of using C 0 elements, although
Noels, A scalable 3D fracture and fragmentathe elements have now one additional degree of
tion algorithm based on a hybrid, discontinufreedom per node, this approach also possesses the
ous Galerkin, cohesive element method, Comfeature of being fully non-local.
put Method Appl M 200 (2011) 326–344.
The hybrid DG/ECL method was recently pro- [3] G. Becker, L. Noels, A full discontinuous
posed [2] to circumvent the drawbacks of the coGalerkin formulation of non-linear Kirchhoffhesive element methods. Indeed, with this DG/ECL
Love shells: elasto-plastic finite deformations,
method, prior to fracture, the flux and stabilization
parallel computation & fracture applications,
terms arising from the DG formulation at intereleInt J Numer Meth Eng 1 (2013) 80–117.
ment boundaries are enforced via interface elements
in a way that guarantees consistency and stability, contrarily to traditional extrinsic cohesive zone
methods. Upon the onset of fracture, the traction–
separation law (TSL) governing the fracture process becomes operative without the need to modify the mesh topology as the the cohesive elements
required to integrate the TSL are already present.
This DG/ECL method has been shown to be an efficient numerical framework that can easily be impleCFRAC 2013
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The integrity of nuclear shipping casks has to be
guaranteed under severe test conditions, regulated
by the guidelines given by the IAEA [1] and BAM
[2]. Among others this includes impact conditions,
such as a drop from 1 m onto a steel punch. Within
this context applying methods of fracture mechanics
is inevitable if the cask is made of cast iron.

in the contribution of the submodel boundary to the
deviation. Integrated over the boundary it yields the
deviation of the submodel. The shape of the submodel can be optimized by expanding sections of
the submodel boundary with a high contribution.
So, the required submodel size for a given maximum deviation can be deduced in a few steps.

To analyze the safety margin against brittle failure,
finite element simulations are carried out. Since the
model of the cask can be very large submodeling
technique is used to analyze specific regions, e. g.
stress concentrations more in detail. To do so, a submodel of the region of interest is generated with a
higher mesh density. Its boundary is driven by the
displacement of the coarse global model. A disadvantage of the technique is, that the boundaries have
to be far enough away from the stress concentration.
Furthermore, the stiffness of the region should not
be changed in the submodel.

However, the method described above is limited to
linear-elastic material behavior, since weight functions are used. But the cast iron material is exceeded
by high plastic deformations during the drop test.
Therefore, an extension of the method to elasticplastic material laws is intended. The plastification
due to the insertion of the crack in the submodel
is big. The objective is to replace this plastic deformation by volume forces and apply them to a
linear-elastic analogous submodel. The deviation of
its stress intensity factor can be calculated by the
method described above. Finally, this deviation has
To use submodeling technique for fracture mechan- to be converted to the deviation of the J-integral of
ics analysis the following procedure is followed: the real elastic-plastic submodel.
The drop test simulation is based on a global model
without defects. From the results positions are de- References
rived at which a crack initiation from a defect would
be most likely. At each of these positions a sub- [1] International Atomic Energy Agency, Vienna,
IAEA Safety Standards Series – Advisory Mamodel with a crack is analyzed. The size of the
terial for the IAEA Regulations for the Safe
crack is defined based on the limits of detection of
Transport of Radioactive Material, safety Guide
non-destructive material testing methods.
No. TS-G-1.1 (ST-2), 2002.
However, the insertion of the crack reduces the stiff[2] Bundesanstalt für Materialforschung und
ness and the stress of the submodel region. There-prüfung, GGR 007 – Leitlinie zur Verwendung
fore, the stress intensity factor of the crack in the
von Gusseisen mit Kugelgraphit für Transportsubmodel is too low. The bigger the submodel the
und Lagerbehälter für radioaktive Stoffe, 2002.
lower its stress intensity factor deviates from the
[3] D. Gloger, M. Enderlein, M. Kuna, Error analreference value found without using the submodel
ysis for FEM analysis of cracks using submodtechnique.
els, in: Proc., Pressure Vessels & Piping DiviThis deviation can be determined only from one
sion Conf., ASME, Toronto, PVP2012-78522,
submodel with the method developed in [3] calcu2012.
lating the difference of the traction vector between
the submodel with opened and with closed crack.
Its scalar product with the weight function results
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Crack Driving Forces and Fatigue Crack Propagation in Elastic-Plastic Materials
V. Riolo1,2∗ , J. Guilie1 , V. Chiaruttini2
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Laboratoire de Mecanique des Solides UMR 7649 CNRS, Ecole Polytechnique, Palaiseau, France,
vincent.riolo@onera.fr
2
Onera The French Aerospace Lab, F-92322 Chatillon, France

Extending the tools of linear elastic fracture
mechanics to elastic-plastic materials is not a
straightforward task, in particular with respect to
the appropriate definition, and consequent computation, of the crack driving force associated with
the advancement of a preexisting singular macroscopic crack. It is also important to establish new
propagation laws by using measures in standard
laboratory experiments applicable for describing
crack growth in arbitrary structures. For crack
growth in elastic-plastic materials under largescale or general yielding conditions, the common
approach is to use criteria based on the crack tip
opening, the Rice J-integral, the energy dissipation
rate, the theta-approach or material forces. However, the use of each of these criteria is somewhat
problematic. The theta approach is used widely
in dissipative context [1]; however, there seems
to be a lack of consensus as to the appropriate
basic formulation. Moreover, in quasi-static crack
propagation of an elastic-perfectly plastic material
under monotonic increasing load, the theta-method
or, more generally, any Griffith-like energy balance
supplies vanishing value of the energy release
rate; this result is commonly accepted in literature
and known as the Rice paradox. In addition Bui
[2] show with a free boundary problem that a
damage interface in an elastic-perfectly plastic
body must have a non-zero curvature radius. Rice
also argued that for an elastic-plastic material with
work-hardening, a Griffith-like energy balance
could predict a nonzero value of the surface energy;
this conclusion was based on the assumption that
an elasticplastic material with a high degree of
hardening can be treated as an elastic one, for
which finite energy release rate is found. The
goal of this paper is to clarify these issues. Our
approach is to first use thermodynamic arguments
to derive an explicit and simple crack driving force
that can be computed by domain differentiation
(theta method). To do that, we make a strong
CFRAC 2013

separation between the two sources of dissipation
of a cracked elasticplastic body: the propagation
of the crack tip and the plastic deformation in the
body. Then, we explicitly identify the numerical
difficulties that are associated with this quantity.
To do that, we review the classical aspects of
numerical validation for the G-theta method that
are domain independence, residual and mesh
convergence and other aspects specific to plasticity
like convergence in unloading, history dependence,
locality in time. Moreover, we make a comparison
between this quantity and the others used with
theta method in dissipative materials. The different
quantities are found equivalent when computed
using the theta method. Our computations show the
path-invariance of the theta method integral, mesh
convergence of the resulting crack driving force,
and qualitative agreement with experimental ratio
effect, overload effect and underload effect. Finally,
a simple framework is adopted to understand the
interaction between our quantity and fatigue crack
propagation. Since fatigue crack growth is often
modelled by plasticity-modified Paris law, we use a
cyclic loading [3] and verify if the reproduction of
classical effects like overload and block load effects
are taken into account by the proposed quantity.
References
[1] Y. Wadier, H. N. Le, R. Bargellini, An energy approach to predict cleavage fracture under non-proportional loading, Eng Fract Mech
97 (2013) 30–51.
[2] H. D. Bui, Solution explicite d’un problème
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A Two Length Scale Non-Local Model to Describe Ductile Rupture at Low Stress
Triaxiality
J. Besson∗
Centre des Matériaux, Mines ParisTech, UMR CNRS 7633, BP 87, 91003 Evry Cedex, France,
jacques.besson@mines-paristech.fr
Ductile rupture of metals is often described as a
three stage process involving void nucleation, void
growth and void coalescence. Void nucleation sites
are primary inclusions such as MnS or CaS in steels
or particles containing Fe and Si in aluminum alloys [2]. This rupture scenario prevails at high stress
triaxiality ratios. However at low stress triaxiality,
void nucleation on a second inclusion population is
often observed. These inclusions are usually much
smaller than the primary nucleation sites mentioned
above. They consist in iron carbides in steels [3]
or in fine strengthening dispersoids in aluminum alloys [1].
Constitutive models for ductile rupture have been
developed since the 70’s. These models explicitly take into account the different damage
stages including both nucleation mechanisms but
also microstructural features such as void shape
change, void rotation, coalescence by internal necking. . . (see reviews in [2, 4]). Their use in finite element codes leads to severe numerical problems including strain and damage localization, dependency
of the simulation results (energy dissipation, crack
path) on mesh size and mesh type. Solving these
problems is essential in order to fully benefit from
advanced descriptions of damage processes to predict failure of structures.
In this work, the chosen solution to avoid mesh dependency is to use so called non-local models. In
order to be able to represent failure by void growth
and coalescence and failure by secondary void nucleation, a two length scale model is proposed. Using two characteristic length scales is needed as the
mean spacings between primary voids and between
secondary nucleation sites strongly differ. The proposed solution combines the formulation developed
in [5] to avoid localization of volume variation (corresponding to void growth and coalescence) and the
formulation proposed in [6, 7] to represent fracture driven by softening plasticity (corresponding
CFRAC 2013

to secondary nucleation). A special finite element
is developed which uses a four field formulation:
displacements, assumed pressure, assumed volume
variation, and non-local plastic strain. This element
is used together with a set of constitutive equations
based on the GTN model [8] modified to deal with
the non-local treatment of the plastic strain. The
model is applied in the case of axisymmetric and
plane strain notched specimens.
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Ductility of an X100 Steel under Different Triaxiality and Lode Angle Histories:
Axisymmetric and C(T) Fracture Specimens
G. Mirone*
Department of Industrial Engineering, University of Catania, Italy, Viale A. Doria 6, 95125 Catania,
Italy, gmirone@diim.unict.it
Failure of an X100 steel for piping is studied in
order to determine how the triaxiality parameter TF
and the Lode angle parameter X affect the failure of
such a highly anisotropic steel.
The anisotropy poses a significant preliminary
problem for determining a reliable hardening
characterization, as the progressive flattening of the
cross section becoming more and more elliptical
makes it impossible to determine the true stresstrue strain curve with the usual methods.
A method developed by the author is shown to
satisfactorily overcome this issue; it is based on
two video acquisition of the evolving tension
specimen shape, from different viewpoints.

Finally, the responses of the FE analyses where
different effects of X are implemented, also allow
to identify some characteristics the damage-Lode
angle trends should have for effectively
reproducing the experiments.
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Ductile damage evaluation and progressive failure
by elements removal is implemented in FE
analyses where the dependence of damage and
failure on TF is modeled through the BaoWierzbicki model, while the effect of X is modeled References
by different functions whose responses are
compared each other.
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Lie-Group Interpolation and Variational Recovery for Internal Variables
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The transfer of field data from one mesh to another References
is a need that arises frequently within the context
of mesh adaption for fracture and failure in the fi- [1] A. Bucher, A. Meyer, U. J. Goerke, R. Kreisnite element method [1, 2, 4, 5, 6, 7, 8]. Fields that
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[7] R. Radovitzky, M. Ortiz, Error estimation
To ensure that the target internal variables remain in
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namic problems, Comput Method Appl M 172
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Modelling Dynamic Fracture of Shells Filled with Fluid
A. Combescure1*, V. Faucher2, F. Caleyron1,2, S. Potapov3
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The paper is devoted to the presentation of
simulation of dynamic fracture of shells filled with
fluid. The proposed simulations are also carefully
compared with experimental results.
The first part of the presentation shall be devoted to
the presentation of the damage fracture transition in
case of transient loadings. The implementation of
these concepts in an SPH context shall then be
introduced. The definition of a crack in an SPH
structural modeling shall be presented. The
extension of SPH method to shell formulation shall
then be presented as well as the fracturing SPH
shell strategy.

fracture transition in smoothed particles
hydrodynamics shells, Int J Numer Meth Eng
90 (2012) 707–738.
[3] O. Allix, J. F. Deu, Delayed-damage modelling
for fracture prediction of laminated composites
under dynamic loading, Engineering Transactions / Rozprawy Inzynierskie 45 (1997) 29–46.
[4] T. Rabczuk, T. Belytschko, A three-dimensional large deformation meshfree method for
arbitrary evolving cracks, Comput Method
Appl M 196 (2007) 2777–2799.

The finite element SPH coupled model for fluid
structure interaction shall then be presented and
explained. For instance one shall explain how the
unilateral contacts are treated.
The method shall then be compared to a series of
experiments. These comparison shall show the
interest the potentials and the limits of such an
approach. For instance one will show that the
method is able to explain why the flow shows
regularly spaced knots. The method also predicts
the case of failure of the shell as well as the
directions and length of cracks propagated by the
fluid flow. The flow through the cracks is also
predicted. On the other hand the long, rm pressure
field in the fluid does not compare well with the
experiments. This is due to the poor representation
of the pressure field in the fluid model chosen into
these simulations in case of low speed flows
References
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A Micromechanical Damage Model for Ductile Solids Incorporating Micro-Inertial
Effects and Application to Dynamic Crack Extension
N. Jacques1*, S. Mercier2, A. Molinari2
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Dynamic fracture is an important issue in a number
of industrial
applications.
For
example,
understanding dynamic crack propagation and
arrest is mandatory for the evaluation of the
integrity of aircraft structures, pipelines and
nuclear pressure vessels.

bar and of a double edge cracked specimen were
investigated. In both cases, the influence of
microscale inertia was found to be significant.
Because micro-inertia prevents damage to develop
too rapidly, a regularizing effect is observed which
reduces the mesh sensitivity of the simulations.
The fracture of ductile materials is often the result Micro-inertia was also found to lead to lower crack
of the nucleation, growth and coalescence of speed and higher fracture toughness, compared to
microscopic voids. In dynamic fracture, micro- situation where this contribution is neglected [6].
voids sustain an extremely rapid expansion which
generates strong acceleration of particles in the
References
vicinity of micro-voids. Several recent works
indicated that accounting for micro-inertia (related [1] C. Czarnota, N. Jacques, S. Mercier, A.
to void growth) is of primary importance in the
Molinari, Modelling of dynamic fracture and
modelling of spall fracture [1-2]. Studies on the
application to the simulation of plate impact
role of micro-inertia in dynamic ductile crack
tests on tantalum, J Mech Phys Solids 56 (2008)
growth are very seldom. Glennie [3] proposed a
1624-1650.
simple analytical model for void growth in the [2] N. Jacques, C. Czarnota, S. Mercier, A.
vicinity of a blunted crack tip in which the effect of
Molinari, A micromechanical constitutive
microscale inertia is taken into account. Even if the
model for dynamic damage and fracture of
effect of damage due to void growth on the stress
ductile materials, Int J Fract 162 (2010) 159state in the vicinity of the crack tip is neglected in
175.
the modelling, the work of Glennie [3] suggested [3] E. B. Glennie, The dynamic growth of a void in
that the inertial resistance to void expansion limits
a plastic material and an application to fracture,
the speed at which cracks can propagate.
J Mech Phys Solids 20 (1972) 415-429.
In the present contribution, a constitutive damage [4] A. Molinari, S. Mercier, Micromechanical
model for porous plastic materials taking
modelling of porous materials under dynamic
microscale inertia into account is proposed. Microloading, J Mech Phys Solids 49 (2001) 1497inertia effects have been incorporated using a
1516.
dynamic version of Hill-Mandel’s homogenization [5] N. Jacques, S. Mercier, A. Molinari, Multiscale
approach, proposed by Molinari and Mercier [4],
modelling of voided ductile solids with microand are a direct consequence of local material
inertia and application to dynamic crack
accelerations around the growing voids. Material
propagation, Procedia IUTAM 3 (2012) 40-53.
rate dependence and adiabatic heating are also [6] N. Jacques, S. Mercier, A. Molinari. Effects of
taken into account in the analysis. The accuracy of
microscale inertia on dynamic ductile crack
the proposed constitutive framework was assessed
growth, J Mech Phys Solids 60 (2012) 665-690.
though comparisons with dynamic finite element
cell computations [5].
The developed continuum damage model has been
implemented in the finite element code ABAQUS /
Explicit. The fracture of an axisymmetric notched
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Pre-Stress Effect on the Ballistic Behaviour of Ceramic Armor: Numerical Approach
A. Serjouei*, R. Chi, I. Sridhar
School of Mechanical & Aerospace Engineering, Nanyang Technological University, 50 Nanyang
Avenue, Singapore 639798, AHMA0015@ntu.edu.sg
A new method for simulation of pre-stressed
ceramic targets under high velocity impact, using
explicit software, AUTODYN®, is proposed. This
method includes six steps: 1) target components are
generated separately and the ceramic size is set
primarily larger than confinement size, and
damping parameters are set for subsequent static
process; 2) an inward velocity is applied at the
ceramic periphery, thereby compressing the
ceramic to a size smaller than the confinement); 3)
all the target components are put together in their
correct positions; 4) the velocity on the ceramic
periphery is removed, thereby increasing ceramic
size until it contacts the inner surface of the
confinement and a pre-stress is developed; 5) static
damping parameter is gradually reduced to zero for
subsequent impact simulation; 6) initial projectile
impact velocity is set and impact simulation is
performed.

the pressure contour formed in the ceramic is
different. Two important concepts are discussed:

Rigorous choices of damping and viscosity
parameters, namely, static damping, hourglass
damping and smooth particle hydrodynamics
(SPH) linear viscosity, are critical in obtaining
stable pressure contour before impact and finally
good simulation results. It is shown that the
simulation results accord well with available
experimental data (radial pre-stress) performed by
Lundberg et al. [1]. Comparison of simulation
results with experimental data [1], is available in
literature, however, either the impact simulation
results of the pre-stressed target were not agreed
well with experimental data of the pre-stressed
target [2] or the simulation results of the targets
without
pre-stress
were
compared
with
experimental data of the pre-stressed target [3].

References

1. Interface defeat on the impact surface which
is highly affected by the pressure contour at
the impact side
2. Rate of penetration through the ceramic
armor which is highly affected by the
pressure contour within the ceramic armor.
Optimized pressure contour is sought through
varying ceramic/confinement geometric ratios for
the purpose of obtaining best ballistic behavior in
terms of longest interface defeat time and lowest
rate of penetration. Successful simulations of prestressed ceramic targets can be exploited for further
optimization and design purposes of ceramic armor
materials.

[1] P. Lundberg, R. Renström, B. Lundberg,
Impact of metallic projectiles on ceramic
targets: transition between interface defeat and
penetration, Int J Impact Eng 24 (2000)
259-275.
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113-127.
[3] X. Quan, R. A. Clegg, M. S. Cowler, N. K.
Birnbaum, C. J. Hayhurst, Numerical simulation of long rods impacting silicon carbide
targets using JH-1 model, Int J Impact Eng 33
(2006) 634-644.

Simulations with two other pre-stress statuses,
namely axial and hydrostatic, with small and large
pre-stress values, as well as without pre-stress
status are performed for the sake of comparison.
The effect of pre-stress on the ballistic behavior of
ceramic targets is captured through simulations.
Based on different ceramic/confinement geometric
ratios, used to obtain the three pre-stress statuses,
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Dimensional Crossover in Impact Fragmentation
G. Pál∗ , F. Kun
Department of Theoretical Physics, University of Debrecen H-4010 Debrecen, P.O.Box: 5 , Hungary
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Fragmentation, i.e. the breakup of materials into a
large number of pieces due to an energetic load has
a high technological importance and presents interesting challanges for basic research, as well [1]. Recently, Kadono et al. investigated the impact fragmentation of a thin glass plate by means of high
speed imaging techniques [2]. As the main outcome
of the experiments, no correlation was found between the mass and velocity of fragments, while a
strong correlation was revealed between the velocity of fragments and their position inside the original body. However, in three dimensional fragmentation experiments of Nakamura et al. [3] a strong
mass-velocity correlation was found for large fragments which decays as a power law with a universal
exponent 1/3 [3].
We study the impact fragmentation of two- and
three-dimensional brittle solids with a hetergeneous
microstructure. We developed a discrete element
model of heterogeneous materials where the disordered microstructure is represented by a packing
of spherical particles with a random size distribution. Cohesion is introduced such that a Delaunay
tetrahedrization is performed in 3D with the particle positions and we connect the particles by elastic beams along the edges of tetraeders. Crack formation is captured by the breaking of beams which
can be caused by stretching and bending. Particles
not connected by beam elements interact via Hertz
contacts. The time evolution of the system is followed by molecular dynamics simulations solving
the equation of motion of particles for the translational and rotational degrees of freedom.
Computer simulations were performed to understand the breakup process caused by an energetic
impact varying the shape of the sample from quasi
two-dimensional plate-like to three dimensional.
Our calculations revealed that depending on the energy of impact the breakup process can have two
different outcomes: at low impact energy the sample gets damaged, however, to achieve fragmentation the imparted energy has to surpass a critical
CFRAC 2013

value. Based on large scale computer simulations
we show that the position of fragments inside the
original body with respect to the impact site determines their mass and velocity in the final state. A
novel relation of the mass and velocity of fragments
is revealed: In the damage phase fragment mass and
velocity are strongly correlated. In the fragmented
regime for small fragments the velocity proved to
be independent of the mass, however, in the limit of
large fragments a strong mass-velocity correlation
occurs. The correlation function decays as a power
law with a universal exponent in an excellent agreement with recent experimental findings.
Simulations revealed that the mass distribution of
fragments has a power law distribution with an exponent which increases with increasing impact energy. We demonstrate that the apparent increase of
the exponent is due to the competition of two fragmentation mechanisms which both have universal
mass distributions. The mixing ratio depends on the
impact energy and on the geometry of the sample.
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The behavior of concrete structures is strongly
influenced by the loading rate [1]. Compared to
quasi-static loading concrete loaded by impact
loading acts in a different way. First, there is a
strain-rate influence on strength, stiffness, and
ductility, and, second, there are inertia forces
activated which influence the resistance and failure
mode of concrete structure. The results of the
experimental measurements show that after
reaching some critical strain rate concrete
resistance progressively increases with increase of
strain rate. The reason for the phenomena is still
under discussion. It is not clear whether this is due
to the material strength or there some other
reasons.
Recently, an explicit finite element code has been
developed for the simulation of high velocity
impact and fragmentation events. In the code the
rate sensitive microplane material model for
concrete [2] is used. The model is extended to
account for large deformations. Failed elements on
the way are removed with the technique based on
element deletion. Large deformation frictional
contact has been treated by forward incremental
Lagrange multiplier method. In order to investigate
the role of rate sensitive constitutive law and inertia
forces, three different problems are studied using
the mentioned finite element code: (i) Drop
hammer test on notched three-point bending beam
with impact velocity up to approximately 2 m/sec,
(ii) The Hopkinson bar test (tension) with loading
rates up to 300 s-1 and (iii) High velocity mushroom impact experiment with impact velocity
varied from 100 to 2000 m/sec. The results of the
numerical simulations are evaluated and compared
with available experimental results from the
literature.
Based on the evaluation of numerical and
experimental results (macro scale) it is shown that
the true material strength is approximately a linear
function of strain rate (log scale) and that it can be
modeled by the rate sensitive constitutive law.
Moreover, it is demonstrated that the progressive
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increase of resistance (apparent strength) can be
attributed to inertia of the softening zone and not to
the material strength. The size of the fracture
process zone and the size of the specimen
significantly influence apparent strength (inertia
contribution). Brittle materials with very small
fracture process zone (e.g. glass) exhibit almost no
rate sensitivity, i.e. apparent and true strengths are
almost the same and there is no progressive
increase of resistance with increasing strain rate.
Furthermore, it is shown that the concrete fracture
energy, similar to the true strength, is a linear
function of strain rate (log scale). For relatively
low and medium loading rates the structural
response is controlled by rate sensitivity, i.e.
apparent and true strength are almost the same,
However, at high and very high loading rates
inertia forces dominate although the influence of
the rate sensitivity cannot be neglected.
With increasing loading rate failure mode changes,
i.e. there is a transition from mode I to localized
shear failure mode. Moreover, with increase of
loading rate crack branching phenomena takes
place. For these phenomena are responsible inertia
forces [3]. The effects as well as the progressive
increase of the structural resistance should come
automatically from the dynamic finite element
analysis and it should not be a part of the rate
sensitive constitutive law.
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The strain rate effect, i.e. strength increase of materials under high strain rates, is especially pronounced for the tensile strength of concrete. It is
generally characterized by a relation for the dynamic strength increase factor (DIF), i.e. uniaxial
strength related to a quasistatic reference value, depending on the strain rate. This relation may be
approximated by a bilinear course in a doublelogarithmic scale. The first branch up to a strain
rate value of ≈ 1 s−1 is relatively flat up to a DIFvalue of 2 for the uniaxial tensile strength. A second branch connects for higher strain rates which is
much steeper. DIF-values of roughly 10 are experimentally determined for strain rates of ≈ 102 s−1
[1], although a larger scatter is documented due to
the high demand on the experimental setup. Two
different physical mechanisms may be considered
for the two branches according to the current state
of knowledge:

state, but also on damage acceleration and velocity. This approach leads to a retardation of damage
and covers the second phenomenon. To cover the
first phenomenon damaged elasticity is embedded
in a viscoelastic frame of a Maxwell type [3]. The
whole approach is fully triaxial. It uses two material parameters for damage retardation and two further parameters for viscosity in addition to those
material parameters for the quasistatic base. Dynamic strength increase factors are treated as a special case. The four material parameters for the strain
rate effect may be chosen such that experimentally
determined uniaxial DIF-relations are reproduced.
This constitutive law is implemented into nonlinear Finite-Element-Methods. The paper discusses
its application to the numerical simulation of spallation experiments [4]. Such experiments follow the
Hopkinson bar setup whereby the cylindrical concrete specimen spalls into discrete pieces flying
away. This setup allows for the estimation of the
dynamic crack energy. Experimental results are discussed regarding corresponding numerical calculations. The latter allow for a detailed simulation of
stresses, strains and energies. This is utilized with
special regard of the concrete’s crack energy.

1. More or less physically bound water is moved
within the different capillary systems of the
mortar’s micro structure during deformations.
The resistance of this relative movement
against actions increases for more rapid deformations. This phenomenon is connected to
the flat branch of the double-logarithmic DIF- References
relation.
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Deviations from quasistatic strain rates affect the
concrete behavior in two main ways: (1) Increased
strain rates increase the strength and brittleness
while keeping the fracture energy mostly constant,
(2) reduced strain rates cause creep of the intact material [1]. Although both of these phenomena must
be addressed in the constitutive modeling of concrete to be able to take into account arbitrary strain
rate effects, in this study we restrict our attention
to the increased strain rates. A number of models
for rate sensitive constitutive behavior of concrete
has already been developed (e.g. [1]). Such models
can routinely predict the increased strength and brittleness of concrete at higher strain rates (between
1 · 10−3 to 0.2 s−1 ) than quasistatic strain rates (on
the order of 1 · 10−4 s−1 ).

such high strain rates [2]. However, this means that
the fracture energy also increased, and even more
drastically, which is contrary to many publications
in the literature which show fracture energy to be
mostly independent of strain rate.
In this study we propose that the dissipation by
comminution of concrete must be the dominant dissipative mechanism at strain rates on the order of
1 · 104 s−1 . A new rate sensitive constitutive model
based on the new microplane model M7 [3], called
M7R, is presented. The model M7R can simulate
concrete behavior not only at high strain rates (up
to 1 · 103 s−1 ) but also at very high strain rates (on
the order of 1 · 104 s−1 ). To this end, the model M7R
takes into account the comminution of concrete by
the penetrating projectile using a strain rate dependent material viscosity. The model M7R has been
used in the fitting and prediction of exit velocities
of the projectiles as well as the simulation of the
formation of the entry and exit craters in the perforation of concrete walls by projectiles.

For higher strain rates (on the order of 100 s−1 ), finite element analyses show that the inertial forces
reduce the stress intensity at the crack tips of large
cracks and cause new cracks to nucleate and propagate. Consequently, enormous energy is dissipated
by cracks distributed all over the specimen. This
leads to very large apparent strength values at high References
strain rates. However, this is clearly not a constitutive behavior. At such rates, crack growth is still [1] Z. P. Bažant, F. C. Caner, M. D. Adley,
governed by activation energy theory [1].
S. A. Akers, Fracturing rate effect and creep in
4 −1
microplane model for dynamics, J Eng MechEven higher strain rates (on the order of 1 · 10 s )
ASCE 126 (2000) 962–970.
take place in the penetration of concrete walls by
projectiles. Various microplane models have been [2] A. O. Frank, M. D. Adley, K. T. Danielson,
H. S. McDevitt Jr., The high-rate brittle miused in such simulations [1, 2]. Microplane model
croplane concrete model: Part 2: application to
M4 was successfully employed in the prediction of
projectile perforation of concrete slabs, Comcrater shapes in contrast to various plasticity based
puters and Concrete 9 (2012) 311–325.
models at WES (U.S. Army Waterways Experiment
Station) [1]. However, the prediction of exit veloc- [3] F. C. Caner, Z. P. Bažant, Microplane model
M7 for plain concrete: I. Formulation,
ities of the projectiles proved to be more challengJ Eng Mech-ASCE (2013, to be issued,
ing. Only recently a new microplane model based
doi:10.1061/(ASCE)EM.1943-7889.0000570).
on the model M4 has been developed and calibrated to fit the exit velocities of these projectiles by
scaling the microplane strain-dependent yield limits
along both the strain and stress axes drastically for
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In spite of the recent advances in the constitutive
modeling of concrete, the finite element models
severely overestimate the depth of penetration of
projectiles into the walls of hardened structures and,
in the case of perforation, the exit velocity[1, 2]. Inclusion of viscoelastic rate effect and the effect of
crack growth rate does not suffice by far for obtaining correct predictions. The predictions are way off
the mark even when the finite element code uses
a constitutive model such as the new microplane
model M7[3], which provides very good fits of virtually the complete range of the experimental data
from diverse types of uniaxial, biaxial and triaxial
tests and, in particular, can give static energy dissipation due to shear under very high confinement. As
it appears, the main problem is that the constitutive
model is not capturing the effects of material comminution into very fine particles. Such comminution
at very high strain rates can dissipate a large portion of the kinetic energy of the missile. The spatial derivative of the density of energy dissipated
by comminution gives a compressive stress resisting penetration, and needs to be added to the nodal
forces obtained from the static constitutive model in
a finite element programs.
The authors present a new constitutive model for
dynamic comminution inspired by analogy with turbulence. In high velocity turbulent flow, the energy
dissipation rate is maximized by the formation of
micro-vortices (eddies) which dissipate energy by
viscous shear stress. Similarly, it is assumed that the
energy dissipation at fast deformation of a confined
solid gets maximized by release of kinetic energy
of high shear strain rate of forming particles, whose
shape in the plane of maximum shear rate is considered to be regular hexagons. The free energy density
consisting of the sum of this energy and the fracture
energy of the interface between the forming particle is minimized. This yields a relation between the
CFRAC 2013

particle size, the shear strain rate, the fracture energy and the mass density.
It is concluded that the particle size is inversely proportional to the 2/3-power of the shear strain rate
and that the dynamic comminution creates an apparent material viscosity varying as the (-1/3)-power of
the shear strain rate. Introduction of this viscosity to
a finite element program based on the microplane
model M7 leads to a good match of missile penetration into massive concrete walls, and in the case of
penetration, to a good match of the exit velocities.
At the same time, the use of the microplane model is
essential for capturing the nonlinear triaxial effects
in progressive degradation of concrete. A brief explanation of the latest version of this model, called
M7, along with the modifications compared to the
previous microplane models, is given. The presentation concludes with various comparisons with test
results.
References
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This paper is a contribution to the study of dynamic
fracture in the framework of Griffith’s theory [1, 3].
We analyze the propagation of a crack in a heterogeneous material (with variable toughness), focusing on the role of the kinetic energy. In particular, we wonder whether a (possibly modified) quasistatic model is a good approximation of the phenomenon, avoiding delicate and time-consuming
dynamic computations.
Indeed, even under quasistatic loading, the material’s answer is a priori dynamic when the crack
reaches a zone where the toughness suddenly decreases [2]. In this case, since the energy release rate
becomes greater than the toughness, the dynamic
evolution presents a fast propagation, whose speed
has the order of the speed of sound.
We consider here the simplified model of the
debonding of a one-dimensional inextensible film,
subjected to a monotonic loading with vanishing
speed, under the hypothesis that the toughness is
piecewise constant and takes only two possible values. Three energies interact: the potential energy,
the surface energy (associated to debonding) and
the kinetic energy. All the difficulty is to find how
and when the potential is transformed into surface
energy, and which is the role of the kinetic energy
during that process.

do not converge to the quasistatic one, which overestimate the jump’s length. Nevertheless, a good approximation can be obtained by a quasistatic model
if the toughness is suitably modified: we give the
expression of the alternative toughness.
Finally, we consider the case of many defects whose
distribution could be periodic or random. In the quasistatic model (under the assumption of energy conservation), the solutions are staircase functions in
the space/time plane, corresponding to phases of
arrest and of jumps (fast propagations). In particular, fixed a level of load, the length of debonding can be higher than the one corresponding to
a material with a constant low toughness. The dynamic solutions depends strongly on the density of
the lowest toughness. As the density of the lowest
toughness decreases from one to 1/2, the dynamic
solutions change from a staircase function (consequently equivalent to the quastistatic solution) to a
line whose slope is however different from the one
corresponding to the mean toughness.
This behaviour reflects the influence of the kinetic
energy on the dynamics. Indeed, we see here the
competition of two opposite phenomena: the creation of kinetic energy as the toughness decreases
and the relaxation observed in the case of a single
defect.

Three cases are studied. We first focus on the case
of toughness with one decreasing discontinuity. In References
this case we show that the dynamic solutions converge, as the loading speed tends to zero, towards [1] L. B. Freund, Dynamic Fracture Mechanics, Cambridge University Press, Cambridge,
the quasistatic evolution, upon assuming a criterion
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of energy conservation to govern the jumps. It is
also possible to determine the length of the crack’s [2] B. Bourdin, G. Francfort, J. J. Marigo, The variational approach to fracture, Kluwer Academic
jump.
Publishers, The Netherlands, 2007.
We then consider the case of a defect (two discon[3] A. A. Griffith, The phenomena of rupture and
tinuities) of the toughness. If the size of the defect
flow in solids, Phil Trans R Soc A 221 (1921)
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Concrete has been widely used in the construction
of security-sensitive structures, such as bridges,
tunnels, government buildings, industrial and
military facilities. These structures should be
designed against extreme dynamical loads, as
close-in explosions and impact. Therefore,
understanding the concrete material behaviour
under these loading conditions is crucial.

The questions we address in this paper are (i) how
the dynamic material and structural response are
covered in advanced commercial codes like LSDyna and (ii) the validity of the dynamic analysis.

Three different dynamic concrete models are
evaluated in impulsive, uniaxial compression and
tension tests. The results are compared to
experimental data. Special attention is given to the
Concrete is a brittle material and its resistance and damage development, width of the failure zone and
damage (softening) behaviour are strongly spatial and temporal energy dissipation.
influenced by the loading rate [1,2]. The physical At last, the K&C concrete model is studied in
mechanisms which describe the concrete dynamic particular considering different Dynamic Increase
response are qualitatively reasonably well Factor (DIF) and Equations Of State (EOS)
understood, but an important question is how to formulations (suggested by [5,6]) in order to
capture the rate dependency in numerical models. evaluate their effect on the results.
The dynamic response should therefore be divided
The study provides a survey of the dynamic
into (i) material and (ii) structural response.
response mechanisms of concrete, how these
The integrated response of concrete up to complete should be covered in numerical modelling and to
failure is represented in the macroscopic load- what extent these can be captured in advanced
deformation relation. The observed response of commercial codes.
concrete at macro level is determined by damage
initiation and damage accumulation mechanisms at
meso and micro scale level. The failure process is References
governed by (i) the stress condition, (ii) the
mechanisms governing micro-crack nucleation, [1] P. Bischoff, S. Perry, Compressive behaviour of
propagation and obscuration of critical flaws, (iii)
concrete at high strain rates, Mater Struct 24
the ability to absorb energy in the fracture zone and
(1991) 425-450.
(iv) the energy flow from the surrounding material [2] J. Weerheijm et al., Understanding the tensile
into the fracture zone. In dynamics all four
properties of concrete, Woodhead Publishing,
conditions vary in time and depend on the loading
2013.
rate. The challenge is how to separate material [3] J. Ozbolt et al., Dynamic fracture of concrete –
response given in the constitutive model and the
compact tension specimen, Int J Solids Struct
structural response captured in the numerical model
48 (2011) 1534-1543.
in detailed and global computational analyses.
[5] J. Magallanes et al., Recent improvements to
release III of the K&C concrete model, in:
Recent studies (e.g. [3]) show that in detailed
Proc., 11th Int. LS-DYNA Users Conf, 2010.
analyses with discrete and microplane models, the
micro and meso-structure response during the [6] N. Gebbeken et al., Hugoniot properties for
concrete determined by full-scale detonation
failure process can be captured. So, the structural
experiments and ﬂyer-plate-impact tests, Int J
inertia forces, which are activated in the
Impact Eng 32 (2006) 2017-2031.
undamaged part of the material, should be captured
by the dynamic analysis and should be excluded
from the applied constitutive model.
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The drop weight impact test consists in a falling
weight that impacts the specimen. This impact
striker, also known as a tup, falls through a vertical
guide tube that directs it to the center of a flat
circular specimen (see ASTM D3763 for details).
A main advantage of using drop weight impact test
over other standard tests, like Charpy and Izod
tests, is its ability to reproduce conditions under
which real life component would be subject to
impact loading. In this way, it is possible to induce
different failure modes on the specimen by
changing the test parameters. In particular,
experimental tests performed as part of this work
have shown that the failure mode of polymethyl
metacrylate (PMMA) specimens changes from
punching to flexural with the increment of the tup
diameter, d, with respect to the specimen diameter,
D.
It is presented in this work a finite element
modeling of the drop weight in order to better
understand the change in the specimen failure
mode with the tip diameter.
The finite element analyses were conducted using
three-dimensional models of the specimens, which
were discretized using linear tetrahedral elements
(C3D4) in combination with cohesive elements
(COH3D6) to account for material damage and
crack propagation. Cohesive models were place
everywhere in the model in order to allow the
cracking spontaneous onset. The bilinear traction
versus displacement law with scalar damage
proposed by Camacho and Ortiz [1] was adopted
for the cohesive elements. Following Pandolfi and
Guduru [2], mixed-mode fracture was introduced
into the fracture criterion by means of the
coefficient
⁄
⁄ . Models
were solved using the software Abaqus/Explicit
[3].
Elastic and fracture material properties were
measured by means of tensile and impact fracture
tests. Tensile tests were conducted on PMMA
samples according to ASTM D638, while the
dynamic fracture tests were performed according to
ASTM D5045. Moreover, finite element models
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were carried out for both, the tensile and the impact
fracture tests. These models served to devise
strategies to compensate the effects of the spurious
addition of mass and reduction in stiffness that
result from the extensive inclusion of cohesive
elements into the models. These compensations
showed to be a key factor when dealing with
dynamic crack propagation models.
The drop weight impact test of the PMMA circular
specimens considered the four d/D ratios that result
from using tup diameters d=12.7 mm and 20 mm,
and specimen diameters D=40 mm and 76 mm. A
number of finite element models were conducted
for each case in order to study the variation of he
results with the discretization and the randomness
on the results. Very good agreement was achieved
between the numerical predictions and the
experimental results in terms of the force versus
time plots and crack patterns. The models are able
to predict the prevalence of punching failure for the
lowest d/D values and a combination between
punching and flexural failures as the d/D increases.
Setting the adequate value of of the PMMA was
found to be the key point to achieve accurate
predictions of the experimental results.
The finite element results allowed monitoring the
sequence in the nucleation and propagation of the
radial and circumferential cracks during the tests.
These phenomena were correlated to the load peaks
and other characteristic features of the force versus
time plots.
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The energy dissipation of seismic response in
reinforced concrete columns is very much related
to the damage occurring in the columns’ plastic
hinges. Accurate damage cannot be predicted by
typical damage indices. This is due to the fact that
the damage intensity cannot be generalized for a
structure under seismic loads, since they are
dynamic and could have different loading rates,
which produce very different damage states. Many
researchers in Earthquake Engineering field
assume that the peak ground accelerations PGA
alone is not a sufficient intensity measure to
determine the ultimate response [1], since different
loading rates would result different responses, even
with records of similar PGA.

Element/Finite Element method, with MohrCoulomb and Rankine cut-off tension failure
criterion, supplemented with a fracture model,
which is developed by the Elfen-Explicit
application. In this analysis the crack growth is
determined in the zones of softening strains at the
column’s core and cover.

In this RC column, designed according to the SDC
of the California Department of Transportations
(Caltrans 2001), a large area of the column core
zone at the plastic hinge is damaged when
subjected to Lexington Dam, Loma Prieta, 1989
[2], and the column loses its integrity in the plastic
zone, which affects the bar/concrete bond
substantially. This could lead to total collapse
The seismic design criterion SDC that is used by especially if the reinforcement bars are quite
many building codes employs the demand/capacity exposed and start to buckle.
ductility principle for a performance-based design, The problem was also analyzed by using Rankine
which assumes a low damage state in the member, failure criterion supplemented with fracture, which
allowing for a better serviceability of the structure is more conservative when compared to the
after the seismic event. The damage in the plastic previous model since it is accounted for tension
hinge, according to SDC is assumed to be limited failure mode only. Despite its excessive
to spalling of the column cover and yielding of the computation time, the combined DE/FE model
longitudinal reinforcement bars. However, the provides reliable information about the local
crack growth in the column core can lead to damage state of the RC column core, which
excessive strength degradation in the hysteresis enhances the understanding of the seismic
behavior of the structure, which could lead to a performance of the structural member.
total collapse.
In this paper, two approaches have been followed
to predict the damage in a R/C bridge column References
under seismic loading. The first is a stress-based
damage method, which is based on computing the [1] J. P. Singh, Characterization of ground motion
for
severity
and
damage
potential,
concrete stress-strain constitutive elasto-plastic
http://nisee.berkeley.edu/lessons/singh.html.
relation for selected points on the cover and core of
the column section.
The nonlinear dynamic [2] Junichi Sakai, Stephen A. Mahin, Analytical
investigations of new methods for reducing
analysis of this approach is performed by using the
residual displacements of reinforced concrete
Fibre Element Method, for the column when
bridge
columns,
Pacific
Earthquake
subjected to a strong ground motion record. As a
Engineering
Research
Centre,
PEER
Report
fibre model, the damage is considered due to
2004/02.
flexural failure, and is measured in relation to the
established stress-strain model for each fibre in the
critical section.
The second is approach is a small-scale analysis,
by using the combined DE/FE Discrete
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Experimental Observation of Dynamic Ductile Damage Development under Various
Triaxiality Conditions
L. Pillon*
CEA, DAM, DIF, F-91297 Arpajon, France, laurianne.pillon@cea.fr
Fracture in ductile materials finds its origin in
microscopic mechanisms: the nucleation of voids
that growth and coalesce in order to form a crack.
A large part of literature deals with the
development of models predicting each stage of
this complex phenomenon. The most popular of
these models, proposed by Gurson [1], aims at
describing the damage development with respect to
the plastic behavior of a porous ductile material.
The Gurson model has been extended by Perrin to
describe damage evolution in ductile viscoplastic
porous materials [2]. The so-called Gurson-Perrin
model (GPm) allows representing damage
development with respect to the stress triaxiality
and strain-rate conditions.

dynamically set in motion. This target is a notched
cylinder with a full back. A tensile state is
generated in the notched part of the cylinder where
damage develops. The experiment ends with the
local failure of the notched part. This process
allows a dynamic damage evolution. Moreover, a
variation of the notch radius enables a variation in
the triaxiality level. Three notch radii have been
tested. Two observations with numerical cameras
allow following the global behavior of the
experiment and the shape of the notch, which is
characteristic of the local damage development.
The first images will be exposed. Several PDV
measurements have been performed around the
target in order to quantify its deformation. A first
analysis of this experimental process will be
In the GPm, free arameters have to be identified
from suitable experiments. To characterize shown.
correctly the GPm, an experimental program must:
 Generate high strain-rates (more than References
105s-1) in order to achieve a dynamic
evolution of damage.
[1] A. Gurson, Continuum theory of ductile
rupture by void nucleation and growth: Part I –
 Allow a change on the triaxiality level.
Yield criteria and flow rules for porous ductile
Nevertheless, classical experimental procedures
media, J Eng Mat Tech 99 (1978) 2–15.
(tensile tests on Hopkinsom bars and plate impact [2] G. Perrin, Homogenized Behavior Equations
experiments) cannot satisfy both conditions.
for Porous Bingham Viscoplastic Material,
Tensile tests on Hopkinson bars indeed allow a
J Eng Mat Tech 128 (2002) 885–888.
variation of damage evolution with respect to the
triaxiality level but the strain-rate is not high
enough (less than 103s-1). Reversely, in plate
impact experiments, a damage evolution occurs
under dynamic conditions but the influence of
damage development with respect to the triaxiality
level cannot be characterized.
We propose a new experimental design able to test
and validate the GPm under various dynamic
conditions and for different triaxiality levels. This
new experimental concept has a hybrid
configuration, which combines the two classical
experimental principles: plate impact experiments
and tensile test on notched bars. The principle of
the experimental project will be detailed. This
experiment is realized on a powder gun. A Cu plate
impactor strikes a Cu target, which is then
CFRAC 2013

119

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Fractional Viscoplasticity Accounting for Isotropic Damage
W. Sumelka∗
Institute of Structural engineering, Poznan University of Technology, Poland
wojciech.sumelka@put.poznan.pl
In the paper recent developments of fractional vis- Illustrative examples will be presented.
coplasticity are considered. Fractional viscoplasticity is a generalisation of Perzyna’s type viscoplas- References
ticity (so simultaneously classical plasticity) using
differential operators of arbitrary order. This con- [1] I. Podlubny, Fractional Differential Equations,
cept was first proposed in Author’s original papers
Mathematics in Science and Engineering, 198,
[8, 7].
Academic Press, 1999.
It should be emphasised that the introduction of the [2] J. S. Leszczyski, A discrite model of the dynamics of particle collision in granular flows,
fractional calculus in viscoplasticity leads in fact to
The Publishing Office of Czestochowa Univerdefinition of new family of constitutive models. As
sity of Technology, Monographs No 106, 2005,
shown in [7] such concept results in reduction of
(in polish).
material parameters or even material functions in a
particular model, what is of crucial importance in [3] F. Mainardi, Fractional calculus and waves in
linear viscoelasticity, Imperial College Press,
phenomenology [5].
London, 2010.
One should notice that since 1695 when the frac[4] W. Sumelka, T. odygowski. The influence of the
tional calculus was ’born’ it founds many successful
initial microdamage anisotropy on macrodamapplications in e.g. Fluid Flow, Rheology, Dynamiage mode during extremely fast thermomechancal Processes in Self-Similar and Porous Structures,
ical processes, Arch Appl Mech 81(12) (2011)
Diffusive Transport Akin to Diffusion, Electrical
1973–1992.
Networks, Probability and Statistics, Control The[5] W. Sumelka, T. odygowski. Reduction of the
ory of Dynamical Systems, Viscoelasticity, Electronumber of material parameters by an approxichemistry of Corrosion, Chemical Physics, Optics
mation, Comput Mech (2012).
and others ([1, 6, 3, 2] and cited therein).
[6] V. E. Tarasov, Fractional vector calculus and
In papers [8, 7] the general definition of fractional
fractional Maxwells equations, Ann Phys-New
viscoplasticity was presented without introduction
York 323 (2008) 2756-2778.
of damage. Because finally this new concept will be [7] W. Sumelka, Fractional viscoplasticity. in:
applied for modelling of extreme dynamics, under
Proc., 37th Solid Mechanics Conference, Warlarge deformations and temperatures reaching meltsaw, Poland, 2012.
ing point it is necessary to include damage (finally [8] W. Sumelka, Fractional viscoplasticity - an inanisotropic damage [4]).
troduction. in: Workshop 2012 - Dynamic Behavior of Materials and Safety of Structures,
The formulation presented assumes model descripPozna, Poland, 1–2, 2012.
tion in Euclidean space under small deformation assumptions. This first step in necessary for further
generalisation of the model to manifolds - necessary for proper description of finite deformations. It
should be pointed out that fractional viscoplasticity
introduces in natural way non-locality due to definition of differential operator of arbitrary order on
an interval (we utilise Caputos type operator in the
formulation) - in contrast to classical one defined in
a point.
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Elastodynamic Antiplane Analysis of Cracked Graded Piezoelectric Layer via DDT
S. M. Mousavi*, J. Paavola
Department of Civil and Structural Engineering, Aalto University, PO Box 12100, FI - 00076, Finland,
Mahmoud.Mousavi@aalto.fi

Piezoelectric materials have been applied for some
advanced applications which necessitate the
analysis of their behavior in different situations.
Due to the material behavior of piezoelectric
materials, they are usually susceptible to crack.
Therefore these materials have been the subject of
many researches in the field of fracture mechanics.
Different loading types can be recognized in
various applications of piezoelectric materials
including static, time-harmonic and transient [1],
[2]. Additionally, loading may be mechanical,
electrical and thermal. The material behavior for
piezoelectric materials may be homogeneous or
nonhomogeneous. The most common assumption
for material gradation is exponentially dependence
to the location [3]. A general case is investigated
by Mousavi et al. for a graded layer under static
loading [4].
The crack boundary conditions may be assumed
partially permeable or any of permeable or
impermeable . The experimental results depicts that
the electric loading has dominant effect on the
fracture behavior of the piezoelectric materials
which is coincident with the impermeable
condition [5].
On the other hand, the type and arrangement of the
defects may vary and change the geometry of the
problem. Although many useful published articles
are devoted to specific crack geometries in the
layer, but the capability to characterize the
behavior of the cracked domain in the presence of
multi cracks under dynamic loading is still a
challenge.
Distributed Dislocation Technique (DDT) provides
the capability to tackle various configurations of
cracks. The necessary step is to analyze the domain
in the presence of a dislocation. Then utilizing the
dislocation solution, superposition effect and the
Buckner's principal, it is possible to form any
configuration of the cracks and achieve the domain
behavior and field intensity factors. DDT has been
utilized for static and recently for elastodynamic
CFRAC 2013
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analysis of cracked domain under mechanical
loading [6].
In the present article, the dislocation solution is
achieved for a layer under antiplane elastodynamic
condition. The electrically impermeable crack face
condition is used as the dislocation condition. Then
the distributed dislocation technique is utilized for
the antiplane time-harmonic analysis of a
functionally graded piezoelectric layer and the
stress and electric displacement intensity factors
are determined for the cracked layers. The
configuration and arrangement of cracks in the
layer are arbitrary.
References
[1] J. Chen, A. K. Soh., J. Liu., Z. X. Liu,
Transient anti-plane crack problem of a
functionally graded piezoelectric strip bonded
to elastic layers, Acta Mech 169 (2004) 87–100.
[2] J. Chen, Z. Liu, Z. Zou, The central crack
problem for a functionally graded piezoelectric
strip, Int J Fract 121 (2003) 81–94.
[3] J. Chen, Z. Liu, On the dynamic behavior of a
functionally graded piezoelectric strip with
periodic cracks vertical to the boundary, Int J
Solids Struct 42 (2005) 3133–3146.
[4] S. M. Mousavi, S. J. Fariborz, J. Paavola,
Screw dislocation in functionally graded layers
with arbitrary gradation, J Struct Mech 45
(2012) 125–132.
[5] X. Y. Wang, S. W. Yu, Transient response of a
crack in a piezoelectric strip objected to the
mechanical and electrical impacts: mode III
problem, Int J Solids Struct 37 (2000) 5795–
5808.
[6] S. M. Mousavi, S. J. Fariborz, Anti-plane
elastodynamic analysis of cracked graded
orthotropic layers with viscous damping, Appl
Math Model 36 (2012) 1626–1638.
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Three-Dimensional Crack Propagation in Ductile Media Using the XFEM
M. Holl1∗ , S. Loehnert2 , P. Wriggers3 , M. Nicolaus4
Institute of Continuum Mechanics, Leibniz Universität Hannover,
Appelstraße 11, 30167 Hanover, Germany
1
holl@ikm.uni-hannover.de, 2 loehnert@ikm.uni-hannover.de, 3 wriggers@ikm.uni-hannover.de
4
Institute of Material Sciences (Fortis), Leibniz Universität Hannover,
Stockumer Straße 28, 58453 Witten, Germany, nicolaus@iw.uni-hannover.de
1,2,3

This work presents a numerical method to simulate crack propagation in plastic media in threedimensional space using a damage model to examine crack propagation as well as the direction of
growth. Most damage models naturally only induce
material softening but no discrete seperation of material yielding extensive straining in case of complete failure. Therefore, a combination of damage
and discrete failure is appropriate to model ductile
failure, presented in this work.
A widely spread method to model damage is the
application of non-local or gradient enhanced damage models introduced by [1]. In contrast to these
models, local models suffer from mesh sensitivity and are therefore not applied here. The basic idea of non-local or gradient enhanced models is to take into account the microstructure in
average. This averaging can be reformulated into
a H ELMHOLTZ-type equation leading to additional
nodal unknowns, but also to the desired mesh insensitivity. Therefore, non-local procedures are methods of our choice.
Combining non-local damage models with discrete
fracture in a standard FE approach under the assumption of elasto-plastic material behavior was
introduced by [4] for two-dimensional problems:
A new crack segment is inserted once a certain
damage threshold value is exceeded. This naturally
leads to computationally expensive remeshing for
each propagation step.
To avoid remeshing for propagating cracks, the extended finite element method (XFEM) introduced
by [2] offers great accuracy and flexibility. Incorporating the level set method to describe crack surfaces as well as enrichment functions depending on
level set fields to describe the mechanical behavior
of cracks yields the todays XFEM. Thus, advancing
crack fronts do not change the FE mesh, but only require a local update of the crack surface, presented
CFRAC 2013

in this work. Compared to standard FE approaches,
computationally expensive remeshing strategies as
well as size differences of finite elements in the
vicinity of the crack front and the rest of the domain are avoided.
As the XFEM traditionally was designed for linear elastic fracture mechanics (LEFM) and accordingly for singular stress fields at the crack, elastoplastic problems require special attention. Stresses
are bounded due to the introduction of a yield surface leading to different enrichment functions at
the crack front introduced by [3] compared to the
XFEM applied to LEFM problems.
The goal of this work is to combine elasto-plasticity,
non-local damage mechanics and discrete failure in
single computable model using the XFEM. Here,
the focus is set to present a robust computational
framework for this type of problems. This work offers promising results in terms of modeling ductile failure computationally efficient, without loss of
computational stability.
References
[1] R. H. J. Peerlings, R. de Borst, W. A. M. Brekelmans, J. H. P. de Vree, Gradient enhanced
damage for quasi-brittle materials, Int J Numer
Meth Eng 39 (1996) 3391–3403.
[2] N. Moës, J. Dolbow, T. Belytschko, A finite element method for crack growth without remeshing, Int J Numer Meth Eng 46 (1999) 135–150.
[3] T. Elguedj, A. Gravouil, A. Combescure, Appropriate extended functions for X-FEM simulation of plastic fracture mechanics, Comput
Method Appl M 195 (206) 501–515.
[4] J. Mediavilla, R. H. J. Peerlings, M. G. D.
Geers, Discrete crack modelling of ductile fracture driven by non-local softening plasticity, Int
J Numer Meth Eng 66 (2006) 661–688.
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3D XFEM Modeling of Composite Failure Combining Discrete and Diffuse Damage
S. Müller∗ , M. Kästner, V. Ulbricht
Institute of Solid Mechanics, TU Dresden, D-01062 Dresden, Germany,
sebastian.mueller@tu-dresden.de
For a consistent lightweight design the consideration of the nonlinear macroscopic material behavior
of composites, which is amongst others driven by
damage effects and the strain-rate dependent material behavior of typical polymeric matrices, is required. To this end, the authors developed a numerical modeling approach that combines the extended
finite element method (XFEM) with suitable constitutive relations for the individual constituents.

interface. Such points can be easily obtained from a
CT scan or a micrograph. The overall method has
been extended to model curved, three dimensional
structures. The usage of higher order shape functions reduces the discretization error and interelement discontinuities [2]. However, curved discontinuities require consistent integration techniques.
To this end, different integration techniques have
been examined regarding their error and converThe XFEM is a well recognized technique for the gence rate.
modeling of heterogeneous material structures. It
allows for the modeling of both, weak and strong, References
discontinuities independent of the underlying FE
mesh. In combination with a cohesive zone law it [1] M. Kästner, G. Haasemann, V. Ulbricht, Multiscale XFEM-modelling and simulation of
can be utilized to model discrete damage phenomthe inelastic material behaviour of textileena. In the present contribution the method is apreinforced polymers, Int J Numer Meth Eng 86
plied to model the interface failure between fibre
(2011) 477–498.
and matrix material on the microscale of composites. Further failure mechanisms, such as the degra- [2] M. Kästner, S. Müller, J. Goldmann, C. Spieler,
J. Brummund, V. Ulbricht, Higher order XFEM
dation of the matrix material, are incorporated by
for weak discontinuties level set representaa continuum damage approach. In addition to these
tion, quadrature and application to magnetoapproaches, which account for the material strucmechanical problems, Int J Numer Meth Eng
ture and its failure mechanisms, viscoelastic and
93(13) (2012) 1345-1454.
viscoplastic material models have been developed
for the inelastic behavior of the polymeric matrix [3] S. Müller, M. Kästner, J. Brummund, V. Ulbricht, On the numerical handling of fractional
[3]. The structure of the overall approach allows for
viscoelastic material models in a FE analysis,
the description of the effective material behavior on
Comput Mech (2012).
both the micro and the meso scale.
The modeling of composites often requires the description of complex material structures. To this
end, the XFEM is commonly linked to a level-set
function, which is utilized to locate the discontinuity within the model domain. Since a closed analytical expression of such function is only available
for special cases, e. g. for a cylinder or a sphere,
the description of complex geometries can become
challenging. Therefore, the authors developed a
so called local level-set representation, where the
the discontinuity is localized elementwise [1]. The
nodal level-set values are calculated corresponding to an elementwise parametric function which is
again defined by a set of discrete points of the actual
CFRAC 2013

126

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Modeling Crack Propagation in Heterogeneous Materials Using a Computational
Homogenization Method
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The modeling of crack propagation in heterogeneous materials using a computational homogenization method is presented.
In the computational homogenization method, the
macroscopic properties of each material point are
obtained by solving a boundary value problem for
a representative volume element (RVE). When localization occurs in the material, the assumption of
homogeneity of stress and strain over the local-scale
breaks down and one cannot use standard homogenization scheme.
An objective continuous-discontinuous homogenization scheme [1] is developed based on a failure zone averaging method [2] which can be
used to homogenize the traction-separation law for
a macrocrack from the heterogeneous local-scale.
The macrocrack is modeled as a strong discontinuity using XFEM and a gradient-enhanced damage
model is used to model diffuse damage at the localscale.
The continuous-discontinuous scheme is extended
to dynamic problems in which the macroscopic
wave length is significantly larger than the localscale length. Under this condition, the local-scale
problem can be solved as a quasi-static problem.
In the continuous-discontinuous scheme, the loss of
hyperbolicity criterion [3] is employed for crack
initiation and propagation. Based on this criterion
localization initiates when the momentum equation
loses hyperbolicity and the vector that minimizes
the hyperbolicity indicator is normal to the direction of the crack (localization). In the multi-scale
analysis, this criterion can be used to detect localization in the RVE. At each time step, the acoustic
tensor can be calculated from the homogenized tangent modulus. Initiation and direction of the crack
can then be determined using the hyperbolicity criterion. The advantage of this criterion is that both
initiation and direction of the crack can be obtained
CFRAC 2013

from a local-scale analysis.
Furthermore, rate effects are taken into account in
the model by relating the material properties of the
RVE to the rate of the macroscopic crack opening.
Using the present model, numerical examples are
presented for crack propagation in heterogeneous
media and the influence of the loading rate on cracking is studied.
References
[1] V. P. Nguyen, M. Stroeven, L. J. Sluys, An
enhanced continuous-discontinuous multiscale
method for modeling mode-I cohesive failure
in random heterogeneous quasi-brittle materials, Eng Fract Mech 79 (2012) 78–102.
[2] V. P. Nguyen, O. Lloberas-Valls, M. Stroeven,
L. J. Sluys, On the existence of representative
volumes for softening quasi-brittle materialsa failure zone averaging scheme, Comput
Method Appl M 199 (2010) 3028–3038.
[3] T. Belytschko, H. Chen, J. Xu, G. Zi, Dynamic
crack propagation based on loss of hyperbolicity and a new discontinuous enrichment, Int J
Numer Meth Eng 58 (2003) 1873–1905.
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Reinforced Concrete Modelling Using Enriched Finite Elements
J. Retama∗ , G. Ayala
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Reinforced concrete has become one of the most [2] J. Retama, G. Ayala, Modelado del daño en
employed materials in civil engineering works. Its
sólidos mediante formulaciones variacionales
economy, efficiency, and stiffness, make this made discontinuidades interiores, Rev Int Metod
terial an excellent choice for the construction of a
Numer Calc Dise 26 (2010) 171–177.
wide variety of structures. Unfortunately, due to the [3] J. Retama, Formulation and approximation to
complexity of its damage evolution to collapse, its
problems in solids by embedded discontinumechanical behaviour is not fully understood. One
ity models, PhD Dissertation, National Auof the first attempts to simulate this behaviour is
tonomous University of Mexico, Mexico, 2010.
presented in the work by Ngo and Scordelis, [1]. [4] R. L. Taylor, FEAP: A Finite Element AnalyCurrently, different researchers continuos studying
sis Program, Department of Civil and Environit through experimental tests and numerical simumental Engineering, University of California,
lations. The nonlinear behavior of this composite
Berkeley, 2012.
material, under different conditions, may lead to inelastic response and, eventually, take the structure
to the collapse, e.g., [2].
In this work, the variational formulation of the embedded discontinuity model, developed by Retama
in his PhD thesis [3], and its approximation by
means of the finite element method, to simulate the
damage process in structural elements of reinforced
concrete is presented. The effect of the reinforcement steel is introduced through truss elements considered to be embedded in the concrete finite element. In the modelling of the concrete behaviour,
two dimensional finite element are used; together
with a cohesive damage model and the embedded
discontinuity approximation, [3]. In this work a perfect bond for the interface concrete-steel bars is considered.
To validate the correctness of this formulation, it is
implemented in the finite element program FEAP,
[4], and numerical examples are presented; and the
results derived are compared with those of existing
experimental tests.
References
[1] B. Ngo, C. Scordelis, Finite element analysis
of reinforced concrete beams, ACI Journal 64
(1967) 152–163.
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Simulation of Steel Fibre Reinforced Concrete Behaviour Using Discrete Crack
Approach
C. Fernandes1∗ , D. Dias-da-Costa2 , J. Alfaiate1 E. Júlio1
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2
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The recent wide spread use of steel Fibre Reinforced Concrete (FRC) is mainly due to its numerous advantages compared to Normal Concrete
(NC), namely by the possibility of changing the
quasi-brittle behaviour of plain concrete structures
to a behaviour of enhanced ductility, as a direct result of the addition of steel fibres. This work aims at
developing a finite element formulation to specifically address the simulation of the behaviour of
FRC members up to failure.
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For this purpose, an embedded discrete strong discontinuity approach [1, 2] is adopted and steel fi- References
bres are explicitly introduced in the finite element
mesh. In other words, the steel fibres are considered [1] D. Dias da Costa, J. Alfaiate, L. Sluys, E. Júlio,
Towards a generalization of a discrete strong
as discrete elements, embedded in concrete matrix,
discontinuity approach, Comput Method Appl
which increase the stiffness of the bulk finite eleM 198 (2009) 3670–3681.
ments. In this approach, new nodes (tips of fibreelements) are introduced in the finite element mesh [2] D. Dias da Costa, J. Alfaiate, L. Sluys,
P. Areias, E. Júlio, An embedded formulawithout increasing the global number of degrees of
tion with conforming finite elements to capture
freedom. This is due to the fact that displacements at
strong discontinuities, Int J Numer Meth Eng
the new nodes are obtained from the displacements
61 (2013) 224–244.
measured at the usual degrees of freedom. In this
work the fibres are assumed to be perfectly bonded
to the bulk.
This kind of approach provides a simple and efficient way to assess the influence of the steel fibres in the development of the crack pattern and the
structural behaviour of the concrete elements. The
proposed approach is validated using both numerical and experimental results. Finally, results are discussed and some conclusions are drawn.
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Subscale Enrichment of Discontinuity for XFEM Crack Tip Element
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In the present contribution, we propose a new
XFEM based enrichment of the displacement field
to allow for cracks that end or kink within an element. The basic concept relies on the fact that the
crack tip element is treated on a subscale, where,
in addition to the macroscopic continuous (ϕc ) and
discontinuous (ϕd ) displacement fields, a discontinuous fluctuation field ϕfd with Dirichlet boundary
conditions is introduced to allow for proper representation of the discontinuous kinematics. Hence,
the finite element approximation of the total deformation map is obtained as:
h
ϕ

=
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crack tip element edges, the fluctuation field can be
implicitly solved for in terms of the macroscopic
field. By considering the discretised form of the momentum balance for the subscale problem


    ext
f M − f int
MM M MM f âhM
M
(2)
=
âhf
Mf M Mf f
−f int
f
it is clear that the discretised macroscopic form of
the momentum balance for the crack tip element reduces to
int
MM âhM = f ext
(3)
M − f̄ M
with

(1)

MM = MM M − MM f M−1
f f Mf M

}

f̄ int
M

where H̃S is the shifted discontinuity function and
where, referring to Figure 1, I is the set of edge
(master) nodes of the crack tip element, J ⊂ I is
the set of edge nodes enriched with discontinuous
degrees of freedom (black squares) and K is the set
of internal nodes enriched with fluctuation (discontinuous) degrees of freedom (white circles). In fact,
in this non-standard interpolation of the discontinuity field, additional internal nodes are utilised for the
interpolation. In Eq. (2), we therefore introduced N i
and ψ i to distinguish between shape functions that
have support over the entire crack tip element and
only partially over a subset of the subscale elements
respectively.

=

f int
M

−

int
MM f M−1
ff f f

(4)
(5)

The current methodology is applied to ductile crack
propagation in shells loaded at high strain rates, extending previous developments in [1] to allow for
not only crack segments through the entire shell elements (edge to edge).
Acknowledgement This research is carried out under project number M41.2.10378 in the framework
of the Research Program of the Materials innovation institute M2i (www.m2i.nl).
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Figure 1: 6-noded shell element with quadratic interpolation for the discontinuity field ϕd enhanced with internal degrees of freedom for ϕfd .

Adopting an explicit time integration scheme and
utilising that the fluctuation field vanishes along the
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Mixed Finite Elements with Prescribed Primary and Secondary Variables
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In this paper, three mixed finite element formulations for the solution of elastic and nonlinear problems are approximated, implemented and
validated. The mixed approximations are formulated using two fields: displacement-stress, corresponding to the Hellinger-Reissner formulation,
the displacement-strain formulation and the three
field formulation using displacements, strains and
stresses also referred as Veubeke-Hu-Washizu. For
these formulations each of the independent fields
considered, displacement, strain and stress, is approximated with linear interpolation functions. The
finite element implementations of these formulations have additional strain and stress fields depending of displacements, which emerge in natural way from the finite element approximation [1].
It is shown that the proposed approximations do not
present numerical problems as others do which need
the stabilization of the resulting system of linear algebraic equations to avoid them.

cal problems.
Numerical results of elastic problems are compared against analytic solutions, showing that the
mixed approach provides better approximation on
the strain and stress fields than a standard formulation. In addition, problems showing the locking
problem as those involving incompressible solids
are solved and the problem overcome with the two
and three field formulations, having better results
with the last one. To show the effectiveness of the
mixed formulations with the continuous damage
model, some numerical results of the representing
numerical examples are presented.
References

[1] G. Juaŕez-Luna, G. Ayala, Aproximacin del
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In the approximations proposed, not only primary
232.
variables, displacements, are prescribed on the
boundary, but also secondary variables as strain and
stress are constrained where they are intrinsically
known, although these are not conventional restriction variables. The formulation of finite elements
with additional restriction variables lead to improved approximations of the displacement, strain
and stress fields, compared with what standard displacement finite elements give.
In the formulation of nonlinear problems involving damage a continuous damage model equipped
with two internal variables at each integration point
is used. The finite element implementation of the
displacement-stress formulation presents numerical
problems when the material is completely damaged, thus the continuous damage model was only
implanted in the displacement-strain and the three
fields formulations as these do not present numeriCFRAC 2013
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Cohesive-Frictional Crack Model Applied to Dam-Foundation Joint
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The most realistic method used today for the numer- [3] ICOLD, Imminent failure flood for a conical simulation of concrete fracture is the cohesive
crete gravity dam, in: Proc., 5th International
crack model, introduceded by Barenblatt (1962) and
Benchmark Workshop on Numerical Analysis
Dugdale (1960) for elasto-plastic materials and by
of Dams, Denver, CO, 1999.
Hillerborg at al. (1976) for quasi-brittle materials. [4] W. Reich, E. Brühwiler, V. Slowik, V. E.
When this model is used in a large scale problem
Saouma,
Experimental and computational
the process zone is completely developed and very
aspects of a water/fracture interaction, in:
often the friction operates when the crack faces are
Proc., Dam fracture and damage, E. Bourdarot,
opened. In this case phenomena occurring at variJ. Mazars, V. Saouma, editors, Balkema, The
ous scales interact each other causing instabilities
Netherlands, 123–131, 1994.
of various kind.
As an example, following the benchmark problem
proposed by the International Commission on large
Dams [3], the propagation of a crack along the interface between a gravity dam and the foundation
rock is analysed.
In order to understand the physical meaning of this
instabilities and to stabilize the equilibrium iterations executed according to the Newton-Raphson
method, Barpi and Valente [2] show that the knowledge of the asysmptotic expansion of the displacement and stress fields at the fictitious crack tip is a
usefull tool.
In this paper an asymptotic expansion similar to that
proposed by Karihaloo and Xiao [1] is applied. In
this way many commonly-used softening laws, e.g.
rectangular, linear, bilinear and exponential, can be
taken into account.
The hydromechanical coupling between subpressures induced by water penetration into the crack
and displacement discontinuity is evaluated following the work of Reich et al [4]
References
[1] B. L. Karihaloo, Q. Z. Xiao, Asymptotic fields
at the tip of a cohesive crack, Int J Fracture 150
(2008) 55–74.
[2] F. Barpi, S. Valente, The cohesive frictional
crack model applied to the analysis of the damfoundation joint, Eng Fract Mech (2010) 2182–
2191.
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On the Use of Discontinuous Damage Models for Mixed-Mode Fracture
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The onset of micro-cracking in quasi-brittle
materials commonly occurs perpendicularly to the
maximum principal stress direction. Nevertheless,
crack evolution may not necessarily occur in modeI, due to e.g. aggregate interlocking, which
develops between crack faces of the discontinuity.
Consequently, the ability to simulate mixed-mode
fracture in these materials is of utmost importance.

damage evolution law is defined. This model is
also presented in an isotropic and non-isotropic
variant, in which, in the latter case, different
evolution rates are adopted in mode-I fracture and
mode-II fracture.

The introduced material models are developed in a
strong discontinuity framework, such as the
discrete interface approach, the embedded strong
discontinuity approach [1] and XFEM. In order to
overcome the common and recurrent convergence
problems associated with the iterative numerical
schemes, when dealing with the softening behavior
of quasi-brittle materials, the proposed models can
make use of a non-iterative numerical scheme, first
introduced by Graça-e-Costa et al. in [2], which
was partially inspired by the sequentially linear
approach by Rots et al, [3]. The use of these noniterative schemes is made possible with the
definition of both total and incremental approaches
within the proposed material models.

Foundation for Science and Technology under
Project No. FCOMP-01-0124-FEDER-020275
(FCT ref. PTDC/ECM/ 119214/2010).

It is worth noting that the proposed models may
also capture a characteristic feature of quasi-brittle
materials, namely the dilatancy effect. In order to
In the present work innovative damage-based assess and validate the results of the proposed
material models for strong discontinuities in quasi- models, several relevant numerical examples were
brittle materials are introduced. In the proposed studied.
models all failure modes are considered, namely Acknowledgement This work is supported by
mode-I fracture, pure mode-II fracture, mixed- FEDER funds through the Operational Programme
mode fracture and also mode-II under compressive for Competitiveness Factors - COMPETE, and by
tractions.
Portuguese funds through FCT - Portuguese

The first material model makes use of kinematic
internal variables and is presented both in: i) an
isotropic setting, being a generalization of the
mixed-mode model presented by Alfaiate et al. in
[4], and in ii) a non-isotropic setting, in which
crack closure under compressive stresses can be
properly taken into account. In the second material
model, the definition of a limit surface in the
traction space is required, based on which the
CFRAC 2013
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Enhanced Finite Element Modeling of Earthen Structural Materials with Weak
Interfaces
C. D. Foster*, D. A. Weed
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Many materials can fracture either along existing
weak interfaces or through the bulk solid material,
along with more diffuse failure modes. Layered
composites, reinforced concrete, and welded joints
are examples. Often such materials fail through
some combination of mechanisms.

case that both bulk and existing interfaces localize
at once, the more critical interface governs.
Propagating fractures are allowed to follow the
bulk material or the interface, depending on which
is most critical.
The models are used to examine the behavior of
earthen structures under shear loading, both inplane shearing and out-of-plane bending of walls.
Critical importance is placed in examining the
effects of openings, and the design of the brick
laying to improve the performance of these
structures.

Masonry materials are a classical example of this
type of material. In our research, we are
particularly interested in studying earthen structural
materials such as rammed earth and stabilized mud
block [1]. While the former only has weak
interfaces between compacted layers, the latter is
an earthen brick that is often joined with standard
or soil-cement mortar. Unlike standard masonry
construction, the blocks may be weaker and more References
ductile than the mortar, admitting a wide range of
[1] A. G. Tennant, B. V. Venkatarama Reddy,
failure modes [2].
C. D. Foster, Verification Of Masonry Building
To analyze these materials, we have developed an
Code To Flexural Behavior Of Cement
enhanced finite element that allows for failure both
Stabilized Soil Block, J Mater Civil Eng (in
on predefined interfaces and through the bulk
press).
element at a critical orientation defined during the [2] U. Andreaus, Failure criteria for masonry
simulation.
panels under in-plane loading, J Struct EngThe continuum deformation is defined by a 3ASCE (1996) 37–46.
invariant cap plasticity model with isotropic and [3] R. A. Regueiro, C. D. Foster, Bifurcation
kinematic hardening. Initially developed for
analysis for a rate-sensitive, non-associative,
geomaterials, the model is currently under
three-invariant, isotropic/kinematic hardening
modification with a smooth tensile cap to better
cap plasticity model for geomaterials: Part I.
capture the behavior in that regime.
Small strain, Int J Numer Anal Met 35 (2011)
201–225
Bulk localization is determined by the now
[4]
R. I. Borja, C. D. Foster, Continuum matheclassical loss of ellipticity conditions, both for
matical modeling of slip weakening in
continuous and discontinuous bifurcation for this
geological systems, J Geophys Res 112 (2007).
model [3]. Motion on existing weak interfaces is
governed by a traction yield surface. This surface
uses an elliptical relationship to account for the
coupled shear and normal traction in tension, and a
cohesive-frictional model in compression along the
surface. A slip-weakening traction-displacement
[4] relationship describes the loss of cohesive force
with motion along the interface.
Bulk softening is governed by a similar constitutive
model, though with different parameters, as it is
typically more ductile for these materials. In the
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Three-Dimensional Modelling of Embedded Coated Spherical Inclusions Through a
Regularized XFEM Approach
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We propose a simple and reliable threedimensional finite element approach for modelling
particle reinforced composites where spherical and
cylindrical coated inclusions are embedded within
a matrix. Particle reinforced composites are
employed for instance, in the automotive industry
and in electronic products. Mechanical properties
strongly depend on interfacial bonding quality.
Hence the determination of the maximum radial
stress at the particle surface as a function of the
applied load and the adhesion parameters is of
great interest.
Well established theoretical approaches such as the
Eshelby approach for the "dilute" inclusion
problem, and (generalized) self-consistent schemes
for interacting particles are available [1]. Analytical solutions cannot however be obtained for any
general geometry and material behavior. Finite
element models appear therefore more feasible. In
this context, the coating can be modeled by means
of cohesive interface elements either placed along
the finite element boundaries or embedded within
the finite elements. The latter alternative has the
advantage that the geometry of the interfaces is
independent of the mesh. Based on the Partition of
Unity Property of the finite element shape
functions [2], the eXtended Finite Element Model
(XFEM) is a broad spectrum technique for dealing
with cohesive embedded interfaces. In the last
years, the Authors have developed a variant, called
Regularized XFEM approach. A two-dimensional
application to the delamination problem of a FRP
strip glued to a concrete block has shown an
excellent comparison with experimental results [3].
Three-dimensional implementation is discussed
in [4].

1. The assumption of the displacement field as
the sum of a constant part and a disturbance part
deriving from the coated inclusion.
2. The use of an "equivalent eigenstrain"
concept.
3. The assumption of an extended Hill-Mandel
work-equivalence principle.
The numerical solution is compared with the
analytical results obtained by assuming the Hashin
spring-like model [1]. We prove that the proposed
approach correctly reproduces the analytical
solution. The effect of the coating on the stress
concentration is shown to strongly depend on the
ratio between the elastic modulus of the matrix and
the coating and on the Poisson’s ratio of the
coating.
References
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Applied and Computational Mechanics 20,
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and singular level set functions in 3D problems,
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In the present work, imperfect interfaces are
studied where discontinuous displacements fields
across the interface and continuous traction vector
occur. As usual in the XFEM approach, the surface
of separation is implicitly defined via a level set
function. The main steps are:
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Generalized Finite Element Method and the Splitting Method as a Framework for
Multiple Site Damage
H. S. D. de Argôlo*, S. P. B. Proença
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In this work, fracture mechanics problems of References
multiple site damage in two-dimensional domains
are treated by combining the Splitting Method [1, [1] I. Babuška, B. Andersson, The splitting method
2] and a partition of unity approach as the
as a tool for multiple damage analysis, SIAM J
Generalized Finite Element Method (GFEM) [3, 4].
Sci Comput 26 (2005) 1114–1145.
[2]
S. A. Fawaz, B. Andersson, Accurate stress
When applying the splitting method, the given
intensity factor solutions for corner cracks at a
problem is split into one global sub-problem
hole, Eng Fract Mech 71 (2004) 1235–1254.
consisting of the uncracked global domain which
[3]
C. Duarte, I. Babuška, J. T. Oden, Generalized
includes all the prescribed boundary conditions.
finite element method for three dimensional
The solution of this problem provides stress
mechanics problems, Comput Struct 77 (2000)
distributions which are interpolated over the
215–232.
previously known crack lines by using a
[4]
S. Mohammadi, Extended Finite Element
polynomial basis. In the sequence of the procedure,
Method for Fracture Analysis of Structures,
a set of two auxiliary local and global problems is
Tehran, Iran, 2008.
defined aiming to account for the stress
concentration effects and also the interactions
among the cracks.
The final solution for the given problem must be
such that the stress distributions resulting from a
linear combination of the first global problem and
the set of auxiliary local and global problems are
null on each crack faces.
On the other hand the main feature of the partition
of unity methods such as the generalized finite
element method (GFEM) is their ability for
exploring a priori knowledge about the solution of
a problem in the form of enrichment functions.
The Generalized Finite Element Method is hereby
applied to the analysis of the local sub-problem
generated by the splitting method and consisting of
an isolated crack submitted to a certain number of
loading cases applied on its faces. Accurate
estimates of the stress intensity factors are provided
by the GFEM, especially when customized
enrichment functions are used in the local analysis.
In order to assess the efficiency of the numerical
framework, some examples varying from a single
to multiple site crack problems are considered.
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A Constrained Large Time Increment Method for Modelling Quasi-Brittle Failure
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The numerical modelling of the post-peak behaviour of quasi-brittle solids plays an important
role in assessing the residual strength and failure
mode of a structure. The mechanical response of
these structures often exhibits snap-back behaviour
(i.e. a decrease of both stress and strain under
softening), necessitating the use of a robust algorithm capable of tracing this highly non-linear
response. In this contribution, a non-incremental
LATIN-based solution procedure capable of calculating the exact and complete loading behaviour, including snap-backs, is developed.
Unlike conventional incremental-iterative algorithms (e.g. the Newton Raphson scheme), the
LATIN algorithm calculates the whole time domain in one single increment [1]. At variance with
existing LATIN algorithms, the presented solution
scheme can trace snap-back behaviour without the
need for switching to conventional step-by-step procedures [2].
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Although many advances have been made in
incremental-iterative algorithms, they often require
problem-specific adaptations such as the a priori
selection of the most critical degrees of freedom
[3]. However, in many large-scale engineering problems, these critical degrees of freedom are not
known in advance. In the presented solution procedure, these degrees of freedom are automatically selected, rendering the algorithm to be more general.
Special attention will be given to implementational
aspects and the choice of the algorithmic variables.
Finally, the performance and robustness of the proposed algorithm is demonstrated by means of several numerical examples, including a GFEM-based
mesoscopic masonry model involving many nonlinearities [4].
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The major problems found with external bond
reinforcement are the local failure modes. In the
last few years, several experimental and analytical
studies have been carried out, which contributed to
the understanding and quantification of the
phenomenon related to the bond behaviour between
concrete and fibre reinforced polymers (FRP).
However, several issues still need to be clarified to
allow an accurate quantification of the adherence
between the concrete and the reinforcing material.
To quantify the bond between FRP and concrete,
several studies have been developed, in general, by
means of two-dimensional tools. In general, the
failure occurs by detachment of a thin concrete
layer adjacent to the interface. Therefore, several
authors presented a relation between the concrete
properties and the cohesion. In general, for the
most common concrete used in buildings
structures, the cohesion is about 5 – 7 MPa.
Assuming failure by concrete, the dissipated
energy per unit area of cracked surface is defined
as fracture energy of concrete. Taking into account
2D analyses, a dispersion of the mode-II fracture
energy values greater than the one previously
observed for cohesion has been found. In this case,
from published works, for the most common
concrete used in buildings structures, the ratio
between maximum and minimum values of GFII is
almost four. According to several authors, the
parameters describing the bond behaviour are
dependent on geometrical characteristics. One way
of considering such influence is by means of a 3D
analysis. Use of 3D models to analyse the bond
behaviour between FRP and concrete is considered
in few studies. Linear elastic 3D finite element
analyses were carried out by [1] to investigate the
stress state in a single shear test, in which perfect
bond was assumed both between the adhesive and
the FRP and between the adhesive and the
concrete. Bond-slip laws were implemented in
shear models [2, 3, 4].
In this study, based on previous works, a 3D
analysis is presented. Pure shear models are
CFRAC 2013
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defined, using the finite element method, in order
to describe the bond behaviour between concrete
and sheets of carbon FRP externally glued.
Modelling the behaviour of these specimens
involves a non-linear phenomenon, namely: shear
mode fracture interface behaviour between the
concrete and the CFRP. In both models, the bond
between the FRP and the concrete is modelled
using a discrete crack approach. Interface elements
with zero initial thickness are adopted. The shear
and peeling stresses developed at these elements
are dependent on the relative displacement between
the strengthening material and the concrete surface,
according to a local softening constitutive
relationship. Both Poisson’s ratio and the
orthotropic behaviour of the CFRP are considered.
The relation between adherent and substrate widths
is considered in a parametric study. A discussion
on the adoption of these parameters is made and
some values are proposed.
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A Stabilization Technique for the Extended Finite Element Simulation
of Arbitrary Crack Geometries in 3D
S. Loehnert∗
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The mesh independent simulation of fracture processes in three dimensions using the extended finite element method (XFEM) often leads to badly
conditioned equation systems due to the almost linear dependence of standard and enriched degrees
of freedom. Especially for arbitrary crack geometries and crack propagation simulations it frequently
happens that a crack barely intersects an element
which leads to this undesired effect. In such cases
different techniques can be applied. The geometry
of the crack can be changed slightly by pushing it
onto the node that is cut off the rest of the element
by the crack. Alternatively the crack can be pushed
away from the affected node or the node can be
pushed onto the crack or away from the crack [1].
All these techniques lead to a slight modification of
the crack geometry which is undesirable.
To avoid a change of the geometry and possibly
the mesh, stabilization techniques can be applied. In
[2] recently a global stabilization technique for the
generalized finite element method (GFEM) is presented for one dimensional problems. This method
promises to overcome such problems. Stabilization
techniques on the element level have been applied
in the context of standard and underintegrated finite elements for a long time already. Most of these
methods are based on the works of Flanagan and
Belytschko [3].

Additionally it is very efficient. The stabilization
leads to a significantly improved convergence behaviour of iterative equation solvers used for large
scale three dimensional problems, while the modification of the stiffness matrix and the righthand
side does not affect the accuracy of the result significantly and the additional numerical effort on the
element level is low. This is demonstrated with multiple examples of two and three dimensional fracture problems with arbitrary crack geometries.
References
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In this contribution we present a stabilization technique for the regularization of almost singular element stiffness matrices that occur within the extended finite element method. The method is based
on an eigenvalue decomposition of the element
stiffness matrix and a corresponding modification of
the matrix and the right hand side for those eigenmodes with small or even zero eigenvalues. Physically or numerically reasonable zero eigenmodes
like rigid body translations or rotations remain untouched. This technique has the advantage that neither the mesh nor the crack geometry is modified.
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The Influence of Friction and Plasticity on Mode II Delamination Fracture
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A central assumption in delamination analysis is
that the fracture energy is a material characteristic
which can serve as input. Whether the virtual crack
closure technique is used or cohesive elements, it
is assumed that the fracture toughness is constant,
at least for given fracture mode. However, evidence
exists that the fracture toughness in a pure mode test
is not always constant but rather depends on size.
Experimental measurements by Wisnom et al. [1, 2]
on specimens with cut central plies under simple
tension (a mode II setup) have displayed a significant size effect in the fracture toughness. To this
date, the cause for this effect has not been fully understood and the conclusion that the fracture toughness might be influenced by anything other than the
loading mode is mostly ignored in computational
practice.

the sense that their joint contribution is significantly
larger than the sum of their isolated contributions.
Furthermore, unstable crack growth that has been
observed in the tests on thicker specimens [1] is reproduced in the simulations. It is pointed out that
this unstable crack growth disqualifies the data reduction technique that is used to compute the fracture toughness from the global response.
It is concluded that combined plasticity and friction is a likely cause for the measured size effect. As demonstrated, these effects can be simulated on the mesoscale. Nevertheless, it is acknowledged that the understanding of micromechanical
processes that constitute distributed shear damage,
mode II delamination, and friction is still rudimentary.

In the discussion of the measurements, Wisnom et
References
al. [1, 2] have mentioned matrix plasticity and the
presence of compressive stress on the interface as
[1] M. R. Wisnom, On the increase in fracture enpossible causes for the size effect. In the present
ergy with thickness in delamination of unidirecwork, these hypotheses are tested numerically with
tional glass fibre-epoxy with cut central plies, J
plasticity and friction models in combination with
Reinf Plast Compos 11(8) (1992) 897–909.
cohesive elements.
[2] W. C. Cui, M. R. Wisnom, M. Jones, An experNonlinear finite element simulations are performed
imental and analytical study of delamination of
with the cohesive law by Turon et al. [3] in combiunidirectional specimens with cut central plies,
nation with friction on the interface as proposed by
J Reinf Plast Compos 13(8) (1994) 722–739.
Alfano and Sacco [4] and a damage/plasticity law [3] A. Turon, P. P. Camanho, J. Costa, C. G.
for shear nonlinearity of the plies following Van der
Dávila, A damage model for the simulation
Meer et al. [5]. The range of geometries described
of delamination in advanced composites unby Wisnom et al. [1, 2] is analyzed. A parametric
der variable-mode loading, Mech Mater 38(11)
study is performed to investigate the effect of dif(2006) 1072–1089.
ferent input parameters on the response. It is shown [4] G. Alfano, E. Sacco, Combining interface damthat the correct size effect trend is captured. Howage and friction in a cohesive-zone model, Int J
ever, there is a strong sensitivity to parameters that
Numer Method Eng 68(5) (2006) 542–582.
are not very well defined such as the shear strength [5] F. P. van der Meer, C. Oliver, L. J. Sluys, Comof the composite, the friction coefficient for to the
putational analysis of progressive failure in a
cracked interface and the friction-free mode II fracnotched laminate including shear nonlinearity
ture toughness. Notably, there is a nonlinear interand fiber failure, Compos Sci Technol 70(4)
action between shear nonlinearity and friction in
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Intermittent Crack Growth along the Interface in a Woven Composite
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The crack growth in nonhomogeneous materials is
a tricky problem where generally classical fracture
mechanics tools do not apply. This is particularly
the case for delamination of woven composites [1].
The interphase between two plies is rich in resin
whereas the adjacent layers are rich in fibers forming either the warp or the weft and hence poor in
resin (Fig. 1).
Figure 3.

Figure 1.

The delamination crack runs successively within
the resin (dashed line) and along the yarns (solid
line). It is the origin of the intermittent growth. In a
first step the simplified frame shown in Fig. 1 is
simplified again (Fig. 2).

Figure 2.

The situation is similar to that of a crack in a
laminated structure that grows perpendicularly to
the layers [2]. In position 1 (Fig. 3) the crack slows
down and is trapped ahead of the stiff area due to
the weak singularity. If the load increases, the
crack jumps in position 3, then accelerates (strong
singularity) and goes beyond the stiff area to grow
and be trapped again in the resin.
The coupled criterion [3] is used to describe the
different stages. Mechanisms of slow-down, jump
and acceleration depend on the elastic contrast
between the resin and the yarns but also on the
contrast in toughness and tensile strength between
the resin and the interface yarn/resin.

Depending on its location, the delamination crack
tip undergoes different singularities (Fig. 3). In the
resin away from the yarn, it is the classical crack References
tip singularity (λ=0.5, λ is the displacement singularity exponent). When the crack impinges on the [1] M. Stackler, D. Brancherie, Z. Aboura,
yarn, the singularity is weak (λ>0.5, λ=0.734 if
J. Schneider, Study and analysis of the mechaEY/ER=50, where ER and EY denote respectively
nisms of crack propagation in mixed mode
resin and yarn Young’s moduli). When the crack
(I+II) in assemblies of 3D reinforced compotip is located along the interface between the yarn
sites, in: Proc., ECCM 15 Venice, Italy, 2012.
and the interphase, it is an interface crack tip sing- [2] D. Leguillon, E. Martin, The strengthening effularity (λ=0.5±iε, the exponent is complex, ε=0.089
ect caused by an elastic contrast – Part II: stratiif EY/ER=50). Finally when the yarn is totally disfication by a thin stiff layer, Int J Fract 179
connected from the interphase the singularity is
(2013) 169–178.
strong (Re(λ)<0.5, λ=0.354±i0.038 if EY/ER=50). In [3] D. Leguillon, Strength or toughness? A critecases 1 and 3 Griffith’s criterion can be used to
rion for crack onset at a notch, Eur J Mech A /
describe the crack growth, but not in cases 2 and 4
Solids 21 (2002) 61–72.
and weak and strong singularities have a major
impact on the crack growth model.
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Modeling of Delamination Migration in DCB test on Multidirectional Composite
Laminates
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The different failure mechanisms occurring in
fibres reinforced polymer matrix composites
usually interact with each other, making the overall
failure of a composite structure a complex process,
difficult to predict. The interaction between
delamination and matrix cracks in laminated
composites has been investigated here, using the
case of a Double Cantilever Beam (DCB) test on
multidirectional laminates. A Cohesive Zone based
approach was employed in the finite element
analyses [1] and validating experiments were
carried out. Delamination and matrix cracks cause
a redistribution of stresses inside the plies,
eventually leading to fibres breakage in the primary
load-carrying plies and, therefore, to the final
failure of a structure. The interaction between
delamination
and
matrix
cracks
causes
delamination migration through the thickness of
laminates. Delamination finds its way to the
weakest interface in a laminate, through matrix
cracks, finally causing the complete failure of a
structure [2]. The process is well known in
industrial practice as an important cause of failure
in laminated composite structures. Nevertheless, it
is usually neglected in finite element analyses,
because of the difficulty in modelling the
interaction between the different damage
mechanisms when using the currently available
finite element tools [3].

elements tied to the surrounding elements. The
models consisted of 540898 nodes, with 124668
cohesive elements. Numerical analyses were
performed using the Abaqus/Explicit solver,
requiring a solution time of 46 hours using 8 CPUs.
The fracture surfaces obtained from experimental
DCB tests showed the typical “crack jump”
behaviour. The main features of the damage
mechanisms observed were captured by the
proposed model. Crack jumps initiated at the free
edges of the sample and damage propagated to
different interfaces through cracks within the plies.
The model can predict onset and propagation of
both delamination and matrix cracks. Above all,
the interaction between intersecting cracks on
different planes was correctly managed, also for a
number of different crack initiation locations.
Although a complete agreement with the
experimental results has not yet been achieved, this
approach represents a step forward in the
prediction of delamination migration in full scale
composite structures, since it is able to manage the
simultaneous presence and interaction of multiple
cracks and delaminations.
Acknowledgments This research was supported by
the EPSRC grant number E8P/G036772/1, as part
of the ACCIS Doctoral Training Centre.

In this work delamination migration through the References
thickness at ±θ interfaces was modelled using a full
scale three-dimensional DCB test model on an [1] W. G. Jiang et al., A concise interface
constitutive law for analysis of delamination
aerospace
grade
carbon/epoxy
composite.
and splitting in composite materials and its
Hexahedral continuum elements were employed to
application to scaled notched tensile specimens,
represent a 40 ply laminate. Cohesive interface
Int J Numer Meth Eng 69 (2007) 1982–1995.
elements were employed to represent both matrix
cracks and delamination in four groups of ±θ plies [2] T. K. O’Brien, Characterization of Delamination Onset and Growth in a Composite Laminate,
in the centre of the lay-up. Matrix cracks were
Damage in Composite Materials, ASTM STP
modelled by bands of cohesive elements, parallel to
775 (1982) 140–67.
the fibres orientation and equally spaced along the
ply length. This allowed for the matrix cracks to [3] M. R. Wisnom, Modelling discrete failure in
composites with interface elements, Composite
initiate in any of the possible locations, according
Part A, 41 (2010) 795–805.
to the initiation criteria defined. Delamination was
accounted for by 9 inter-ply layers of cohesive
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Integral Identities for a Semi-Infinite Interfacial Crack in 2D and 3D Elasticity
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The problem of a semi-infinite crack at the interface between two dissimilar elastic half-spaces,
loaded by a general asymmetrical system of forces
distributed along the crack faces is investigated.
The proposed original formulation is based on integral transforms and two fundamental notions of
linear elasticity: the Betti reciprocal theorem and
the weight function approach. The Betti identity has
been extensively used in the perturbation analysis
of two and three-dimensional cracks [5]. In linear
fracture mechanics, the concept of weight function,
defined as singular non-trivial solutions of the homogeneous boundary value problem for a solid with
a crack, was introduced by Bueckner [1].
Recently, symmetric and skew-symmetric weight
function matrices have been derived for 2D and
3D interfacial cracks in isotropic materials [5, 6]
and for 2D interfacial cracks in anisotropic elastic
bodies [2, 3]. Using these matrices together with
the fundamental reciprocal identity (Betti formula),
the elastic fracture problem is formulated terms of
singular integral equations [4] relating the applied
loading and the resulting crack opening. The obtained integral identities are then used for studying some illustrative examples of plane interfacial
cracks loaded by symmetric and skew-symmetric
distribution of forces acting on the faces.
The singular integral formulation for 2D and 3D
semi-infinite interfacial crack problems in both
isotropic and anisotropic elastic materials is derived
in explicit form by means of integral transforms.
This approach seems to be unknown in the literature and avoids the use of Green’s function and the
tedious limiting process involved in the general procedure [7].

in homogeneous and heterogeneous anisotropic media, as piezoceramics or composite materials). This
formulation is also fundamental in many multifield
theories, where the elastic problem is coupled with
other concurrent physical phenomena.
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The derived compact formulation can be used to
solve many problems in linear elastic fracture mechanics (for example various classic crack problems
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A Rate-Dependent Cohesive-Zone Model Capturing Stick-Slip Crack Propagation
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Rate dependent crack initiation and propagation
has been the subject of extensive experimental,
theoretical, analytical and numerical studies. This
is because in many problems of great engineering
interest the dependence of fracture processes on the
loading rate cannot be ignored and often plays a
key role, particularly when it leads to unstable
crack growth or stick-slip crack propagation, the
latter being a sequence of transitions from slow and
stable crack growth to very fast and unstable crack
propagation and vice versa. For debonding in
adhesive joints and delamination in composites,
this may result in great difficulty in the
characterisation of fracture toughness.
Theoretically, the problem can be studied in the
framework of Griffith theory of fracture, by
observing that in the rate-dependent case the
fracture energy
, intended as the total energy
dissipated per unit of new formed crack area, is a
( ̇ ), whereby
function of crack speed ̇ , i.e.
crack speed instabilities may occur if
is
decreasing in part of its domain, see for example
[1, 2]. Within this theoretical framework, models to
study stick-slip crack propagation are of a rather
phenomenological nature, whereby is determined
experimentally, which is particularly challenging in
its decreasing branches [2].

only of ̇ but also of
[4]. The advantage of this
approach is that the internal variables
and their
evolution laws can provide a richer description of
the actual dissipation mechanisms which occur at a
micro-mechanical scale. This can lead to a model
which is based more on first principles and less on
phenomenological assumptions.
In this paper we will focus our attention on ratedependent CMZs developed within the framework
of thermodynamics with internal variables using
the latter of the above described approaches. In
particular, we will present a rate-dependent model
in which (i) a rate-independent evolution law is
assumed for the damage variable
and (ii)
additional internal variables are associated with
visco-plastic dissipation. The model results in an
overall specific dissipation which is a decreasing
function of the applied rate of displacement jump
on the interface. In a structural problem this
implies that the total dissipation is a decreasing
function of the crack speed. Therefore, one would
expect that crack velocity jumps and/or stick-slip
crack propagation can occur. This is confirmed by
the numerical results so far obtained, including
those for two DCB specimens, designed to
characterise (i) debonding in an adhesive joint of
two aluminium plates and (ii) delamination in a
unidirectional carbon-fibre reinforced poly-etherether-ketone (PEEK) matrix.

Cohesive-zone models (CZMs) represent a widely
used alternative method to analyse crack growth. If
they are developed within a damage-mechanics
formulation a damage variable ranging between
References
0 and 1 can be introduced with the usual meaning.
The natural extension of the above described
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̇
function of . With this approach, crack-speed
(1995) 2725–2743.
jumps and possibly stick-slip behaviour may occur [3] G. A. Maugin, The thermodynamics of nonliif is non-convex in ̇ [3].
near irreversible behaviors, Word Scientific,
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Damage Evolution Predictions in Large Laminated Composite Structures
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The paper aims at the prediction of the mechanical performance of large structures made from laminated composites including nonlinear material behavior of the plies.
In academia and research, the study of material
nonlinearities of various kinds is widespread. Progressive damage, failure, plasticity, and delamination are considered for anisotropic constituents of
composites. In combination with numerical solution
schemes, e.g. the Finite Element Method (FEM),
structural analyses can be performed. Also, periodic
unit cells can be utilized for computational material
characterization. However, the size of the investigated structures is limited because of the computational effort in solving such nonlinear problems.
In industrial practice, nowadays, the common approach for studying large composites structures is to
perform linear elastic FEM computations in combination with first ply failure (FPF) analyses. These,
of course, neglect any nonlinearities and do not tell
what happens when exceeding the FPF limit.
To extend the predictive capabilities, a methodology is proposed which combines the two former
approaches. Dissipated energies which are associated with the individual nonlinear mechanisms will
be used as “damage evolution measures”. The approach will be presented for a textile laminate,
based on unit cell considerations of a single ply.

stored in a database and can be used in two ways.
First, “damage evolution envelops” in stress space
can be drawn corresponding to dissipation energy
levels, e.g. for the onset of the individual mechanisms and for various energy levels. This way, an
overview is given over “strength reserve”, sensitivity to overloads, directional sensitivity, damage evolution gradient, etc. Second, the data can be utilized
in an automated way, for which the predicted stress
from the FEM analysis at a location of the large
structure is used as input.
Since the assumption of radial stress paths may not
hold in general, additionally, strain controlled simulations are performed based on the linear elastic
state of the structure. The evaluation scheme is the
same as for the stress loading scenarios. Beyond the
elastic limit, however, the response under the strain
controlled loading may deviate from the stress controlled one. The two loading types give some upper
and lower estimates on the possible behavior.
The utilization of these ideas for other composite
materials with (complex) nonlinear behavior seems
to be feasible and fairly straightforward.
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program of the Austrian Ministry of Traffic, Innovation, and Technology and the Austrian Ministry of
The nonlinear behavior of the ply is considered first Economics and Labor is gratefully acknowledged.
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Analytical and Numerical Modeling of the Impact Behavior of Fibre-Metal
Laminates
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GLARE (GLAss-REinforced) Fibre-Metal Laminates (FMLs) present outstanding damage tolerance
properties and meet the stringent requirements of
aerostructures like the Airbus A380 fuselage panels
and the Boeing B777 cargo floor panels [1].

impacting mass, impact force, and impact duration can be explicitly determined. This approach reveals
that the composite layers modify the flexure of the
aluminium layers so that the global deformation is
the most energy-absorbing failure mechanism. At
In order to improve the impact resistance of this the same time, these aluminium layers prevent promaterial, testing is mandatory. Yet, scatter in ob- jectile penetration and limit delamination.
tained data increases the number of tests to observe In this paper, the developed analytical impact model
significant trends, which is time consuming and for FMLs will be presented. Its capabilities and limcostly. Numerical modeling has become increas- itations will be discussed with respect to numeriingly important in the development of advanced cal models. Analytical methods capture the fundamaterials for impact performance. Good agreement mental impact behaviour of FMLs while numerical
between experiments and numerical results could studies indicate the impact damage extent. For this
be achieved [2]. However, the numerous numeri- reason, the coordinately use of both methods is neccal studies on FMLs focus their attention to the re- essary to develop high-energy absorbing FML congion of local damage, at the expenses of knowledge cepts before performing impact testing.
on the contribution of global plate deformation. Besides, the influence of the metal layers on the impact References
response and energy absorption remains unclear [3].
This situation calls for using another method to op- [1] A. Vlot, J. W. Gunnink, Fibre Metal Laminates
- an introduction, Kluywer Academic Publisher,
timise FMLs for impact performance. To compleDordrecht, The Netherlands, 2001.
ment the scarcity of analytical studies, an analytical model was developed to assess the impact be- [2] A. Seyed Yaghoubi, B. Liaw, Thickness influence on ballistic impact behaviors of GLARE 5
haviour of FMLs [4, 5]. Constitutive equations adfiber-metal laminated beams: Experimental and
dress among other parameters:
numerical studies, Compos Struct 94(8) (2012)
2585–2598.
1. Generic flexural deformation profile
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nol 72(15) (2012) 1793–1802.
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Study of Impact Damage Response of Fibre-reinforced Polymer Composites
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A three-dimensional meso-scale finite element
model has been developed and implemented in user
material subroutines in ABAQUS to predict the
evolution of interlaminar and intralaminar damage
response of
unidirectional
fibre-reinforced
composite panels undergoing impact loads.
Performance of the main user-defined material
model subroutines under static loads was examined
in [1]. Drop-weight impact tests representative of
low-velocity high-energy impact loads were carried
out according to [2] at the University of Limerick
and are examined in this work. The combined
model developed for this study predicts the
evolution of fibre damage, shear-dominated and
transverse matrix damage, and delamination.
Impact energy levels are varied from 10J to 40J to
evaluate the level of damage threshold and
damaged area within the laminate. Nonlinear
dynamic response of the laminate from implicit and
explicit solvers has also been discussed.
Incorporating an elastic-plastic definition of the
composite material into the combined model, the
effect of plasticity on the impact response has also
been studied. The capability of the model to
capture the transient behaviour of the laminate has
been enhanced by implementation of strain rate
dependence of the composite material.

composite aircraft structures, funded by the
European Commission through FP7 work grant
number 213371 and led by AIRBUS.
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The results of the combined model, in a very good
agreement with the experimental data, provide an
accurate characterisation of the damaged area
through the thickness of the laminate. It has been
found that the damage threshold is successfully
predicted by the model. It is conclusively shown
that delamination must be accurately modelled in
order to correctly predict the impact damage
response. Comparisons are provided between
findings from this work and those from recent
literatures [3, 4] on the same issue.
The project has been carried out at the University
of Limerick as one of the main computational core
of the European-wide MAAXIMUS project with
the focus on fast simulation-based development of
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Carbon-fibre reinforced laminated composites are
becoming the material of choice for design of the
main load carrying components in advanced
structures such as aircrafts. Due to the critical role
that these components play in the structural
integrity of the aircraft, understanding and
predicting the behaviour of composite materials
under extreme loading conditions is crucial.

various impact parameters including the mass and
velocity of the impactors [3]. In this study, the
response of CFRP plates under low mass and high
velocity impact tests are simulated.

The Finite Element Model is then employed to
simulate the response of the impacted plate. The
predictions of the numerical model such as force
and deflection time histories, damage patterns and
dissipated energies are compared with the
Unlike conventional construction materials such as
metals with established theories for predicting their experimental observations and measurements (e.g.
behaviour under ultimate loads, there is no Figure 1).
comprehensive model for laminated composites
90
0
that can reliably predict their behaviour under
various loading scenarios.
The majority of the currently available models,
deal with laminated composites at the ply level.
These models are complicated and costly to run in
terms of computational time and therefore cannot
be practically used for simulation of large-scale
structures.
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The UBC COmposite DAmage Model (CODAM)
Figure 1: Predicted matrix damage pattern in
introduced by Williams et al. [1] is a macro-scale
various layers of the composite laminate.
model that takes the sub-laminate as its main
building block. The objective of the sub-laminate
approach is to provide a physics-based and References
computationally efficient model that is capable of
predicting the effective and overall behaviour of [1] K. V. Williams, R. Vaziri, A. Poursartip,
A Physically Based Continuum Damage
the laminate in large scale structures.
Mechanics Model for Thin Laminated
The second generation of CODAM, called
Composite Structures, Int J Solids Struct 40
CODAM2, has been developed recently at UBC.
(2003) 2267–300.
This model employs a non-local averaging scheme
[2] A. Forghani, N. Zobeiry, A. Poursartip,
that inhibits the spurious localization problem and
R. Vaziri, A Structural Modeling Framework
results in a more realistic prediction of damage
for Prediction of Damage Development and
patterns [2]. CODAM2 and its non-local averaging
Failure of Composite Laminates, J Compos
formulation are implemented in the commercial
Mater (submitted, 2013)
explicit finite element code, LS-DYNA, as a built[3] D. Delfosse, A. Poursartip, B. R. Coxon,
in material model (MAT_CODAM2 or MAT_219).
E. F. Dost, Non-penetrating impact behavior of
A series of lateral impact tests on carbon fibreCFRP at low and intermediate velocities, in:
reinforced laminated composite plates (CFRP)
Proc., Proceedings of the 5th Symposium on
were performed at The University of British
Composite Materials: Fatigue and Fracture,
Columbia to study the response of such materials to
ASTM, Philadelphia, PA, USA, 333-350, 1995.
CFRAC 2013

151

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

A Plastic Smeared Crack Model for Polymer-Matrix Composites
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A new fully three-dimensional smeared crack
model with uncoupled plasticity that is able to predict the onset and propagation of ply failure mechanisms in polymer composites reinforced by unidirectional fibers is proposed [1]-[2]. The failure criteria are used to predict not only the onset of the
failure mechanisms but also the orientation of the
fracture plane, which depends on the applied stress
state and on the microstructure of the material.
The information about the orientation of the crack
plane is used in a smeared crack model for transverse cracking that imposes a linear softening relation between the traction acting on the fracture
planes and the crack opening displacements. The
longitudinal failure mechanisms are represented using bi-linear softening relations and the corresponding material properties are obtained from the analysis of crack-resistance curves.
The model is validated using off-axis compression
tests performed in unidirectional specimens as well
as using tensile and compressive tests in multidirectional laminates containing central cracks and openholes. A good correlation between experimental observations and numerical predictions is obtained.
References
[1] M. Vogler, R. Rolfes, P. P. Camanho, Modeling
the inelastic deformation and fracture of polymer composites - part I: plasticity model, Mech
Mater (2013) (in press).
[2] P. P. Camanho, M. A. Bessa, G. Catalanotti, M.
Vogler, R. Rolfes, Modeling the inelastic deformation and fracture of polymer composites
- part II: smeared crack model, Mech Mater
(2013) (in press).
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Computational Micromechanical Model of Ply Failure: Matrix Cracking,
Delamination and Crack Density
D. F. Mora*, C. González, C. S. Lopes
IMDEA Materials Institute, Calle Eric Kandel, 2, Tecnogetafe 28906, Getafe, Madrid, Spain,
diego.mora@imdea.org
The primary aim in this study is to capture the
failure mechanisms in the transverse direction of
the ply. The secondary one is to relate the ply
stiffness with the crack density. We propose to use
the computational micromodel, developed by Canal
L.P. Bibliography entry, to simulate the crack
propagation of transverse cracks, the evolution of
the delamination promoted by matrix cracking and
the crack density by means of the embedded cell
approach. The model can also be used to study the
relation between the ply stiffness with the crack
density. According to Maimí et al. Bibliography
entry, this relation has to be defined solving the
Poisson's equation for the cracked ply embedded in
the laminate. However, in the proposed approach, it
is determined by using finite element simulation of
the detailed microstructure.
The modeling approach is based on a
representative volume element (RVE) of the
composites microstructure using periodic boundary
conditions to simulate an infinite laminate, which
has demonstrated to be capable to account for
nonlinear deformation and damage mechanisms
Bibliography entry. The RVE represents a
composite laminate with the following stacking
sequence: [0/90n/0]. The model assumes
homogeneous material properties and linear elastic
mechanical behavior for the outer plies. The model
also requires a suitable constitutive model to
predict the non-linear response of the embedded
ply. Therefore, it is assumed a continuum plasticdamage model for the bulk material. For the
debonding mechanism of the interface between the
epoxy matrix and the E-glass fiber, a cohesive
crack model is considered in terms of a bilinear
traction-separation law. Finally, the fibers are
considered completely elastic.

The model predictions
experimental data.

are

compared

with

Fig 1: Von Mises stress distribution and deformed
configuration in the embedded ply
References
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2011.
[2] P. Maimí, P. Camanho, J. Mayugo et al., Matrix
cracking and delamination in laminated
composites, part ii: evolution of crack density
and delamination, Mech Mater 43 (2011)
194–211.
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Intraply fracture of fiber-reinforced composites:
microscopic mechanisms and modeling,
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[4] J. Segurado, J. Llorca, A numerical approximation to the elastic properties of spherereinforced composites, J Mech Phys Solids 50
(2002) 2107–2121.

As for the fiber distribution, a random absorption
algorithm (RSA) is used to generate the
coordinates of the particle centers using a uniform
distribution Bibliography entry. Using this
algorithm, different fiber distributions can be tested
to analyze the effect of it on the failure process.
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Multiscale Modeling of Kinking in CFRPs: Validation and Competition Between
Damage Mechanisms
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The intensive use of Carbon Fibers Reinforced Plastics in aeronautics or automotive applications implies to master the prediction of any behaviour up
to final failure. The so-called virtual testing approach supports this goal and relies on the use
of robust models for key physical mechanisms.
Among them, the kinking phenomenon in compression along the fibers direction is a major one
since it is involved either in static or dynamic complex test cases, which can lead to many fragments
through the whole volume and consequently strong
non-linear behaviour and important dissipated energies. While the physics of kinking is relatively well
known at the scale of the fiber, its modeling at a
meso-scale and its interaction with delamination is
still challenging.
Previous works have focus on quasi-static loadings. A micro-modeling of a representative unit cell
incorporating a carbon fiber in an epoxy matrix
has been developped and is able to represent major degradation mechanisms associated to kinking
[1, 2]. It is based on Fleck & Budiansky’s kinking
theory. This micro model has been used to extract
the most important quantities (strength, dissipated
energy, kink band size) and the associated scattering
mainly due to straightness defects of fibers. From
that point, a model at an upper scale [3] has been improved to account for compressive loadings [4]. For
that, an approximate potential form has been proposed and the associated state and evolution laws
identified based on an energy equivalence principle.
The kinkband size play the role of localization limiter.
In this paper, two main activities are presented.
First, a validation of the proposed single fiber
micro-model is presented. It relies on the use of
a more complete model with multiple fibers, associated defects and cracks or fiber/matrix debondCFRAC 2013

ings. This allows to validate of the kinematic proposed for the single fiber micro-model as well as the
choice of the representative defect among the existing wide spectrum of defects. Second, simulations
are used to understand the competition between the
kinking (represented using the previously built homogenized model) and other degradation mechanisms such as transverse cracking at the laminate
scale. For that, different geometries of coupons and
loading conditions have been carried out, leading to
different degradation scenarios. Comparisons with
experimental observations [5] have been done.
References
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Structural applications of carbon fiber reinforced
composite (CFRC) materials are in continuous expansion in different industrial areas. As a consequence of their superior stiffness/weight and
strength/weight ratios in comparison to other engineering materials, the incorporation of composites has especially attracted the attention in the
aerospace and in the aeronautical sectors. In modern aerostructures, composites are also used in the
conception of the primary structure where stiffened
panels constitute one of the principal typologies.

the predominant failure mechanism. Focused on the
computational damage analysis, the Virtual Crack
Closure Technique (VCCT) was successfully employed to predict the crack growth characteristics of
the specimens tested [1].
The present contribution covers the FE simulation
of the damage process of a composite runout specimen under uniaxial tensile loading action at component level. Alternatively to the investigations mentioned above, the numerical characterization of the
damage in the component is carried out through
the use of the Cohesive Zone Model approach [2].
Due to the high level of discretization that this approach generally requires in order to obtain accurate predictions, the insertion of interface cohesive
elements along the entire stiffener-skin junction can
result computationally unaffordable. One possible
choice to overcome these limitations can be to use
FE global-local techniques. In this sense, this work
complements the investigation previously accomplished [3], and is part of a large experimental and
numerical program aiming to characterize the damage tolerance of different runout concepts under
identical supporting and loading conditions at structural component level.

Current design constraints require the elimination
of a certain number of stringers along the structural
definition of the component, these locations being
usually denominated as runout regions. The abrupt
change in the geometrical configuration around
these areas makes the load carrying mechanisms
of the component resulting significantly modified.
Hence, the loading in the stiffener must be absorbed
by the skin to which it is attached to. It leads,
consequently, at these locations, to complex threedimensional stress states that include high stress
concentrations. Based on the previous arguments, it
is clearly noticeable that runout regions can be identified as crucial locations at which different damage
mechanisms and failure processes can potentially
occur in real components. Therefore, the develop- References
ment of reliable methodologies of analysis to provide a further insight into the phenomenology of [1] A. Faggiani, B. G. Falzon, Numerical analydamage in these components can yield to significant
sis of stiffener runout sections, Appl Compos
optimizations in their structural conceptions.
Mater 14 (2007) 145–158.
The analysis of runout areas has been carried out [2] D. S. Dugdale, Yielding of steel sheets containing slits, J Mech Phy Solids 8 (1960) 100–104.
from experimental and numerical points of view.
In particular, damage tolerance of different coupon- [3] J. Reinoso, A. Blázquez, A. Estefani, F. Parı́s,
J. Cañas, E. Arévalo, F. Cruz, Experimental
size configurations under uniaxial tensile and comand three-dimensional global-local finite elepressive actions were thoroughly investigated in
ment analysis of a composite component in[1] (see also references therein). Observations percluding degradation process at the interface,
formed in the vast majority of these experiments
Compos Part B: Eng 43(4) (2012) 1929–1942.
evidenced the skin-stringer debonding process as
CFRAC 2013

155

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Computational Models for the Description of Multi-Particle Interactions in Random
Structures, Meso- and Macrofailure of Unidirectional Fibre-Reinforced Composites
A. V. Zaitsev*, A. V. Kislitsyn, V. S. Koksharov, Yu. V. Sokolkin
Mechanics for Composite Materials and Structures Department, Aerospace Faculty, Perm National
Research Politechnic University, Komsomolskiy Ave. 29, Perm, 614990, Russian Federation,
zav@pstu.ru
The structural stochasticity of unidirectional composites is caused by randomness of the shape, mutual disposition, and orientation of fibers and dispersion of their diameters. The principles of constructing algorithms for the computer generation of
random-structure unidirectional fibre-reinforced
composites are formulated, the maximal void fractions of inclusions are defined, and the effects of
self-organization and self-regularization are detected and explained. A special investigation into
structures with randomly distributed fibre diameters allowed us to establish that the dispersion of
fibre diameters was a factor predetermining the occurrence of localization and the lack of periodic
terms in random fields. Analytical expressions for
the conditional and unconditional multipoint correlation functions (i.e. CF) of different orders for
random-structure random stress and strain fields
are obtained. Analytical expressions for derivatives
of the conditional and unconditional CF of second
and third order at the points corresponding to zero
values of arguments are obtained. Applying a
correlation analysis to the unidirectional fibre-reinforced random-structure composites created, new
criteria for determining the characteristic size of
the representative volume element, with account of
the multi-particle inter action in the system of reinforcement aggregates, is proposed.

A nonlinear two-level structurally phenomenological model of damaged unidirectional fibre-reinforced composites was presented. The model allowed
us to describe the inclination and coarsening of defects in the matrix as a multistage process and determine the instant of macrofailure as a result of the
loss of stability of damage evolution. An iteration
procedure is presented for an automatic selection of
a quasi-static loading step for a composite with
elastic-brittle structural elements in numerically
solving boundary-value problems by using FEM.
The procedure suggests that a minimum possible
number of matrix domains change their deformation properties owing to the partial loss or recovery
of the bearing strength if the type of stress-strain
state changes on the structural level. For various
schemes of combined triaxial proportional macrodeformation and anti-plain shear of composites, the
main regularities in the evolution of damaged matrix domains were determined. The phenomenon of
‘quantum’ character of damage evolution under
hydrostatic compression, which did not depend on
the type of statistical distribution law of fibre diameters was detected and investigated. A qualitative
correlation between the macrofailure character in
computational experiments and the results of
mechanical tests in the anti-pain shear of glassepoxi plastics was shown to exist.

Computational experiments in transverse shear and
tension, uniform tension in the reinforcement direction, and anti-plane shear showed that the effective
elastic moduli of the composites did not depend on
the symmetry and asymmetry of the distribution
laws. But the asymmetry significantly affected the
fractional structure of the materials and the character of multi-particle interaction at distances from
half to two averaged fibre diameters. These length
scales predetermined the character of strain and
stress heterogeneity in undamaged composites and
significantly affected the damage evolution scenario at the initial stage of quasistatic loading.

The authors acknowledge the support of the Russian Foundation for Basic Research (Grant RFBR
№ 11–01–00910).
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Micromechanical Failure Modeling of Trabecular Bone Using Isogeometric Analysis
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Advanced computational methods are now well accepted in biomedical engineering and have found
their way into clinical practice. An example is the
determination of bone fracture risk, where numerical simulations play an important role in the calculation of reduced bone strength due to e.g. osteoporosis. Numerical simulations are required to adequately represent the microarchitecture of the bone
in order to accurately identify bone strength.

of gradient damage models – for which IGA has
already been demonstrated to be an efficient discretization technique [5] – to mimic the evolution of
damage in a trabecular bone specimen. Using standard numerical homogenization methods we derive
direct failure indicators from these damage analyses.
References

In the last few decades microscale finite element
techniques have been proposed that use a voxel con- [1] T. J. R. Hughes, J. A. Cottrell, Y. Bazilevs,
Isogeometric analysis: CAD, finite elements,
version technique to represent the bone microstrucNURBS, exact geometry and mesh refinement,
ture with brick elements. Although such analyses
Comput Method Appl M 194 (2005) 4135–
can well predict bone stiffness in some clinical re4195.
search studies, the disadvantages associated with
such analyses prevent wider application. Most im- [2] J. A. Cottrell, T. J. R. Hughes, Y. Bazilevs,
Isogeometric Analysis: Toward Integration of
portantly, due to their inability to accurately repreCAD and FEA, Wiley, Chichester, 2009.
sent microscopic stresses, only ad-hoc strength in[3] D. Schillinger, L. Dede, M. A. Scott, J. A.
dicators can be used.
Evans, M. J. Borden, E. Rank, T. J. R.
Isogeometric analysis (IGA) [1, 2] is proposed to
Hughes,
An isogeometric design-throughovercome the difficulties associated with traditional
analysis methodology based on adaptive hierarfinite element analyses for microscale bone specichical refinement of NURBS, immersed boundmens. Given a voxel mesh obtain from a micro-CT
ary methods, and T-spline CAD surfaces, Comscan, the developed numerical method is capable of
put Method Appl M 249 (2012) 116–150.
representing bone structures of arbitrary topological
complexity. As a first step in this method an implicit [4] A. V. Vuong, C. Giannelli, B. Jüttler,
B. Simeon,
A hierarchical approach to
boundary representation is created by the construcadaptive
local
refinement in isogeometric
tion of a volumetric B-spline level set function. In
analysis, Comput Method Appl M 200 (2011)
the second step, an immersed boundary method [3]
3554–3567.
is employed to construct an analysis-suitable spline
space over the geometry of interest. Hierarchical re- [5] C. V. Verhoosel, M. A. Scott, T. J. R. Hughes,
R. de Borst, An isogeometric analysis approach
finement [4] is used to locally refine the spline space
to gradient damage models, Int J Numer Meth
to ensure sufficient analysis accuracy (in e.g. the
Eng 86 (2011) 115–134.
stresses).
The smooth parametrization of the computational
domain and the corresponding smooth discretization of the displacement field allow for an accurate
determination of stresses. This opens the doors to
performing computationally reliable failure analyses. In this contribution we study the applicability
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Cohesive zone (CZ) models based on non-linear
relationships between tractions and opening
displacements are widely adopted within finite
element frameworks to analyze fracture of
materials and interfaces. Herein we focus
specifically on debonding at bimaterial interfaces,
or more in general on problems where the path of
the debonding crack is known a priori.
A drawback of CZ models is that, unless a
sufficiently fine mesh is provided around the crack
front, the computed load-deflection response is
non-smooth and may exhibit artificial snapthroughs and snap-backs [1]. This is due to the
inability of coarse meshes to capture correctly the
strain field in the process zone around the crack
front during its propagation.

order inter-element continuity with respect to
classical finite elements.
In this contribution, debonding problems at known
interfaces are treated with CZ modeling within the
T-spline-based isogeometric framework. The
interface is discretized with zero-thickness contact
elements which account for both contact and
debonding within a unified framework, using a
Gauss-point-to-surface formulation. The continuum
is discretized with cubic T-splines, as well as with
arbitrary order Lagrange polynomial elements for
comparison purposes. Results for mode-I double
cantilever beam (DCB) and mode-II end-notched
flexure beam (ENF) tests with varying resolutions
of the process zone are presented and compared in
terms of load-deflection relationship. The ability of
T-spline interpolations for fracture modeling is
discussed.

In contrast to refinement of the entire domain, local
refinement of the process zone is a computationally
more efficient alternative. To this end, different
surface enrichment strategies have been developed
References
in the literature using different types of enrichment
functions for CZ interface elements [1,2], as well [1] M. A. Criesfield, G. Alfano, Adaptive hieraras for contact elements [3]. These techniques,
chical enrichment for delamination fracture
however, only affect the interacting surfaces and
using a decohesive zone model, Int J Numer
leave the bulk behaviour of the solid unaltered.
Meth Engng 54 (2002) 1369–1390.
Moreover, they typically do not increase the degree [2] I. Guimatsia, J. K. Ankersen, G. A. O. Davies,
of continuity of the parameterization at the interL. Iannucci, Decohesion finite element with
element boundaries which is also responsible for
enriched basis functions for delamination,
unphysical stress oscillations at the interface.
Compos Sci Technol 69 (15-16) (2009) 2616–
The isogeometric analysis framework [4] has
2624.
already demonstrated to guarantee substantial [3] R. Sauer, Enriched contact finite elements for
advantages in the computational treatment of
stable peeling computations, Int J Numer Meth
unilateral contact [5]. Differently from nonEng 87 (2011) 593–616.
uniform rational B-splines (NURBS) built on [4] J. A. Cottrell, T. J. R. Hughes, Y. Bazilevs,
rectangular grids in the parameter space, T-splines
Isogeometric analysis: Toward integration of
allow local refinement due to the introduction of TCAD and FEA, Wiley, Chichester, 2009.
junctions and extraordinary points. This approach [5] L. De Lorenzis, P. Wriggers, G. Zavarise, A
is particularly suitable for CZ models, due to the
mortar formulation for 3D large deformation
high resolution required by these models in the
contact using NURBS-based isogeometric
process zone. Furthermore, in the isogeometric
analysis and the augmented Lagrangian
setting the discretized crack surfaces feature higher
method, Comput Mech 49 (2012) 1–20.
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Isogeometric analysis (IGA) has recently received
much attention in the computational mechanics community. The basic idea is to use splines, which are
the functions commonly used in computer-aided design (CAD) to describe the geometry, as the basis
function for the analysis rather than the traditional
Lagrange polynomial functions [1].

In this work, we develop a solid-like shell element
that is based on the isogeometric concept. It therefore combines the advantage of an accurate geometric description of the shell reference-surface and
the advantages in terms of meshing of isogeometric analysis with the three-dimensional stress representation of conventional solid-like shell elements.
The formulation adopts NURBS (or T-spline) basis
functions for the discretization of the shell referencesurface, while in the thickness direction a higher order B-spline basis function is used. A very useful
property of the B-splines is their ability to model
strong discontinuity by knot insertion [5]. Using this
property, we model delamination in composite laminates. The proposed isogeometric solid-like shell element and its application for delamination modelling
will be demonstrated by several examples.

A main advantage of isogeometric analysis is that the
functions used for the representation of the geometry are employed directly for the analysis, thereby
by-passing the need for a sometimes elaborate meshing process. This important feature allows for a
design-through-analysis procedure which yields a
significant reduction of the time needed for preparation of the analysis model [1]. Indeed, the exact parametrization of the geometry can have benefits for the numerical simulation of shell structures, which can be very sensitive to imperfections in
the geometry. Moreover, the higher-order continuity References
of the shape functions used in isogeometric analysis allows for a straightforward implementation of [1] J. Cottrell, T. J. R. Hughes, Y. Bazilevs, Isogeometric analysis: toward integration of CAD and
shell theories which require C 1 continuity such as
FEA, John Wiley & Sons, Chichester, 2009.
Kirchhoff-Love models [2, 3]. A Reissner-Mindlin
[2]
J. Kiendl, K. U. Bletzinger, J. Linhard,
shell formulation has been developed by Benson et
R. Wüchner, Isogeometric shell analysis with
al. [4] using NURBS basis functions.
Kirchhoff-Love elements, Comput Method Appl
A further benefit of basis functions that possess a
M 198 (2009) 3902–3914.
higher degree of continuity is that the computation of
[3] R. de Borst, M. A. Crisfield, J. J. C. Remmers,
stresses is vastly improved. In shell analysis this can
C. V. Verhoosel, Non-linear finite element analybe particularly important when materially non-linear
sis of solids and structures, Wiley series in comphenomena such as damage, or delamination, which
putational mechanics, Second edition, 2012.
can occur in laminated spatial structures, are in[4] D. J. Benson, Y. Bazilevs, M. C. Hsu,
cluded in the analysis. In the latter case the computaT. J. R. Hughes, Isogeometric shell analysis: The
tion of an accurate three-dimensional stress field beReissner-Mindlin shell, Comput Method Appl
comes mandatory, and solid-like shell elements beM 199 (2010) 276–289.
come an obvious choice. The latter class of shell el[5] C. V. Verhoosel, M. A. Scott, R. de Borst,
ements is characterized by the absence of rotational
T. J. R. Hughes, An isogeometric approach to
degrees of freedom, which is convenient when stackcohesive zone modeling, Int J Numer Meth Eng
ing them, yet possess shell kinematics, and are rather
87(1-5) (2011) 336–360.
insensitive to shear locking and membrane locking.
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A Phase-Field Model for Cohesive Fracture using Isogeometric Analysis
J. Vignollet1∗ , S. May1 , R. de Borst1 , C. V. Verhoosel2
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julien.vignollet@glasgow.ac.uk
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1

The objective of this contribution is the development of a numerical procedure using a diffusive
model that is able to characterise crack propagation
and branching in the context of cohesive and quasistatic fracture. The performance of the obtained formulation is tested using a standard FEM formulation and isogeometric analysis.

description of dynamic brittle fracture, Comput
Method Appl M 217 (2012) 77–95.

The diffusive model, based on [1], introduces a
crack phase-field to describe the evolution of the
fracture, inherently removing the need for a discrete
crack. A thermodynamically consistent framework
was developed for the smeared description of the
crack topology. The resulting model, derived from
balances of storage and dissipation of energy, couples the kinematic and phase-field variables.
This model, initially derived for brittle fracture, is
extended to include cohesive-zone processes. The
introduction of an auxiliary field that approximates
the displacement jumps across the formed crack
was necessary in order to evaluate the cohesive
forces.
The performance of the proposed approach is tested
on 2D numerical examples. The coupled problem is
solved in a monolithic approach first using standard
finite elements, and second using isogeometric elements in a similar fashion to [2] and [3].
References
[1] C.Miehe, F. Welschinger, M. Hofacker, Thermodynamically consistent phase-field models
of fracture: Variational principles and multifield FE implementations, Int J Numer Meth
Eng 83 (2010) 1273–1311.
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cohesive zone modeling, Int J Numer Meth Eng
87 (2010) 336–360.
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Seismic Analysis of RC Structures Using Damage Model and Simplified Modelling
J. Mazars1∗ , S. Grange1 , F. Hamon2 , M. De Biaso1
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p
εµt = 0.5Iε /(1 − 2ν) + 0.5 Jε /(1 + ν)
When treated using nonlinear finite elements techniques, structural dynamic analysis generates, for - ε is the equivalent strain in compression,
µc
RC structures, complex and large numerical probp
εµc = 0.2Iε /(1 − 2ν) + 1.2 Jε /(1 + ν)
lems. Damage is a major aspect of the behavior of
concrete and the discretization technique is an im- Iε and Jε are the first strain tensor invariant and
portant keypoint to control the size of the problem. the second deviator strain tensor invariant, respecBoth aspects are considered in this paper and appli- tively. Yµt and Yµc evolve monotonically (whatever
cations on seismic situations are proposed.
is the loading path), from a threshold (Yµt0 , Yµc0 )
Based on previous work [1, 2], the µ damage model to maximum values at failure. According the aforeis a new model set up around the use of a multi- mentioned, the variable which pilots damage is ob− r)Yµc ; r is the triaxial
µ = rYµt + (1P
surface threshold to activate the different damage tained by: YP
e
| σie |, where σie is the
< σi > +
effects linked to cyclic loading, including unilateral factor r =
effects. Assumptions are formulated to simplify the principal effective stress. Finally, through the evoluwriting, while allowing a correct description of the tion of εµt and εµc the evolution of Dµ is associated
to two loading surfaces:
main non-linear effects. In that way the model
fµt = εµt − Yµt = 0 and fµc = εµc − Yµc = 0.
• couples elasticity and damage; damage is asUsing the Dµ value, the equation σ = (1 − Dµ )Λ0 :
sumed isotropic (scalar variable);
ε is the only one necessary to describe the be• is described in a complete explicit form;
haviour. Simplified FE description is based on the
use of multifiber beam elements for beams and
• does not include any permanent strain.
columns and equivalent lattice model for walls. A
regularization method is introduced to limit depenThis last choice is the result of a long experidency on the mesh size during strain and damage
ence on the simulation of nonlinear behavior of
localization phenomena [3]. Propositions for dampRC structures, which leads to the conclusion that
ing description are discussed [2]. Applications on
permanent strains come mainly from plasticity of
shaking table tests justify the various concepts and
steel, therefore the part coming from concrete can
assumptions presented.
be neglected. The general 3D constitutive relationship is: σ = (1 − Dµ )Λ0 : ε, where Λ0 is related to the initial mechanical characteristics and References
σ, ε, are the stress and strain tensor respectively.
Driving the stiffness evolution, the damage variable [1] J. Mazars, A description of micro and macro
scale damage of concrete structures, Eng Fract
Dµ = Fµ (Yµ , A, B) depends both, on the historMech 25 (1986) 729–737.
ical path of loading and, on the actual state of the
[2]
C. Pontiroli, A. Rouquand, J. Mazars, Predictload. Consequently (and it is an original concept),
ing concrete behaviour from quasi-static loadDµ changes during the closing-opening of cracks,
ing to hypervelocity impact, Eur J Environ Civil
A and B are used to fit the good trend of the curves
Eng 14 (2010) 729–737.
of evolution and Yµ is the pilot variable for Dµ .
[3] C. Giry, F. Dufour, J. Mazars, Stress based
Two internal variables are chosen, Yµt and Yµc
nonlocal damage model, Int J Solids Struct 48
which are the maximum values of two equivalent
(2011) 3431–3443.
strains, εµt and εµc respectively:
1

- εµt is the equivalent strain in tension,
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Finite Element Simulation of Sandwich Panels of Laminated Plaster and Rockwool
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Sandwich panels of laminated gypsum and rock
wool have shown large pathology of cracking due
to excessive slabs deflection. Currently the most
widespread use of this material is as vertical
elements of division or partition, with no structural
function, what justifies that there are no studies on
the mechanism of fracture and mechanical
properties related to it. Therefore, and in order to
reduce the cracking problem, it is necessary to
progress in the simulation and prediction of the
behaviour under tensile and shear load of such
panels, although in typical applications have no
structural responsability. To carry out this research,
the behaviour of this material can be considered
quasi-brittle and, based on this idea, in this work
has been studied using a cohesive crack model that
has been applied to other quasi-brittle materials,
such as concrete, and has provided very
satisfactory results.
This communication presents the work carried out
to study the mechanical and resistant behaviour
under normal and shear load taking into account
the size effect of the specimen of plaster and rock
wool. The authors designed an experimental
campaign under mixed mode composed by testing
specimens of different sizes. Assymetrical threepoint bending tests have been performed on
notched specimens, geometrically similar and of
different size, to obtain load-displacement and
load-crack mouth opening displacement curves.
Previously a series of experimental tests were
carried out to characterize a sandwich panel of
laminated gypsum and rock wool, and each of its
components: plasterboard, rock wool and paper.
We designed the experimental campaign to obtain
the strength properties of the studied materials, and
its specific fracture energy, GF, as well as the
complete curves of applied load versus
displacement. From the experimental results it can
be observed that the fracture energy is strongly
influenced by the thickness of the wool, rather than
the plate.
CFRAC 2013
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To numerically simulate the mixed-mode fracture
behaviour of the panels we have used a finite
element model with embedded crack, based on the
cohesive crack model, using as input the
experimental parameters obtained in the
experimental campaign, obtaining a good
adjustment. Based on these results we analyze the
mixed-mode fracture behaviour of the material and
the size effect of the panels. Finally, the authors
have used this model to study the limitation of the
maximum deflection of slabs in order to avoid its
cracking.
References
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Finite element simulation to design constructive
elements: An application to light gypsum
plaster for partitions, Constr Build Mater 23
(2009) 14–27.
[2] E. Reyes, J. C. Gálvez, M. J. Casati,
D. A. Cendón, J. M. Sancho, J. Planas, An
embedded cohesive crack model for finite
element analysis of brickwork masonry
fracture, Eng Fract Mech 76 (2009) 1930-1944.
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Fracture Modelling of Adhesive Bonds Subjected to Multiaxial Loading
J. P.-H. Belnoue∗ , S. R. Hallett
Advanced Composites Centre for Innovation and Science (ACCIS), Queen’s Building, University of
Bristol, University Walk, Bristol, BS8 1TR, UK, Jonathan.Belnoue@bristol.ac.uk
Due to their light weight and high strength and
toughness, composites materials are becoming increasingly popular for the design of many engineering components in areas as diverse as tidal and
wind energy, jet-engines, automobiles, etc Due to
the complexity of one-piece component manufacturing, the need to develop good joining techniques
is becoming more pressing. As opposed to more
widespread joining techniques such as bolted joints,
adhesive joints do not need holes machining thus
limiting the addition of high stress concemtrations
and reducing the component exposure to failure.
Furthermore, they are lighter and more economical.
Despite having been studied extensively, predicting
their resistance to failure remains exceedingly challenging [1]. Some success towards failure prediction of thin brittle adhesive joints has been achieved
using the popular cohesive zone element method in
finite element analysis. Interface elements however
remain poorly adapted to the description of crack
propagation in thick ductile adhesive as they require
a-priori knowledge of the crack path and, even when
an attempt is made to take the joint ductility into account [2, 3], do not allow approppriate description
of constraint effects [1, 2]. This is a serious impediment to a more systematic use of adhesively bonded
joints within composites-based engineering component design. Indeed, in many practical applications
the manufacturing tolerance does not allow meeting
the thin adhesive requirements.
In the present study an evolution of the interface element / continuum damage mechanics (CDM) hybrid approach to failure in thick ductile adhesive
joints presented in [4] is used. The adhesive plasticity is taken into account through the use of a classical Drucker-Prager yield criterion. The material
hardening behaviour is assumed to be piecewiselinear (the material behaviour in pure tension and
pure compression is obtained from experimental
testing and given as an input to the model). The material is degraded anisotropically through a 2nd order damage tensor. As in CDM, the material degraCFRAC 2013

dation is triggered when the equivalent plastic strain
reaches a certain threshold whilst, similarly to cohesive zone modelling, crack propagation is controlled
by an energy term that ensures that the model is
mesh-independent. The two model parameters controlling the damage development in the joint are determined through an inverse method. The validity
of the the modelling approach and of the parameter
identification procedure are confirmed by comparing the model predictions with experimental results
obtained from double lap shear tests performed on
1 mm and 2 mm bondline specimens under different level of through thickness compression [5].
References
[1] D. L. Hunston, A. J. Kinloch, S. S. Wang, Micromechanics of fracture in structural adhesive
bonds, J Adhesion 28 (1989) 103–114.
[2] T. Pardoen, T. Ferracin, C. M. Landis, F. Delannay, Constraint effects in adhesive joint fracture, J Mech Phys Solids 53 (2005) 1951–1983.
[3] K. N. Anyfantis, N. G. Tsouvalis, A novel
tractionseparation law for the prediction of the
mixed mode response of ductile adhesive joints,
Int J Solids Struct 49 (2012) 213–226.
[4] J. P.-H. Belnoue, S. R. Hallett, A numerical model for thick composite-metalic adhesive
joints, in: Proc., 27th Technical Conference—
American Society for Composites, Arlington,
2012.
[5] C. Jeenjitkaew, S. Giannis, Effect of through
thickness compression on the static failure
and fatigue life of composite-to-metal double
lap joints, in: Proc., 9th Euradh Conference,
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Durability of reinforced and precast concrete is not
an innovative aspect in the scientific-technical
world and it is concerned with in numerous codes,
standards and recommendations. The reparation of
the durability problems is very expensive. For
example, according to the Federal Highway
Administration, approximately 30% of the
American bridges were either structurally deficient
or functionally obsolete in 2001. [1]. Among
degradations sources we can consider: corrosion
(either due to carbonation or chloride ingress),
freezing and thawing cycles, abrasion, thermal
gradients, chemical attacks, dissolutions processes
and alkali-aggregate reactions [2]. Evidently every
isolated process can interact with each other
increasing structural damage this way [3].

concrete and environmental parameters) and time
to corrosion damage [1].

This paper presents a model for the chloride
diffusion in the concrete taking into account the
pore structure of the concrete, the internal humidity
and the temperature. The model accomplishes the
concentration of the chloride, the gradient of the
concentration, the temperature and the humidity.
The model also models the presence of cracks in
the concrete. Based on the results of chloride
diffusion a corrosion rebar is assumed and the
radial expansion of the corroded reinforcement
simulated. The possible cracking around the rebar
is modeled with an embedded cohesive model [4].
The model has been implemented in the FEAP
Finite element code. The steel radial expansion is
This paper is focused on the problem of the simulated by means of a temperature increase.
chloride-induced corrosion of the rebar in
reinforced concrete, with special application to the
slabs and decks of the bridges. High superficial References
concentrations may be usual in these structures
(marine environments or de-icing salts in roadway [1] T. J. Kirkpatrick, R. E. Weyers, C. M.
Anderson-Cook, M. Sprinkle, Probabilistic
bridges, e.g.). Like any aggressive agent such as
model for the chloride-induced corrosion
water, gases or other dissolved ions, chloride
service life of bridge decks, Cement Concrete
induced deterioration is very conditioned by
Res 32 (2002) 1943–1960.
possibilities of transport through concrete mass.
[2] O. Coussy, F. J. Ulm, Elements of Durability
Mechanics of Concrete Structures, in: Proc.,
In the case of models for the chloride induced
Creep, Shrinkage and Durability Mechanics of
corrosion, the common service life involves two
Concrete and other Quasi-Brittle Materials,
time periods: the first is the time for chloride
Wittmann, 2001.
diffusion and the second is the time for corrosion
[3]
R. Mu, C. Miao, X. Luo, W. Sun, Interaction
damage. According to Monte Carlo analysis,
between loading, freeze-thaw cycles, and
failure probability is based on time depending on
chloride salt attack of concrete with and without
materials properties and stochastic distribution of
steel fiber reinforcement, Cement Concrete Res
external loads: cover depth, chloride content
32 (2002) 1061–1066.
analysis, surface chloride concentration, apparent
[4]
J. M. Sancho, J. Planas, D. A. Cendón,
diffusion coefficient based on Fick’s second law
E. Reyes, J. C. Gálvez, An embedded crack mo(because of chemical reactions taking place
del for finite element analysis of concrete fracbetween the penetrating agent and concrete, see
ture, Eng Fract Mech 74 (2007) 75–86.
ASTM C1556-04), chloride corrosion initiation
concentration (may depends on composition of
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Experimental Validation of a Fracture Model for Pearlitic Steel Bars Based on the
Cohesive Zone Model
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In the authors’ opinion, using a cohesive model as
a failure criterion is interesting in this case, since a
cohesive model only requires two parameters to be
defined, with the fracture energy being one of
them, which can be obtained experimentally. In
addition to this, given that it is known that the
stress triaxiality has a strong influence on the
fracture of ductile materials, a cohesive model
The characterisation of metallic materials is usually
carried out as described by ISO 6892-1 standard, whose parameters are affected by the value of the
which defines the tensile testing method for stress triaxiality can be considered.
metallic materials. When the maximum load point This work presents the experimental validation of a
is reached, necking process begins. This makes fracture model for steel specimens in a tensile test,
difficult to study the behaviour of the material from based on a cohesive behaviour and taking into
that moment until failure.
account the effect of stress triaxiality. Experimental
On another point, metallic cylindrical specimens tests have been carried out on cylindrical
tested under tension usually show a cup-cone specimens of three different diameters: 3, 6 and
surface after failure and the failure mechanism is 9mm. These tests have been reproduced
usually explained with the theory of nucleation, numerically using the aforementioned cohesive
element. Results from the numerical simulations
growth and coalescence of microvoids. Based on
this theory, many numerical models have been have been compared with the experimental results,
developed, with a special mention to the Gurson- showing good agreement with them.
Steel is, together with concrete, the most widely
used material in civil engineering works. Not only
its high strength, but also its ductility is of special
interest, since it allows for more energy to be
stored before failure. A better understanding of the
material behaviour before failure may lead to better
structural safety strategies.

type models [1]. These models simulate
mathematically the physical growth of microvoids,
References
leading to a progressive development of the
internal damage that takes place during a tensile
[1]V. Tvergaard, A. Needleman, Analysis of the
test. In these models, the damage starts to develop
cup-cone fracture in a round tensile bar, Acta
in very early stages of the test.
Metall Mater 32 (1984) 157–169.
Nevertheless, cylindrical specimens made of [2] F. Suárez, J. C. Gálvez, D. A. Cendón,
pearlitic steel rods used for manufacturing
J. M. Atienza, M. Elices, Análisis de la
prestressing steel wires do not show a cup-cone
deformación de rotura en el ensayo de tracción
fracture surface. These specimens show a flat
en probetas cilíndricas de acero perlítico, in:
fracture surface with a dark region in the centre of
Proc., Anales de Mecánica de la Fractura,
it. Experimental results obtained by the authors [2,
Gijón, 28, Vol. I, 205–210, 2011.
3] suggest that, in the case of this material, failure [3] F. Suárez, D. A. Cendón, J. C. Gálvez,
takes place as a result of a ductile-brittle transition
J. M. Atienza, M. Elices, A fracture model for
process. Therefore, in this type of materials, a
pearlitic steel bars using a cohesive model, in:
quasi-brittle fracture is developed as a consequence
Proc., ECCOMAS 2012, Viena, 2012.
of a decohesion process, with the dark region
acting as a circular crack perpendicular to the
loading direction.
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Stochastic Crack Formation in Reinforced Concrete Tension Bars
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Estimation and control of crack width is essential
for a proper design of reinforced concrete structures. Some well-known analytical approaches have
been derived for crack width estimation [1, 2]. Although they are widely used in engineering practice they suffer from drawbacks, e.g. nonlinear behavior of the reinforced concrete constituents concrete, reinforcement and bond are not considered.
Furthermore, another important aspect is given by
the fact that properties of structures and building
materials may have considerable scatter. In particular this concerns the properties of concrete. These
aspects constrain the value of the results of deterministic analytical calculations and encourage a numerical stochastic approach.
Such an approach has two major components: a deterministic base model and a framework to generate
and evaluate a large number of samples while utilizing statistical characterics. This paper discusses
a deterministic numerical model for the cracking
of reinforced tension bars based on the FiniteElement-Method which overcomes simplifications
and restrictions of the conventional analytical models [3]. Major parameters are the limited tensile
strength of concrete and the nonlinear bond between
concrete and reinforcement. The model yields the
formation of discrete cracks over all stages of the
loading history of reinforced concrete tension bars
beginning with first single cracks followed by the
final cracking pattern up to the yielding of the reinforcement. The crack width for every single crack
together with stresses, strains and slips are computed for all components at every stage.
A major influence parameter for crack formation is
given by the tensile strength of concrete. Furthermore, this parameter is subject to a relatively high
scatter. Thus, this paper discusses the influence of
the stochastics of concrete tensile strength on the
stochastics of crack width in a first approach of
stochastic crack formation simulation. Stochastics
of concrete tensile strength has two dimensions. A
CFRAC 2013

sample of a concrete bar has varying tensile strength
along its axis, i.e. a stochastic field which is characterized by statistical parameters like distribution
type, mean value, correlation length and others. Additionally the bulk of samples has to be considered.
The paper discusses a method to generate a population of stochastic fields for concrete tensile
strength according to prescribed statistical parameters and to combine them with the deterministic
base model within the framework of the MonteCarlo-Method [4]. The method is applied to reinforced concrete tension bars exposed to external
loadings and restraints like temperature and shrinkage. A parametric study is performed assuming different types of distributions, standard deviations and
correlation lengths for concrete tensile strength and
investigating the effects on crack width distributions
and crack width mean values, standard deviations
and quantile values over the entire loading range.
The entire approach shall support an extended view
of reliability and durability of reinforced concrete
structures.
References
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Modeling Anisotropic Ductile Damage in Sheet Metal Forming
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Metal sheets show significant orientation
dependence in their mechanical properties due to
the rolling process. In metal forming practice, this
inherent anisotropy is mostly reflected using
anisotropic plasticity models. Once used with
ductile damage models such as Gurson-TvergaardNeedleman (GTN) or Lemaitre’s conventional
damage model, the anisotropy of the fracture is
then implied by anisotropy of plastic flow. This,
however, does not reflect the real material behavior
completely. Like in the case of plasticity, where
preferred directions are developed with extensive
plastic deformation of grains, the void sources, e.g.
inclusions or second phases, within the material
matrix also do not deform evenly at all directions
during rolling. Let alone the rolling process, even
the simplest uniaxial loading can change an
initially spherical void into an ellipsoidal one on
the course of deformation. The former example of
the rolled sheet can be seen here to constitute an
inherent source of anisotropy of damage and the
latter one of evolving void morphology during
deformation as an induced one. During metal
working the initial and induced anisotropy of
damage has significant consequences on the
formability due to varying toughness of the sheet
with loading direction.

critical porosity dependent void coalescence
complement the model to account for all aspects of
ductile damage composed of void nucleation,
growth and coalescence.

Based on a corotational framework the models are
implemented as user defined material subroutines,
VUMAT,
into
ABAQUS/Explicit.
The
identification of the parameters for DC04 sheets is
handled using a hybrid experimental and numerical
inverse scheme. These involve, on the experimental
side, smooth and notched tensile tests at various
orientations with respect to the rolling direction as
well as the in-plane torsion test. The numerical side
involves simulation of the tests using the developed
subroutines. As a pragmatic solution to the
pathological mesh dependence and a means of
controlling extent of localization accompanying
softening regimes, in all of the simulations, the
minimum mesh size at the process zone is limited.
The parameter identification phase is followed by
the validation studies using actual forming
processes. For this purpose conventional deep
drawing and non-conventional sheet-bulk forming
processes are selected. Especially, the latter process
gives account for strongly nonlinear strain paths.
The results are drawn around model predictive
performances, load path dependence of damage
In this work, we present a critical review of two evolution, complementary parameter identification
distinct modelling approaches while incorporating effort and computational cost.
damage anisotropy to enlarge the predictive bounds
of conventional plasticity within the context of
sheet metal forming practice. The former modeling References
approach falls in the class of continuum damage
mechanics (CDM). Following internal variable [1] J. Lemaitre, R. Desmorat, Engineering Damage
Mechanics: Ductile, Creep, Fatigue and Brittle
thermodynamics formalism, the evolution of the
Failures, Springer Verlag, 2010.
damage variable, a second order tensor reflecting
[2]
M. Gologanu, J.-B. Leblond, J. Devaux, Appromaterial deterioration, is formulated [1]. Possible
ximate models for ductile metals containing
empirically motivated damage evolutionary
non-spherical voids — Case of axisymmetric
variants are given which do not necessarily admit
prolate ellipsoidal cavities, J Mech Phys Solids
regarding dissipation potentials. The latter
41 (1993) 1723–1754.
approach is a micromechanically based porous
plasticity due to [2]. Unlike GTN model, initial and
induced void shapes are not necessarily spherical,
i.e. void aspect ratio may deviate from unity. A
strain dependent void nucleation criterion and a
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A Detailed Modeling for Fracture Simulation of Spot Welds
in Advanced High Strength Steel DP600
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The aim of this article is to investigate the
resistance spot welds fracture behavior under lapshear condition and to develop an efficient
constitutive model for the prediction of load
bearing capacity and crack propagation in
advanced high strength dual phase steel DP-600.
The model is dedicated to future FE simulations of
spot weld/bonded joint where a structural epoxy
based adhesive optimized for crash situations and
developed by SIKA AG will be used.
Spot weld is the most common assembling
technique in sheet metal joint, especially in
automotive industry. The spot welds behavior, such
as load bearing capacity, energy absorption, play a
significant role in spot weld/bonded assembly
sheets components. Therefore, the fracture
prediction of single spot weld is indispensable for a
whole car crash simulation. In spot welds, the heat
affected zone and the fusion zone show different
materials behavior due to the heat history of
welding process. Hence, a detailed modeling
including heat infected zone and fusion zone was
developed. Corresponding flow stress scaling
factors and Gurson model parameters are calibrated
by inverse problems method in each zone. The
model can successfully predict the location of
initial crack and the load bearing capacity. The
results can be directly used for calibrating spot
weld/bonded model and simply connector element
model in Abaqus code for a whole car crash
simulation.

[3] S. Dancette, D. Fabregue, R. Estevez,
V. Massardier, T. Dupuy, M. Bouzekri, A finite
element model for the prediction of Advanced
High Strength Steel spot welds fracture, Eng
Fract Mech 87 (2012) 48-61.
[4] S. H. Lin, J. Pan, S.-R. Wu, T. Tyan, P. Wung,
Failure loads of spot welds under combined
opening and shear static loading condition, Int J
Solids Struct 39 (2002) 19-39.
[5] F. Schneider, N. Jones, Influence of spot-weld
failure on crushing of thin-walled structural
sections, Int J Mech Sci 45 (2003) 2061–2081.
[6] A. Tvergaard, V. Needleman, Analysis of the
cup-cone fracture in a round tensile bar, Acta
Metall 32 (1984) 157–169.
[7] V. Tvergaard, On Localization in Ductile Materials Containing Spherical Voids, Int J Fracture
18 (1982) 237-252.
[8] S. Sommer, Modellierung des Verformungsund Versagensverhaltens von Punktschweißverbindungen unter monoton ansteigender
Belastung, Universität Karlsruhe, Karlsruhe,
2009.
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Nitsche Type Method for Handling the Interface Conditions in Equations of
Elasticity
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This work deals with the crack problem simulation
in dissimilar material. We propose a new numerical approach, based on Nitsches variational formulation, which handles the interface conditions in the
Navier-Lame equations between two or more subdomains, characterized by different material properties. The classical Nitsche formulation [2] was introduced several years ago to impose weakly essential boundary conditions in the scalar Laplace
operator. Then, it has been worked out more generally to several physical fields and particularly to
the Maxwell equations [1]. In order to obtain the
Nitsche type variational formulation for the problem with dissimilar elastic material, we consider the
deformation of axisymmetric domain Ω1 ∪Ω2 which
interpreters the dissimilar elastic plate, with initial
crack C1 ∪ C2 and which is perfectly jointed on the
interface B2 ∪T1 , The plate is loaded by the opposed
surface forces at B1 and T2 in the vertical directions,
and fixed on R1 ∪ R2 (see Figure 1). The problem is
defined as follows, for i = 1, 2

−div Si = Fi




ui = 0

Si = 0


S
·
n
= G1

1


S2 · n = G2

in
on
on
on
on

Ωi
Ri
Ci ∪ Li
B1
T2

the discontinuity in axial stress appears as a consequence of the dissimilarity of the material and at the
opposite, the radial stress σrr is continuous through
the interface. An example is shown in Figure 2.

Figure 1: Cracked Domain - Dissimilar elastic plate.

(1)

where Si are the stress tensors, ui are the displaceFigure 2: Stress field σrr .
ment field vector and Fi is an acting force vector.
Considering the interface between two sub domains
Ω1 and Ω2 , we have to define the appropriate bound- References
ary interface conditions. The interface conditions
refer to problem configuration, where the both of [1] F. Assous, M. Michaeli, Solving Maxwell’s
equations in singular domains with a Nitsche
the half plates are perfectly jointed on the interface.
type method, J Comput Phys 230 (2011) 4922–
In this case the interface transmission conditions re4939.
fer to the fact that there is no shear stress on the interface and the displacement fields u with the radial [2] J. Nitsche, Uber ein Variationsprinzip zur Losung Dirichlet-Problemen bei Verwendung von
stress field σr are continuous across the interface
Teilraumen, die keinen Randbedingungen untebetween the sub domains Ω1 and Ω2 . The numerworfen, 1971.
ical results satisfy the interface conditions, where
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Scratches and residual stress are unavoidable to
appear on the surface of thin-plate structures in the
machining manufacture process [1]. They may lead
to the nucleation and growth of cracks when the
structures undergo the cyclic load [2]. It is very
important to investigate the correlation between the
cutting parameters and the evolution of cracks. In
this study, the surface integrity including the
roughness and residual stress for Aluminum alloy
7075-T651 is discussed firstly considering various
cutting parameters. Then, the Rios model is modified in which the effect of the residual stress is considered. It is used to study the damage evolution
when the crack size is less than the size of grain [3].
The Walker model is used to study the evolution
behavior of crack when its size is greater than the
grains [4].

correlation between the lengths of cracks and initial
depths of scratches and residual stress when the
structure undergoes the same cyclic load is given.
The corresponding mathematic description on this
correlation is developed for the Aluminum alloy
7075-T651. It can be used to predict the lengths of
cracks
Therefore, the choice of cutting parameters is directly dependent on the quality of the surface. The
depths of scratches will lead to the nucleation and
growth of the cracks when the structure undergoes
the cyclic load. The residual stress is important for
the evolution of cracks. The correlation between
the evolution of cracks and surface integrity due to
the machining manufacture can be used in the prediction of the damage tolerance of structures.

The depths of scratches are compared when the
cutting speed are at 400m/min, 600m/min, References
800m/min and 1000m/min. The results show that
the fluctuation of depths of scratches is not great at [1] Y.B. Guo, The impact of surface integrity by
hard turning vs. grinding on fatigue damage
the low cutting speed. However, the depth of some
mechanisms in rolling contact, Surf Coat Techscratch is obviously much bigger than the others at
nol 203 (2008) 291–299.
the high cutting speed. The residual stress is mainly
[2]
N. Dowling, Mechanical Behavior of Materials,
compressive stress.
The United States, 1990.
The nucleation and growth of cracks are numerical [3] E. R. de los Rios, Short crack fatigue behaviour
studied by using the modified Rois model and
in a medium carbon steel, Fatigue Fract Eng
Walker model in terms of the depths of scratches.
Mater Struct 7 (1984) 97–108.
At the low cutting speed, the difference of the [4] E. R. de los Rios, Micro-Mechanics analysis for
depths of cracks is not obvious when the structure short fatigue crack growth, Fatigue Fract Eng Maundergoes the cyclic load. Most of the cracks grow ter Struct 8 (1985) 49–63.
slowly. It is good for the damage tolerance of structures. However, some crack grows fast for the
structure which was cut at high speed when it undergoes the same cyclic load. The depth of some
crack is greater than the others. It is a bad case for
the damage tolerance of structures.
The residual stress has obviously influence on the
nucleation and growth of cracks. The growth rate
increases nonlinearly when the residual stress varies from compressive stress to tensile stress. The
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Influence of Marginal Thickness and Convergence Angle of Taper Abutment on
Resin-Bonded-Glass Models
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In dentistry, many preparation guidelines for allceramic crowns are still based upon clinical
experience and those developed for metal
ceramic crowns that may not be applicable and
need further experimental and numerical
evaluation. Some specific features are requiring
investigation in dental prosthetic devices, for
example, configurations of the crowns’ margin
[1], marginal thickness [2, 3] and degree of
convergence angle [4]. The goal of this study
was to determine the influence of marginal
thickness and taper abutment convergence angle
on fracture resistance in resin bonded glass
models. Extended finite element method (XFEM)
has been adopted to examine models with
variations of marginal thickness (0.8-1.2 mm),
convergence angle (6-12˚), and two cement
methods (partially bonded and non-bonded). It
has been shown that XFEM enables to model
crack initiation and growth under the
assumptions of linear elastic fracture mechanics
(LFEM) [5].

difference for NB with low elastic modulus
material, 300 N difference for NB models with
high elastic modulus.
The models with a thicker in marginal thickness,
a smaller taper abutment convergence angle, and
partially
bonded
cement
method
are
recommended to increase fracture resistance
according to the XFEM fracture analyse
investigated.
References
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[5] E. Budyn, G. Zi, N. Moes, T. Belytschko, A
method for multiple crack growth in brittle
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The marginal thickness had a significant
influence on the fracture load for a 0.4 mm
variation of marginal thickness: approximate 240
N difference for partially bonded (PB) models
with low elastic modulus material property of
resin, 270 N difference for PB models with high
elastic modulus resin, 630 N difference for nonbonded (NB) with low elastic modulus material
models, and 730 N difference for NB with high
elastic modulus resin. The taper abutment
convergence angle had a lesser significant
influence on the fracture load with a 6 degree
variation: an average 66 N difference for PB
with low elastic modulus resin, 120 N difference
for PB with high elastic modulus resin, 174 N
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In this work a stabilized large deformation element
suitable for real coupled fluid/solid simulations is
presented. The element uses a mixed interpolation
(Q1/P0): Standard continuous tri-linear finite
element (FE) functions for the kinematic variables
(displacements, velocities and accelerations), and a
constant pressure per element (piecewise discontinuous pressures). It is well known that this type of
element may show spurious pressure modes
(chessboard mode) when is used to approximate
incompressible fields (i.e. plastic flow, incompressible fluids, etc,). The mathematical explanation for such a behavior is the element inability of
fulfilling the BB condition (the element is not divstable). However, in Codina et al. [1], the P1/P0
element is stabilized by means of a variational
multiscale method (VMS), and it is used to solve
the Stokes problem (incompressible flow equations
at very low Reynolds number).
Following the ideas of the cited reference, the
authors of this work added to the standard large
deformation Lagrangian FE (Galerkin) formulation, a stabilization contribution which is only
evaluated over the inter-element boundaries. Such
a term enforces in a weak manner the pressure
continuity and, in that way, it adds control over the
inter-element pressure jumps (in general this
procedure may be used to stabilize elements with
discontinuous pressures). The method is clearly
consistent since at the continuous level the
pressures are continuous, and the new term just
enforces such a continuity at the discrete level. It is
shown through numerical-experimental comparison
that this stability improvement is essential to obtain
smooth localization bands and, therefore, a stable
fracture scheme.

Other ingredients of the formulation are: Several
phenomenological material models (i.e. K&C
concrete model [3], Johnson-Cook metal model [4],
etc.) to compute the damage and fracture of
reinforced concrete and steel structures, a general
contact algorithm which uses bin technology to
perform the node-face searching operations in a
very efficient manner, and a cracking procedure to
deal with the topology changes due to crack
propagation and fragment formation.
Finally, it is important to mention that all the
schemes, contact included, have been fully
parallelized and coupled using a loose-embedded
procedure with the well-established CFD
(computational fluid dynamics) code FEFLO.
Several real 3D coupled CFD/CSD cases with
experimental comparison are presented to validate
the scheme.
References
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Q1/P0 element) was embedded into an efficient
finite element FSI (Fluid Structure Interaction)
algorithm to deal with large deformation coupled
blast and impact problems (See [1] for details).
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Consistency of Phase-Field with Sharp Crack Evolutions in Brittle Fracture
M. Negri∗
Department of Mathematics, University in Pavia, Via Ferrata 1, 27100 Pavia, Italy,
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In the last decade the phase-field approach to fracture has gained a vast popularity. It is indeed an
effective way to represent general cracks within
an analytically and computationally convenient setting. The range of application of phase-field fracture
is getting larger and today, beyond the quasi-static
case, it includes dynamics and complex patterns in
mixed-mode.
In the phase-field setting crack paths and crack surfaces are represented indirectly by means of an auxiliary variable, named the phase-field variable (the
origin of this approach is indeed in the theory of
phase transitions). Loosely speaking, this variable
provides a smeared representation of the crack.

of derivatives does not imply convergence of the associated quasi-static evolutions. It is therefore interesting to investigate the relationship between the
crack evolutions obtained within the sharp crack
and the phase-field approach. This question has
been addressed numerically, for a straight crack under tension [2], and theoretically, for the energy release on a smooth path [5]. In this direction our
goal is to provide a rigorous connection between
the phase-field evolutions and the sharp crack evolution, proving [4] the convergence of energy, energy release and quasi-static evolutions as the internal length  vanishes. To this end we consider the
benchmark case of a straight crack together with the
Ambrosio-Tortorelli [1] phase-field energy with an
explicit choice of the field function.

In particular both the elastic field and the phasefield function are continuous across the crack. It is
not so in the sharp crack approach, where the frac- To pursue this task it is technically convenient to
ture is modeled directly by means of curves (in the have a new representation of the energy release,
which allows to easily pass from the phase-field to
planar case) and surfaces (in the 3D case).
the sharp crack setting.
A ”virtual” crack, defined with the aid of an auxiliary function, has several advantages: it is indeed
References
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lead to mesh refinement and adaptivity.
Appl Math 43 (1990) 999–1036.
It is important to stress that phase-field models in- [2] B. Bourdin, G. A. Francfort, J. J. Marigo, Nutroduce an ”artificial” length, say , in the model.
merical experiments in revisited brittle fracture,
There is no clear physical meaning for this paramJ Mech Phys Solids 48 (2000) 797–826.
eter, which should be understood, together with the [3] G. Dal Maso, An introduction to Γregularizing term, as the size of the smeared repreconvergence, Birkhäuser, Boston, 1993.
sentation of the crack.
[4] M. Negri, From phase-field to sharp crack: convergence of quasi-static evolutions in a special
It is well known that as the length  vanishes, the
setting, Appl Math Lett 26 (2013) 219–224.
phase-field energy provides an approximation (in
[5]
P. Sicsic, J.-J. Marigo, From gradient damage
the sense of Γ-convergence [3]) of the sharp crack
laws to Griffith’s theory of crack propagation, J
energy [1]. However, this argument is not enough
Elast (to appear).
in fracture mechanics, since the propagation of the
crack in rather driven by the energy release rate,
which is a derivative of the elastic energy. In general convergence of an energy does not imply convergence of its derivatives and further convergence
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The growing controversy surrounding hydraulic
stimulation (“fracking”) highlights the need for
a better predictive understanding of crack propagation in complex situations potentially involving many interacting cracks propagating along unknown paths and interacting with pre-existing fracture networks. Indeed, recent observations challenge common assumptions in the numerical simulation of hydraulic fracturing where propagation is
assumed planar and perpendicular to the minimum
reservoir stress, itself aligned with the simulation
grid.

in [1].
We study a proof of concept problem where pressure is assumed constant throughout the fracture
system. For simple geometries, a closed form solution can be derived and compared with numerical simulations. We present experiments highlighting the ability of this approach to deal with interacting cracks.

Pressure vs. injected volume
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Figure 1: Injection pressure as a function of the in-

Figure 2: Interaction between two pressurized cracks.

jected volume. Closed form solution and numerical experiments
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Crack Kinking in Brittle Materials
A. Salvadori∗ , F. Fantoni
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Although they are rooted in the mechanics of solids
and in its history, most crack propagation criteria
reveal incorrect safe equilibrium domains. With the
obvious exception of the Maximum Energy Release
Rate, all of them show unacceptable energy dissipation in mixed mode crack growth. They convey
important physical information and allow a degree
of freedom in material modeling, in the same spirit
of the elastic limit surfaces in the mechanics of materials. Keeping such a degree of freedom in modeling brittle material behavior while preserving the
mandatory requirements in terms of energy and of
safe equilibrium domain is investigated in the light
of a recently proposed incremental description of
(linear elastic) fracture mechanics [1, 2].
Furthermore, a sheet of material is considered. It is
loaded by uniaxial tensile stress and contains a random distribution of flaw orientations, with the flaws
thought of as flat pre-cracks of comparable length,
and with all crack planes being oriented perpendicular to the faces of the sheet. Intuition suggests that
the most likely flaw to initiate fracture, which will
be termed the “most dangerous defect”, lies orthogonally to the major load axis. The second purpose of
the present paper is to show that such an assumption
is incorrect [3]. The “most dangerous defect” will
not be oriented perpendicular to the stress direction,
and the first increments of crack growth will also
not be oriented perpendicular to the stress direction
(nor will they be co-planar with the orientation of
the most critical flaw).
References
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Numerical Simulation of Fracture in Viscoelastic Materials Based on Material Forces
K. Özenç∗ , M. Kaliske
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The crack growth mechanism of elastomers is of
great importance and interest in engineering applications, however, the correlation between numerical and theorical studies is not well established due
to the complexity of the problem. The contribution
presents an r-adaptive crack propagation scheme for
the description of the viscoelastic fracture response
of rubber-like materials at large strains. A similar
algorithm is proposed by Miehe et al. [1]. The approach is extended for a generalized finite inelastic
continuum by Kaliske et al. [2]. Key feature of this
procedure is restructuring the overall system by duplication of crack front degrees of freedom based
on minimization of the overall energy via the Griffith criterion. Use of the presented framework enables to study fracture behaviour of elastomers at
different deformation rates. The experimental evidence from previous studies favors that the fracture toughness of non-strain-crystallising elastomers
shows strong rate-dependency and the energy release
rate versus the rate of tearing or crack propagation
relation appears to be a fundamental material property [3]. Therefore, in this contribution, a dynamic
fracture criterion, which is a function of the rate of
crack growth, is shown to be more adequate in numerical simulations.
In addition, in previous studies, it is shown that
the fracture energy per unit area of crack advancement appears to be the result of two contributions in
terms of the change in elastic energy and in terms of
the viscous dissipation by a configurational change
[4]. In other words, the elastic part is the intrinsic strength of the interface which does not depend
on the crack growth rate, whereas the second part,
which reflects energy dissipated by viscosity, is a
function of the crack growth rate. The separation
of the fracture energy is obtained by the global energy momentum balance. To this end, a consistent
thermodynamic framework for the combined configurational motion in viscoelastic continua at the finite strain regime is discussed. For the sake of simplicity, all results are obtained neglecting thermoCFRAC 2013
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mechanical phenomena and inertia effects. In addition, branching instability triggered by a significantly increased deformation speed is investigated.
A crack speed limiter, which is a constant branching
velocity, is used in order to explain the phenomenon
in elastomers.
The Bergstörm-Boyce model is considered to introduce hyperelastic and finite viscoelastic behaviour
of rubber-like bulk material. The crack driving force
and the crack direction are predicted by the material
force approach. The predictive capability of the proposed method is demonstrated by representative numerical examples. In conclusion, experimental and
numerical results are discussed in order to clarify the
relation between the tearing phenomenon and material force approach in viscoelastic materials.
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Variational Models for Crack Growth
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We present an overview on variational models for
evolution problems in fracture mechanics in the
framework of Griffith’s theory [4]. The variational
approach to quasistatic crack growth was introduced by Francfort and Marigo [3]. One of its most
important features is that the crack path is a priori
unknown. Typically the solution is obtained through
an approximation procedure based on time discretization. The approximate solutions solve suitable incremental minimum problems. The first complete mathematical analysis of a continuous-time
formulation of such a model in the case of antiplane
linear elasticity was given in [2]. Since then variational models have been extensively studied and
proved to be suited for many applications.
Much attention has been lately devoted to models
that allow following the evolution of local minimizers of the energy. For instance, in [6, 7] we consider
the antiplane case and propose a model based on the
method of vanishing viscosity, which enforces local
minimization and provides also an energy equality.
We are interested in an irreversible quasistatic evolution, that is, we want to find an increasing family
of cracks such that at each instant Griffith’s criterion
holds. Under suitable regularity assumptions on the
crack, this criterion can be expressed in terms of the
energy release rate, i.e., the opposite of derivative of
the elastic energy with respect to the crack’s elongation. Griffith’s criterion [4] states that
1. the crack must increase in time,
2. the energy release rate cannot exceed a
threshold depending on the material’s toughness,
3. the crack can grow only if the energy release
rate equals that threshold.

class of C 1,1 -regular cracks, with a uniform bound
on the curvature. In [5] we proved the relation between the stress intensity factor and the energy release rate under this regularity assumption.
Let us mention also that in [1] the existence of the
stress intensity factor is proved for non-smooth fractures, and in [8] the class of admissible fractures allows for branching and kinking.
References
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To prove the existence of such an evolution we need
the class of admissible cracks to be sequentially
compact (with respect to a convergence of sets) and
the energy release rate to be (lower semi-) continuous with respect to the same convergence. These
two properties are satisfied for instance by a suitable
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A Variational Algorithm for Crack Evolution in Plane Problems
M. Cuomo*, L. Greco
Department of Civil and Environmental Engineering, University of Catania
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The analysis of fracture evolution in computational
mechanics requires that to the continuum model be
added a) a discontinuity in the displacement field
and b) an algorithm for detecting the fracture path.
It is well known that such a problem is functional
set in the space BD, so that usual interpolation
criteria are not sufficient to guarantee convergence
of the numerical algorithm.

the optimization of the variational principle, as
proposed in [5]. Indeed, in this way the variation of
the discontinuity path is easily calculated and can
be used as an additional unknown of the problem.
The paper describes the main ideas of the method
and the results that can be achieved. Problematics
regarding its efficiency and generalization are left
to future developments of the research.

A successful approach to the FE modeling of
discontinuities is the so called Strong Discontinuity
Approach that introduces enhanced interpolation References
functions in the elements able to model a
displacement jump. Usually the direction of the [1] J. Alfaiate, A. Simone, L. Sluys, Nonhomogeneous displacement jumps in strong embedded
discontinuity line is defined by some criterion
discontinuities, Int J Solids Struct 40 (2003)
based on the stress state at the Gauss points, and
5799–5817.
the discontinuity crosses entirely the element
[1, 2, 3]. Stress locking can arise as a consequence, [2] C. Linder, F. Armero, Finite elements with
embedded strong discontinuities for the
so that fine meshes are required. Moreover, mesh
modeling of failure in solids, Int J Numer Meth
independency is still a matter of discussion in many
Eng 72 (2007) 1391–1433.
cases [4].
[3] L. Contrafatto, M. Cuomo, G. T. Di Venti,
A celebrated variational model for fracture
Finite Elements with non homogeneous embedmechanics has been provided by Francfort and
ded discontinuities, in: Proc., 6th ECCOMAS,
Marigo [5] that includes as result of the
Vienna, Austria, 2012.
optimization process the crack path. It is based on [4] J. Oliver, A. E. Huespe, I. F. Dias, Strain
the introduction of a variational principle that
localization, strong discontinuities and material
includes bulk as well as surface energy.
fracture: matches and mismatches, Comput
Motivated by the previous observations, the paper
Method Appl M 241 (2012) 323–336.
proposes a new algorithm for fracture evolution [5] B. Bourdin, G. A. Francfort, J.-J.Marigo, The
applied to plane problems, whose main points are:
variational approach to fracture, J Elasticity 91
(2008) 5–148.
1. A variational principle is introduced as an
extension of the Hu-Washizu three-fields principle,
with the addition of an enhanced discontinuous
displacement field and of a properly defined
dissipation function on the discontinuity surface.
2. B-splines interpolation is used rather than usual
FE. B-splines are not interpolatory except at the
boundary points, so that it is easier to introduce
discontinuities simply modifying the structure of
the knot vector that rules the interpolating
functions.
3. The crack path is defined as a multipatch Bspline
curve, each patch corresponding to a load step,
whose control points are obtained as a solution of
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C1 -Continuous Crack Propagation Across Quadratic Elements
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Norwegian University of science and technology (NTNU), Rich. Birkelandsvei 1A, 7491 Trondheim,
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1

In anticipation of publication and presentation and implemented in the Sequentially Linear Analyat COMPLAS 2013, intermediate results will be sis method [4]. The algorithm is validated by means
shown at CFRAC 2013 under the same title.
of several fracture tests with different failure modes.
Crack tracking algorithms are used in various material models in order to capture localized deformation patterns properly and to obtain mesh objective results. Different types of algorithms exist,
each with its own complexity of implementation,
computational costs and robustness [1]. Recently,
a local crack tracking algorithm was proposed in
order to improve the numerical modeling of tension and mixed-mode cracking problems in quasibrittle materials within the framework of a standard
smeared crack approach [2]. The algorithm is relatively simple and inexpensive, and is particularly
suitable when using constant strain triangular elements with one-point integration. From the results a
clear elimination of mesh-induced directional bias
was observed.
In this work a new local crack tracking algorithm is
presented, specifically developed for crack propagation in finite element discretizations that consist of
higher order quadratic elements with full numerical
integration. Generally, these elements perform better in describing more complex deformation modes
and failure modes, giving them a recommended position in guidelines for engineers [3]. In addition,
quadratic elements serve the formulation of smooth
curved cracking paths. The new proposed method
determines the crack propagation direction in a finite element by calculating a propagation vector
field within that element. This vector field is obtained from the stress states in the integration points
and the propagation direction with which the crack
track enters the element. By taking into account the
propagation direction in the entry point explicitly,
C1 - continuity of the crack path can be obtained.
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The new proposed crack tracking algorithm is applied within the context of a smeared crack model
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P ROCRACK - A Software Tool for Finite Element Simulation of
Three-Dimensional Fatigue Crack Growth
F. Rabold∗ , M. Kuna
Institute for Mechanics and Fluid Dynamics,TU Bergakademie Freiberg,
Lampadiusstraße 4, 09596 Freiberg, Germany, frank.rabold@imfd.tu-freiberg.de
The lifetime and reliability of structural components under combined cyclic thermal and mechanical loading are crucially controlled by the occurrence and growth of fatigue cracks. The crack usually starts from an already existing defect and propagates in a subcritical manner until a critical crack
size is attained. After that, the crack growth becomes unstable and leads to the failure of the component.
In order to ensure the safety and reliability of structural components, the prediction of fatigue crack
growth is a crucial task, which has to be coped with
by modern computational techniques. Due to the
three-dimensional geometry and the complex loading conditions of cracked components, the finite element method (FEM) is the numerical tool of choice
to solve the initial boundary value problems of fracture mechanics.
The program P ROCRACK is a Python-based software for the automated finite element simulation
of three-dimensional fatigue crack growth in precracked structures [1]. The preprocessing of the
computational model and its numerical analysis is
performed by Abaqus. Therefore, the geometry of
the investigated component and its thermomechanical loading can be arbitrary.
The modeling of the initial crack and the incremental crack extension is carried out exclusively in the
Abaqus/CAE environment. The crack is described
by its crack area at the geometric level and approximated by triangles. The crack front is simply
discretized by geometric points connected by line
segments. The fracture-mechanical parameters are
computed at this reference points. It is easily possible to form a three-dimensional curved crack path
due to the special arrangement of the triangles between the old and new crack front.

reference points with increasing distance between
them. An existing point is removed, if the distance
becomes too small. In addition, it is possible to
coarsen the fine discretization of the crack area in
regions far behind the crack front to reduce the computational effort.
The fracture mechanics analysis is carried out
within the framework of the classical linear elastic
fracture mechanics. The singular stress field along
the three-dimensional crack front is characterized
by the stress intensity factors KI , KII and KIII . The
K-factors are the fundamental parameters for the
analysis of fatigue crack propagation and have to
be calculated numerically. To this end, P ROCRACK
uses the submodel technique, which enables much
better accuracy. The tube-shaped domain surrounding the current crack front of the component is created as an external part and analyzed separately with
the finite element method. The interaction integral
is used for calculating the stress intensity factors.
The PARIS law and the NASGRO equation are available for the simulation of the crack growth propagation in P ROCRACK. In every adaptive crack growth
step, the updated crack front position is computed
and the mesh in the crack region is automatically
adapted.
Some application examples show the capability and
performance of the simulation tool P ROCRACK.
Due to the use of the open-source computer language Python an easy extensibility and maintenance
of the simulation program are ensured.
References
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3D Cellular Automata Finite Element Method With Explicit Microstructure:
Modeling Quasi-Brittle Fracture Using Mesh-Free Damage Propagation
L. Saucedo*, T. J. Marrow
University of Oxford, Department of Materials, Parks Road, Oxford OX1 3PH, United Kingdom,
luis.saucedomora@materials.ox.ac.uk
Quasi-brittle materials have heterogeneous
structures, typically with brittle constituents. This
important class of structural materials includes
concrete,
nuclear
graphite,
ceramic-matrix
composites such as SiC-SiC fiber or zirconia
toughened alumina, geological structures like rocks
and tectonically faulted formations and also biomedical materials such as bone and bone
replacements. Their damage or defect tolerance is
much less than engineering metal alloys, but can be
quite significant compared to fully brittle materials
such as monolithic ceramics. They differ in their
length-scales of both their structures and the
distributions of damage, and have varying degrees
of brittleness.

ce of the initial finite element mesh is erased
during the development of the microstructure.
This method provides two sets of elements
representing the finite element model and the
microstructure. The first is used to link the
engineering scale problem with the microstructure,
obtaining the stress and strain fields of the
macromechanical problem.
With those, we
compute the micro-mechanical fields using the
second set of elements, which describes explicitly
the microstructure. We use a mesh-free approach
for the damage development through the
microstructure [2]. The material properties of the
finite elements are recomputed according to the
microstructure damage, hence the redistribution of
strain and stress with crack propagation and
damage is computed; factors such as the effects of
size on crack path and crack stability are therefore
addressed. The fracture path is completely free
with respect to the finite element mesh.
Consequently, very complex fracture behavior can
be modeled, such multiple or discontinuous cracks.

Quasi-brittle fracture is an emergent characteristic,
and this cannot be treated satisfactorily with the
numerical methods based on macromechanics.
Because of their complex microstructure, the
continuum approach can be too simple for these
materials, and needs a finer discretization to obtain
satisfactory results. In numerical terms, this means
that the computational cost of advanced methods, In summary, by this method quasi-brittle fracture
such as cohesive elements or embedded cracks, is can develop freely through the microstructure,
often too high for engineering scale problems.
improving the accuracy and computational cost of
Considering those arguments, in this paper we use the calculations at engineering length-scales in
the Cellular Automata integrated with Finite complex microstructures. This work is part of a
Element method to account for the effect of larger project, which aims to experimentally
microstructure on quasi-brittle properties within the validate the simulation of heterogeneous
finite element simulation [1]. Here the microstructures in structural integrity problems.
microstructure is modeled explicitly by subdividing
a finite element into small elements called cells.
The heterogeneous microstructure is created from References
key cells, called seeds, from which particle-like
regions may be grown with defined characteristics; [1] A. Shterenlikht, I. C. Howard, The CAFE model of fracture: application to a TMCR steel,
by this topological approach we obtain sets of cells
Fatigue Fract Eng M 29 (2006) 770–787.
with variable properties to model the
microstructure (rules are enforced during the [2] A. Pandolfi, M. Ortiz, An eigenerosion approach to brittle fracture, Int J Numer Meth Eng
selection of the seeds to avoid overlap between
92 (2012) 694–714.
particles). Graded microstructures, textures and
particle anisotropy can be readily simulated in
microstructures with multiple phases. The influenCFRAC 2013
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A Modelling Framework for Three-Dimensional Brittle Fracture
Ł. Kaczmarczyk∗ , C. Pearce
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This paper presents a finite element based numerical framework for the predictive modelling of three
dimensional crack propagation in brittle solids. The
presentation briefly sets out the theoretical basis for
determining the initiation and direction of propagating cracks, based on the concept of configurational
forces. Attention is focussed on resolution of cracks
by the finite element mesh. Cracks are restricted to
the element faces and the mesh is adapted in order to
align element faces with the predicted crack path. A
local mesh improvement procedure is developed to
maximise mesh quality in order to improve accuracy
and solution robustness and to reduce the influence
of the initial mesh on the direction of propagating
cracks. The performance of this modelling approach
is demonstrated on three numerical examples that
qualitatively illustrate its ability to predict complex
crack paths. All problems are three-dimensional, including a torsion problem that results in the accurate
prediction of a doubly-curved crack. In order to trace
the dissipative load-displacement path, fully consistent with the assumption of quasi-static crack propagation, an arc-length scheme is adopted with a control function taken as an increment in change in crack
surface area. Finally, the influence of hp-adaptivity
is studied and the smoothing influence on the loaddisplacement response is demonstrated.
The approach taken in this paper is principally based
on the principle of global maximum energy dissipation for elastic solids, with configurational forces
determining the direction of crack propagation. This
has been successfully adopted by a number of other
authors, but here we mainly follow the work of
Gürses and Miehe [1]. Such an approach for predicting the crack path can be coupled with local radaptivity to mitigate the influence of the mesh. In
this paper problem tailored mesh improvement technique base on a volume- length quality measure is
adopted. The fracture criterion is based on the Griffith force work conjugate to crack area increase. The
governing equations are solved monolithically for
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Figure 1: Crack surface and picture of fractured sample under torsion

material and spatial displacements.
Examples
Three numerical examples are presented for crack
propagation in three-dimensions that demonstrate
the ability of the formulation to accurately predict
crack paths, as well as demonstrate mesh independence and the influence of both mesh adaptivity and
controlling mesh quality on the solution obtained.
Acknowledgements
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Crack Front Tracking Using Perturbation Approaches
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The crack path depends in general on the geometry of both the specimen and the crack (position,
size, shape). Numerical tools based on the resolution of the entire elasticity problem such as finite elements, its more sophisticated X-FEM extension, phase-field methods, variational approaches,
etc... encounter a growing success and are able to
track the successive positions of the crack in problems of increasing complexity (as this conference
will certainly demonstrate!). Nevertheless, when
the scales are disparate, it becomes extremely difficult to reconcile the crack microscopic and the
specimen macroscopic aspects. One possibility is
to simplify the structural aspects and to concentrate on the local deformations of the crack front
by assuming that the solid is infinite subjected to
remote loading. The 3D perturbation approach initiated by Rice [1] gives the first-order variation of
the stress intensity factors arising from a small arbitrary coplanar perturbation of the front and avoids
the tedious (and sometimes intractable) calculation
of the full mechanical fields. Initially, it was developed for the half-plane crack embedded in an
infinite solid. Further, it has been extend to more
and more realistic cases [2]. In order to deal with
large crack front deformations, Bower and Ortiz [3]
followed by Lazarus [4], developed a powerful numerical method based on the iteration of the linear
scheme. The efficiency of this method arises from
the need for the sole 1D meshing of the crack front.
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to present some results obtained recently concerning the crack front pinning by more tough obstacles [5, 6] and the crack front deformations undergone during the coalescence of several cracks [7].
A challenge for the future is to develop numerical tools which are able to deal accuretly with both
smallscale deformations of the crack and largescale
boundary conditions.
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Minimum Theorems in 3D Incremental LEFM: Theory and Numerical Tests
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The crack propagation problem for linear elastic [4] A. Salvadori, A. Carini, Minimum theorems in
fracture mechanics has been studied by several auincremental linear elastic fracture mechanics,
thors exploiting its analogy with standard dissipaInt J Solids Struct 48 (2011) 1362-1369.
tive systems theory (see e.g. [1, 2, 3] ). In a recent [5] G. Ceradini, A maximum principle for the analpublication [4] minimum theorems were derived in
ysis of elastic-plastic systems, Meccanica 1
terms of crack tip “quasi static velocity” for two(1966) 77-82.
dimensional fracture mechanics. They were remi- [6] J. Rice, Weight function theory for threedimenniscent of Ceradini’s theorem [5] in plasticity.
sional elastic crack analysis, ASTM STP 1020
(1989) 29-57.
Following the cornerstone work of Rice [6] on
[7]
J. B. Leblond, Crack paths in three dimenweight function theories, Leblond and coworkers
sional elastic solids - i. two term expansion
[7, 8] proposed asymptotic expansions for Stress Inof the stress intensity factors - application to
tensity Factors (SIFs) in three dimensions. As forcrack path stability in hydraulic fracturing, Int J
merly in 2D, expansions can be given a ColonSolids Struct 36 (1999) 79-103.
netti’s decomposition [9] interpretation. In view of
[8]
J. B. Leblond, V. Lazarus, S. Mouchrif, Crack
the expression of the expansions proposed in [7, 8]
paths in three dimensional elastic solids - ii.
however, symmetry of Ceradini’s theorem operators
three term expansion of the stress intensity facwas not evident and the extension of outcomes protors - applications and perspectives, Int J Solids
posed in [4] not straightforward. Following a difStruct 36 (1999) 105-142.
ferent path of reasoning, minimum theorems have
[9]
G. Colonnetti, Elastic equilibrium in the presbeen finally derived.
ence of permanent set, Quart Appl Math 7
Moving from well established theorems in plastic(1950) 353–362.
ity, algorithms for crack advancing have been derived. Their performance is here presented within a
set of classical benchmarks.
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Nearly Non-Spurious Oscillations Time Scheme in Finite Element Analysis
of Non-linear Wave Propagation and Dynamic Fracture Mechanics
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In this contribution, the near non-spurious
oscillations time integration scheme [1, 2] for finite
element numerical solution of transient problems in
solids [3] is presented and tested in linear and
mainly non-linear wave propagation of stress
discontinuities in solids [4] and dynamic fracture
mechanics [5]. Special attention is paid to
numerical solution of propagation of stress
discontinuities, wave-fronts interactions (loading
and unloading effects) and also problems with
reflections due to boundaries. Implementation into
the Tahoe program [6], behaviours and properties,
accuracy and stability analysis of the numerical
method based on the classical (Lagrangian) linear
finite element space discretization and the special
front shock capturing explicit time scheme are
mentioned and commented in details.
The nominated explicit near non-spurious
oscillations method [1,2] is used in numerical
evaluation of dynamic stress factor intensity for
stationary cracks and also in numerical solution of
dynamic crack propagation [5], where crack
growth is modelled by cohesive type finite element
frameworks (for examples, Xu–Needleman model
[8], Tvergaard–Hutchinson model [9], etc.). The
crack speeds and crack paths are compared with
experimental and numerical results of crack
propagation under dynamic tension and shear
failure, and mainly in asymmetric impact of an
edge cracked plate.
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The appearance of complex crack patterns is a peculiar feature of thin film systems undergoing tensile
loads. The elastic energy release is as a means to
relieve internal stresses and pays for the opening of
new free surfaces.
Typically, cracks develop away from strong singularities in smooth domains in a brutal fashion and
produce a vast panoply of crack patterns, which,
themselves, become fundamental unknowns of the
problem. Dealing with cracks which are free to appear anywhere at any time in the sound body, arranged in geometries of arbitrary complexity renders the description and evolution of crack patterns
challenging both from a theoretical and numerical
viewpoint.
In the framework of variational fracture mechanics [1], a dimension reduction result [2] shows that
such systems naturally discriminate between transverse cracking modes (channeling cracks) and interface cracks (delamination). We propose a twodimensional formulation the fracture problem for
thin film systems based on variational approximation [3] of the system. The elastic displacement
field and the crack pattern are sought among minimizers a reduced energy with no a priori geometric restriction on the crack pattern. This problem
is solved numerically via an elliptic approximation. Cracks, identified by the localization in narrow
bands of a continuous scalar field, and debonded regions evolve quasi-statically under increasing tensile loads, minimizing the energy of the system under irreversibility constraint preventing unphysical
self-healing. We investigate periodic and sequential
appearance of cracks in uniaxial traction tests, extended spontaneous peripheral debonding, geometrically periodic structures in two-dimensional domains and crack evolution in complex domains. The
CFRAC 2013

outcome of numerical experiments is consistent on
the mechanical ground and with experimental evidence. Numerical experiments range from regimes
of isolated channeling transverse cracks without
debonding to that of extensive debonding without
transverse fracture. Between the two, strong coupling between the fracture modes exists, revealing
the presence of a new internal characteristic length.
It is associated to the coupled evolution of parallel cracks connected by debonded regions, which
opens the way to the explanation of more complex
spiraling and oscillating patterns.

Figure 1: Transverse cracks and debonded areas develop in
a disk loaded by tensile inelastic stresses.
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Overall Elastoplastic Behaviour of a Cohesive Medium
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Cohesive Zone Models (CZMs) have gained much
popularity thanks to their promising applications in
numerical damage and failure simulations. Their
numerical implementation in finite element
schemes is based on embedding surface elements
between two adjacent bulk elements. The traction
between the two opposed elements is linked to the
corresponding opening by a cohesive relationship
[1]. Despite all the achievements in this field, some
mechanical and numerical aspects still remain
interesting research topics: the pathological mesh
influence, the suitable calibration of the cohesive
law, the link between cohesive parameters and the
overall response, etc. The overall behaviour of an
isotropic and elastic cohesive medium has been
studied in [2] by means of micromechanical
approaches. The obtained results rigorously
provide some answers to the so-evocated issues.
Recently, extension with a damageable interface
has been done [3].
This present work is an extension of the obtained
models to the case of plastic media. It is devoted to
the development of the overall behaviour of an
isotropic elasto-plastic medium containing elastoplastic penny-shaped cohesive inclusions randomly
distributed in space and in orientation. This
configuration corresponds to a representation of
cohesive-volumetric discretizations with CZMs
embedded along each edges of finite elements.
The homogeneous overall behaviour of the nonlinear medium is then estimated using the
variational approach of [4] based on the
introduction of a linear comparison composite
(LCC). A convenient estimate of the LCC
properties (Hashin Shtrikman scheme [5]) and an
asymptotic analysis lead to a micromechanical
plastic model based on the cohesive zone
approaches.

ability to exhibit the influence of the Poisson
coefficient on the overall response.
Moreover, explicit relationships between the local
cohesive parameters and the overall material
properties are obtained. Rigorous criteria allowing
insensitive CMZs to the mesh size are thus derived.
These criteria depend on the mesh size, on an
elastic tolerance, on the triaxiality ratio and on the
overall damageable elasto-plastic behaviour of the
cohesive-volumetric medium.
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The interests of this new model are: 1/ its ability to
be applied whatever the loading triaxiality, 2/ its
CFRAC 2013
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In impact experiments involving slender rods, the
stress state of the portion of the specimen in proximity of the impact face varies from one-dimensional
strain state to a one-dimensional stress state within
a two-diameters zone. The one-dimensional strain
state at the impact face is originated by the shock
wave that compresses the material behind the wave
front which cannot expand due to the confinement
of the impacting rod. When the wave front moves
further, the lack of lateral confinement allows the
rod to expand outwards radially releasing lateral
waves. Beyond the transition zone, experiments
have revealed the evidence of failure occurring behind a traveling boundary (failure wave) that follows the shock front [1]. Such a boundary resembles
a phase boundary which separates an essentially intact material ahead of the wave front from a comminuted material behind the wave front. The failure is observed to be explosive in nature, leading to
apparent radial expansion as comminuted material
moves outwards [1].
Starting from the ’90s, the experimental observations of impact damage in brittle materials have
inspired a considerable theoretical and numerical
modeling activity. Earlier numerical models were
based on continuum damage theories describing the
degradation of the material stiffness and strength as
the result of inelastic deformation caused by microcracking. More recently, numerical simulations
have been using widely cohesive fracture models, based on explicit representation of cracks nucleation, propagation, and coalescence of discrete
cracks. Alternative approaches are based on molecular dynamics and meshfree methods.

pling and integration and maximum-entropy (maxent) interpolation, entirely defined by the current
nodal set positions.
In the present work, we aim at simulating the bar
to bar impact experiments on glass documented in
[1] by using the capabilities of the OTM–eigerosion
method [2, 4]. In particular, we show that the
method is able to describe with accuracy the structure of the shock and failure waves observed in
the experiments. The numerical simulations are also
able to predict the actual speed of the failure wave
and its dependency on the magnitude of the impact
pressure.
References
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Among other meshfree approaches, the OptimalTransportation MeshFree (OTM) method of Li et al.
[2] is particularly suitable to be combined with the
eigenerosion approach to fracture [3, 4]. In OTM,
spatial discretization is based on material point samCFRAC 2013
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During the last decade, the phase-field method has
emerged as a powerful method to simulate crack
propagation in different geometries and loading
conditions [1]. This method is rooted in continuum
models of phase transformations, which exploit a
coarse-grained scalar order parameter φ to distinguish between different thermodynamic phases
(e.g. solid and liquid in the solidification context
where the term “phase field” was first coined). In
a fracture context, φ has been re-interpreted as a
phenomenological measure of damage [2], which
varies smoothly in space between two values corresponding to the intact and broken states of the material. Furthermore, coupled dynamical equations
for the phase and displacement fields can be derived variationally from an energy functional with
both elastic strain and surface energy contributions.
This approach incorporates both the short scale
physics of materials failure and macroscopic elasticity within a set of self-consistent of equations. In
addition, those equations scan be simulated on massively parallel computer architecture to describe geometrically complex dynamical phenomena such as
crack nucleation, crack kinking and branching, and
crack-front segmentation in three dimensions.
This talk will discuss insights gained from the mathematical analysis of the phase-field model of brittle fracture [3] and three-dimensional (3D) simulations of this model under the superposition of tensile and anti-plane shear loading (mode I+III) [4].
The model analysis allow us to relate quantitatively
the phase-field approach to the standard continuum
theory of linear elastic fracture mechanics (LEFM),
which describes crack propagation in terms of a
Griffith-like energetic condition (G = Gc ) and
the principle of local symmetry (PLS), which assumes that smooth cracks in isotropic media propagate with a vanishing mode II stress intensity factor
(KII = 0). The analysis of the phase-field model
CFRAC 2013

provides an explicit derivation of a crack propagation law, which reduces to the PLS in isotropic media and can be extended to a condition for a finite
KII in anisotropic media. The phase-field simulations of mode I+III cracks reveal that planar crack
propagation is linearly unstable against helical deformations of the crack front, which evolve nonlinearly into a segmented array of finger-shaped
daughter cracks. Furthermore, facet coarsening is
found to be strikingly analogous to the coarsening
of finger patterns in nonequilibrium growth phenomena. Those results are discussed in the light
of a subsequent analysis of this instability in the
framework of LEFM [5]. An important conclusion
is that the maximum growth rate of this instability
becomes arbitrarily large on arbitrarily short scale if
one uses the PLS. Hence, the PLS generally needs
to be modified to regularize this unphysical ultraviolet divergence by including the short scale stabilizing effect of cohesive forces.
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In phase field fracture models, the crack set of a
fractured body is approximated by the zero set of
the phase field order parameter. This scalar crack
field interpolates smoothly between broken and undamaged material, where the crack field takes the
values zero and one, respectively. By means of a
degradation function, the crack field is coupled to
the elastic stiffness tensor of the material in order
to model the change in stiffness between broken
and undamaged material. The width of the transition zone between broken and undamaged material
is controlled by a length parameter , so that sharp
cracks are recovered in the limit  → 0. Several issues connected with the interpretation of the crack
field and the parameters of the phase field model,
as well as the impacts of different formulations of
crack evolution laws are addressed in this work. The
study comprises analytical considerations as well as
finite element simulations of the phase field model.

scopic sense. The characteristic length scale of a
gradient damage model is anticipated to be connected with the maximum size of material inhomogeneities. In contrast, the crack field and the regularization length of a phase field fracture model
are generally regarded as purely auxiliary quantities, which approximate the sharp crack limit.
From another point of view, the role of the regularization parameter is interesting, because it affects
the maximal stress response in the phase field model
with Ginzburg-Landau evolution equation, before
the onset of fracture. Thus, in conjunction with the
other material parameters, the length parameter defines a fracture strength in the phase field model,
which is able to reproduce crack nucleations in originally undamaged material.
References

In [1], the crack evolution is obtained by a gobal
minimization of the total energy of the phase field
model, which is a function of the strain tensor and
the crack field. However, this ansatz is plagued by
certain difficulties concerning the handling of traction loads or volume forces and the occurence of unphysical size effects, see [2]. More commonly, the
crack field is assumed to follow a Ginzburg-Landau
type evolution equation, which must be modified
properly in order to consider the irreversibility of
fracture processes, see e.g. [3] or [4]. As long as
local and global minimizers of the phase field energy functional coincide, both strategies render the
same crack evolution. However, different crack evolutions may be observed, if this is not the case.
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ture models are very similar to gradient damage
models. The main differences lie in the interpretation of the damage or crack field and the intrinsic length scales and in the formulation of appropriate irreversibility constraints. In damage models the damage field describes the development of
micro cracks and voids in a homogenized macroCFRAC 2013
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Recently, the regularized variational fracture framework [1], or termed the phase field approach [2, 3],
has emerged as an efficient method to solve fracture
problems with complicated crack patterns. Phase
field models for fracture employ a continuous field
variable to indicate cracks. The ideal crack with
zero thickness is represented with a smooth field
characterized by a regularization parameter.
The numerical implementation of such models is
sensitive to the choice of this parameter in conjunction with the mesh size, as the mesh has to be fine
enough to resolve high gradients of the crack field
appearing in the transition zones. This is one of the
main computational limit and challenge of the implementation.
Recently, graphics processing units (GPUs) have
had great success in accelerating many numerical computations. Modern GPUs bring remarkable
computational performance at a fraction of the cost
and power consumption in an old-style cluster of
central processing units (CPUs). While a CPU core
performs a single instruction at a time, a GPU
can execute hundreds. Therefore, GPUs are ideally
suited to data-parallel computations with high arithmetic intensity.

standard finite element method (FEM) on unstructured meshes.
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Computations on an unstructured grid follow a typical pattern in which data is first gathered, calculations are performed, and the resulting data is reduced and scattered. Therefore, two key challenges
result from such an algorithm: the amount of data
to be read and written to global memory is typically
quite large in comparison with the amount of floating point operations to perform, and the reduction
step is made difficult by the concurrent execution
of many threads on the GPU. However, it has been
shown that in fact excellent performance can still be
obtained from the hardware.
In this presentation, we discuss the use of a single GPU to accelerate the explicit integration of
the rate-dependent phase-field model [2, 3] using a
CFRAC 2013
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Multilayer ferroelectric actuators are ideal candidates for numerous applications in smart structures
and adaptive systems in view of their small sizes,
low driving voltages and quick response times. Applications include microprecision cutting machines,
inkjet printer heads, laser printers, optical disk
drives and laser tuning, to mention a few. However,
the inherent brittleness of ferroelectrics is a serious
obstacle to their reliable operation in devices. In
addition, the structures of multilayer actuators often employ internal electrodes, which terminate inside the ferroelectric ceramic. In the vicinity of each
terminated electrode edge, a non-uniform electric
field is induced by the driving voltage, producing
an incompatible strain field. A complex stress field
arises from this incompatibility, which may lead to
crack initiation and propagation around the electrode edge. Therefore, it is necessary to understand
the fracture behavior of multilayer ferroelectric actuators to assure optimum reliability of the systems
and guide the design. Previously, the fracture simulations were performed to analyze the electromechanical fields near the electrode edge. Based on
this analysis, some design criteria can be proposed
regarding the geometry of the actuators and electrodes to reduce the probability of fracture from
the electrode edge. However, these models do not
study the crack propagation mechanisms of the actuators and these mechanisms are still unclear due
to the complex interactions between the propagating cracks, electromechanical fields and microstructure of the material near the electrode edge. We have
recently introduced phase-field models for the coupled microstructure and fracture evolution in ferroelectric single and polycrystals [1, 2, 3, 4]. The potential of this phase-field approach to capture the
complex interactions between the crack and the material microstructure motivates us to employ it for
the fracture analysis of multilayer ferroelectric actuators. In particular, the objective of this paper is
to study the crack initiation at the electrode edge
during the poling process. Considering different
CFRAC 2013

bonding conditions between the ceramic and electrode layers, different crack initiation patterns are
obtained, which are useful to understand the fracture processes in this type of actuators. Three extreme conditions are considered, which are the fully
cofired, partially cofired, and separated layers. The
crack initiation patterns can be either delimitation
along the electrode-ceramic interface or oblique
cracking from the electrode into the material. The
calculations suggest a mechanism explaining the
experimentally observed crack branches near the
electrode edges. The effects of the ceramic layer
thickness and length of the internal electrode on the
crack initiation are also evaluated [5].
References
[1] A. Abdollahi, I. Arias, Phase-field modeling of crack propagation in piezoelectric and
ferroelectric materials with different electromechanical crack conditions, J Mech Phys
Solids 60 (2012) 2100–2126.
[2] A. Abdollahi, I. Arias, Numerical simulation of
intergranular and transgranular crack propagation in ferroelectric polycrystals, Int J Fract 174
(2012) 3–15.
[3] A. Abdollahi, I. Arias, Phase-field modeling of
the coupled microstructure and fracture evolution in ferroelectric single crystals, Acta Mater
59 (2011) 4733–4746.
[4] A. Abdollahi, I. Arias, Phase-field simulation
of anisotropic crack propagation in ferroelectric single crystals: effect of microstructure on
the fracture process, Model Simul Mater Sc 19
(2011) 074010.
[5] A. Abdollahi, I. Arias, Crack initiation patterns
at electrode edges in multilayer ferroelectric actuators, Smart Mater Struct 21 (2012) 094011.

200

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Phase Field Modeling of Brittle and Ductile Fracture at Finite Strains.
Formulation of Failure Criteria and Multi–Physics Extensions
C. Miehe∗ , L. Schänzel, H. Ulmer, H. Dal
Institute of Applied Mechanics (CE), University of Stuttgart, Pfaffenwaldring 7, 70569 Stuttgart,
Germany, cm@mechbau.uni-stuttgart.de
The computational modeling of failure mechanisms
in solids due to fracture based on sharp crack discontinuities suffers in dynamic problems with complex crack topologies including branching. This can
be overcome by a diffusive crack modeling based on
the introduction of a crack phase field as proposed
in [1, 2, 3]. Recently, we extended these models
of brittle crack propagation towards the analysis of
ductile fracture in inelastic solids undergoing finite
strains, including thermo– and chemo–mechanical
coupling scenarios. In particular, we propose a formulation that is able to predict brittle-to-ductile failure mode tansitions in metals and polymers under
dynamic loading at finite elastic–plastic strains. The
proposed model is able to reproduce classical impact tests of metal specimens, which show brittleto-ductile failure mode transition for increasing impact velocity. Similar failure mode transitions occur
in glassy polymers due to the competition of shear
yielding and crazing.
We outline a thermodynamically consistent framework for continuum phase field models of crack
propagation in brittle elastic and ductile elasticplastic solids and consider their robust numerical
implementations by multi-field finite element methods. We start our investigation with an intuitive and
descriptive derivation of a regularized crack surface density function. This function provides the basis for the construction of suitable dissipation functions, which govern the degrading stress response in
ductile materials, the evolution of plastic strains and
temperature as well as the crack phase field.

phase field and finally the deformation, temperature
or concentration fields of typical multi-physics applications. The performance of the new phase field
formulation of fracture is demonstrated by means of
representative simulations of failure in metals, rubbery and glassy polymers.
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We then introduce local history fields which contain
suitably defined crack sources based on alternative
failure criteria. It is shown that these local variables
drive the evolution of the crack phase field. The introduction of the history fields inspires the construction of extremely robust operator split schemes of
phase-field-type fracture which successively update
in a typical time step the history fields, the crack
CFRAC 2013
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In engineering practice, the durability of concrete
structures is usually, as in European standard (EC2)
dealt with crack opening and crack interdistance in
order to limit the corrosion risk for rebars due to
the penetration of chemical agents coming from the
environment of the structure.
Regarding numerical modelling of concrete
structures, two main classes of approaches do exist.
On one hand the discontinuous ones such as XFEM are based on crack propagation criteria for
which the crack opening is part of the constitutive
law. On the other hand, continuous ones such as
damage models are capable to simulate both the
initiation and the propagation of cracking.
However they do not provide any information on
crack properties (path and opening) and they
usually suffer from mesh dependency if not
properly regularized.

Finally a method has been developed by Dufour et
al. [4] to estimate the crack opening by equalling
the convoluted product of the strain issued from a
FE computation and the one from an analytical
strong discontinuity approach. Part of the
estimation error finds its root in the shape of the
non local strain field across the crack. For this
reason, the equivalence is originally performed in
average only since local values provide a poor
estimation.
In this contribution, we investigate the
improvements that the stress based non local
regularisation provides to the estimation of the
crack path and the crack opening. The latter one is
compared to experimental results measured by
digital image correlation on a three-point bending
concrete beam. Since both the strain field and the
damage field do not spread over the domain upon
failure, the first one is localised in a single element
and the latter one presents a ridge with a maximum
value. Therefore, the damage field can be used to
estimate the crack path and a local equivalence is
found with respect to strong discontinuity approach
to accurately estimate the crack opening.

An advanced non local approach has been recently
developed by Giry et al. [1] to overcome the main
drawbacks of the standard method, i.e. bad
estimation of the location for the damage initiation
close to a notch tip, attraction of the damage field
by boundaries and spurious damage diffusion at
complete failure. These authors have proposed to References
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localises in a single finite element that is more
48 (2011) 3431-3443.
realistic. However the dissipated energy is mesh- [2] F. Dufour, G. Legrain, G. Pijaudier-Cabot,
independent due to the regularisation effect prior to
A. Huerta, Estimate of crack opening from a 2D
the failure.
continuum-based FE computation, Int J Num
Anal Meth 36 (2012) 1813-1830.
Besides Dufour et al. [2] and Bottoni and Dufour
[3]
M. Bottoni, F. Dufour, Topological search of
[3] have proposed two methods to estimate the
the crack path from a damage-type mechanical
crack path from continuous fields. The latter one is
computation, Comp Model of Conc Struct, Eds
based on the 2D topological search of the ridge of a
Bicanic et al. (2010) 271-279.
field characterising the crack. If the damage field
[4] F. Dufour, G. Pijaudier-Cabot, M. Choinska,
from the original non local approach was the
A. Huerta, Extraction of a crack opening from a
natural candidate, it has not been possible to use it.
continuous approach using regularized damage
Indeed the diffusion of damage yields a plateau
models, Comp & Conc 5 (2008) 375-388.
with a unit damage from which it is not possible to
extract the maximum value (i.e. the ridge).
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A New Combined Strategy for Modelling Failure: From Smoothed Displacements
to Cohesive Cracks
E. Tamayo-Mas, A. Rodrı́guez-Ferran∗
Laboratori de Càlcul Numèric (LaCàN), Universitat Politècnica de Catalunya (UPC-BarcelonaTech),
Jordi Girona 1-3 E-08034 Barcelona, Spain, antonio.rodriguez-ferran@upc.edu
To achieve an accurate description of a whole failure process, combined strategies coupling the two
traditional approaches (damage and fracture mechanics) can be used. This work addresses a new
contribution in this direction: a non-local continuum damage model with smoothed displacements
is combined with cohesive cracks thus allowing the
entire description of failure processes.

cannot be used in a regularised continuum, a new
criterion is used here: the evolving crack advances
following the direction dictated by the medial surface [4] of the regularised damaged profile. That is,
a geometric tool widely used in image processing
and computer vision is used here to locate cracks.
By means of this technique, the crack is forced to
evolve through the middle of the damaged bulk.

To describe the first stages of the failure process, a
damage model is employed. To avoid the characteristic problems of local descriptions such as meshsensitivity, a gradient-enhanced model [1] with regularised displacements is used. As analysed in [2],
different boundary conditions may be prescribed
for this non-local field. Here, combined boundary
conditions are imposed: Dirichlet boundary conditions are prescribed for the normal component of
the displacement field whereas non-homogeneous
Neumann boundary conditions are imposed for the
tangential ones.

The proposed methodology is applied to different three-dimensional problems illustrating that no
mesh-dependent results are obtained.

To describe the last stages of the process, when the
material is physically separated, this regularised description is combined with cohesive cracks. When
dealing with this transition (from regularised damage to evolving cracks) different difficulties may
arise. In this work, focus is in the way as this transition is carried out.
On the one hand, the properties of the cohesive
crack should be defined. In order to estimate the
fracture energy, and thus, of the crack stiffness,
a new methodology is used here. The main idea
is based on the assumption that the energy which
would be dissipated by a continuum approach is
conserved if a combined strategy is employed, see
[3]. In order not to overestimate the transferred energy, here we propose to take into account the unloading behaviour of each point across the damage
band.

References
[1] A. Rodrı́guez-Ferran, T. Bennett, H. Askes,
E. Tamayo-Mas, A general framework for softening regularisation based on gradient elasticity, Int J Solids Struct 48 (9) (2011) 1382–1394.
[2] E. Tamayo-Mas., A. Rodrı́guez-Ferran, Condiciones de contorno en modelos de gradiente con
desplazamientos suavizados, Rev Int Metod
Numer Calc Dise 28 (3) (2012) 170–176.
[3] C. Comi, S. Mariani, U. Perego, An extended
FE strategy for transition from continuum damage to mode I cohesive crack propagation, Int J
Numer Anal Methods Geomech 31 (2) (2007)
213–238.
[4] M. L. M. Foskey, D. Manocha, Efficient computation of a simplified medial axis, J Comput
Inf Sci Eng 3 (4) (2003) 274–284.

On the other hand, the crack-path direction should
be defined. Since linear elastic fracture mechanics
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Fracture of Concrete: Nonlocal Damage Laws and the Fictitious Crack Model
E. Lorentz*, K. Kazymyrenko
Laboratoire de Mécanique des Structures Industrielles Durables (LaMSID), UMR 8193
EDF/CNRS/CEA, EDF R&D, 1 av. Général de Gaulle, 92141 Clamart cedex, eric.lorentz@edf.fr
For some concrete structures submitted to
mechanical loadings, the safety assessment requires
to predict potential crack propagations. To this end,
the fictitious crack approach introduced by
Hilleborg thirty years ago and based on cohesive
laws brings acceptable results regarding the crack
length and the overall structural response [1],
thanks to a proper energy balance between strain
energy and dissipation through micro and macrocracks. However, the prediction of crack paths may
remain difficult and/or cumbersome on a finite
element level when dealing with 3D simulations
despite constant progresses reported in the
literature. An alternative relies on the smeared
crack approach where Continuum Damage
Mechanics provides the setting to predict damage
levels (i.e. crack lengths) as well as damage
patterns (i.e. crack paths). But the inherent illposedness of softening laws – resulting namely in
spurious mesh dependency and wrong dissipation
assessment – has to be given a proper answer such
as the introduction of a nonlocal interaction
between neighbor material points.

normalized experiments – such as the peak stress,
the fracture energy and so on.
Regarding the extension of the convergence
properties to 2D and 3D settings, numerical
experiments show the importance of the initial
damage threshold surface in the stress space (or
equivalently in the strain space). In particular, the
peak stress in bi-tension appears to be a crucial
parameter for crack propagation: the usual tensile
peak stress ft does not seem sufficient, on the
contrary of what happens with a cohesive law.
Moreover, the damage surface should also
distinguish tensile from compressive stress states in
order to avoid spurious damage in compression,
even in cases where only tensile damage is
expected. Both observations have motivated the
introduction of a damage threshold surface which
fits experimental measures while preserving the
former convergence results in the 1D setting.
A new layer has been introduced in the gradient
damage model which enables to take into account
(i) an asymptotic cohesive law and (ii) any damage
threshold surface. 2D and 3D illustrations are
conducted on the basis of a specific damage
threshold function which meets the previous
requirements and a cohesive softening function
which fits most of the experimental results in [1].
They show the ability of the present formulation to
predict crack path propagation under complex
loading conditions.

The idea developed in the presentation consists in
reconciling the fictitious and the smeared crack
approaches in order to gain the advantages offered
by both. The starting points consists of a nonlocal
damage law which models the coupling between
elasticity and brittle isotropic damage and where
the nonlocal interactions are taken into account
through the gradient of the damage field, weighted
by a parameter which introduces a nonlocal length
scale. Focusing on a 1D problem enables to express References
under which conditions the damage model
converges toward a cohesive zone model for [1] P.-E. Peterson, Crack Growth and Development
vanishing nonlocal length scale [2]. In that way, the
of Fracture Zones in Plain Concrete and Similar
damage model appears as a spatial regularization of
Materials,
Report
TVBM-1006,
Lund
the cohesive one and relies on a small
University, Sweden, 1981.
regularization parameter, the nonlocal length scale. [2] E. Lorentz, S. Cuvilliez, K. Kazymyrenko,
In particular, there is not much ambition regarding
Modelling large crack propagation: from
the physics of the nonlocal interactions: the scope
gradient damage to cohesive zone models, Int J
of the model is clearly structures the size of which
Fract 178 (2012) 85–95.
is far larger than the nonlocal length scale. In
return, the damage model is based on macroscopic
parameters – i.e. readily accessible through
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Advances in Gradient-Enhanced Damage Models with Evolving Length Scale
A. Simone∗
Delft University of Technology, Faculty of Civil Engineering and Geosciences
P.O. Box 5048, 2600 GA Delft, The Netherlands
It is widely recognized that a constant length [2] A. Simone, G. N. Wells, L. J. Sluys, From conscale parameter in integral and differential nontinuous to discontinuous failure in a gradientlocal damage models leads to incorrect represenenhanced continuum damage model, Comput
tation of failure mechanisms either by spurious
Methods Appl Mech Engrg 192 (2003) 4581–
damage growth [1] or by incorrect damage initia4607.
tion and propagation [2, 3]. In this contribution I [3] A. Simone, H. Askes, L. J. Sluys, Incorrect initiation and propagation of failure in non-local
will discuss some recent developments in gradientenhanced damage models which aim, through an
and gradient-enhanced media, Int J Solids &
evolving length scale parameter, at improving failStructures 41 (2004) 351–363.
ure representation.
[4] R. H. J. Peerlings, R. de Borst, W. A. M. Brekelmans, M. G. D. Geers, Gradient-enhanced damOne of the shortcomings of integral and differenage modelling of concrete fracture, Mech Cohtial non-local damage models with constant length
Fric Mat 3 (1998) 323–342.
scale parameter is the spurious spreading of dam[5]
S. Saroukhani, R. Vafadari, A. Simone, A simage close to failure. This unphysical behavior can be
plified implementation of a gradient-enhanced
corrected by considering an evolving length scale.
damage model with transient length scale efGeers et al. [1] proposed an improvement of the
fects, Comp Mech In press (August 3, 2012).
gradient enhanced continuum damage model formulated by Peerlings et al. [4] in which the length [6] C. Giry, F. Dufour, J. Mazars, Stress-based nonlocal damage model, Int J Solids & Structures
scale parameter evolution is made a function of the
48 (2011) 3431–3443.
current strain level. This improvement is achieved
at the cost of one extra nodal degree of freedom in [7] A. Simone, T. Heitz, In preparation (2013).
a finite element discretization. In this contribution, I
will illustrate a simpler formulation [5] that retains
the same number of degree of freedom as the original model [4] thus resulting in a very appealing alternative to the formulation by Geers et al. [1]. Representative examples will show the performance of
the proposed approach.
Dufour and coworkers [6] have recently proposed
an approach, based on an integral non-local damage
model, that solves the problem of incorrect initiation and propagation of damage as discussed by Simone et al. [3]. I will present a similar approach in
a differential non-local damage model [7].
References
[1] M. G. D. Geers, R. de Borst, W. A. M. Brekelmans, R. H. J. Peerlings, Strain-based transientgradient damage model for failure analyses,
Comput Methods Appl Mech Eng 160 (1998)
133–153.
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Advanced Nonlocal Elastoplastic Constitutive Equations in the Framework of the
Micromorphic Continua
M. Hamed*, K. Saanouni
ICD/LASMIS-CNRS-FRE-2848, University of Technology of Troyes, 12 Rue Marie Curie, CS 42060,
10004 Troyes Cedex, France, mohamed.hamed@utt.fr
The primary objective of this talk is to develop a
straightforward formulation of gradient-based
nonlocal constitutive equations accounting for the
full coupling between the plastic flow with mixed
isotropic and kinematic hardening and the isotropic
ductile damage under large plastic strains, using the
general framework of micromorphic continua ([1],
[2]). In the present formulation, three micromorphic
phenomena are taken into account namely, the
isotropic damage, the isotropic hardening and the
kinematic hardening. The principle of virtual
power accounting for these three micromorphic
phenomena leads to three additional balance or
micromorphic momentum equations. These three
additional PDEs (Partial Differential Equations)
together with the classical equilibrium equations
are used to define highly nonlinear and fully
coupled initial and boundary value problem (IBVP)
with four functionals. When expressed in terms of
strain-like state variables, the additional PDE
associated to the micromorphic damage leads to a
widely used nonlocal Helmholtz equation with its
appropriate boundary condition [3].
On the other hand, using the thermodynamics of
irreversible processes for micromorphic continua,
fully coupled constitutive equations are obtained in
terms of the micromorphic variables and their first
gradients. For this end, new micromorphic state
variables are added to the classical local state
variables and used in the appropriate state and
dissipation potentials to derive both the stress-like
variables (state relations) and the strain-like flux
variables (evolution relations). If, for the sake of
simplicity, the micromorphic dissipations are
neglected, it is shown that, each state variable
undergoing the micromorphic aspect is written
under the additive form of local and nonlocal
contributions [4].

ABAQUS/Explicit via the construction of
appropriate new elements having additional
degrees of freedom, using the user-defined
subroutine VUEL as well as the micromorphic
constitutive equations through the VUMAT
subroutine.
The simulations of some simple and more or less
complex mechanical structures are conducted for
various local and micromorphic material
parameters and different mesh sizes in order to
show the efficiency of the proposed formulation in
giving, at convergence, mesh independent solutions
of the IBVP [4].
References
[1] A. C. Eringen, Nonlocal continuum field theories, Springer Verlag, New York, 2002.
[2] S. Forest, Micromorphic approach for gradient
elasticity, viscoplasticity and damage, J Eng
Mech-ASCE 135 (2009) 117–131.
[3] M. G. D. Geers, R. Ubachs, R. Engelen,
Strongly non-local gradient-enhanced Finite
strain elastoplasticity, Int J Numer Meth Eng 56
(2003) 2039–2068.
[4] K. Saanouni, M. Hamed, Micromorphic
approach for finite gradient-elastoplasticity
fully coupled with ductile damage. Formulation
and computational aspects, Int J Solids Struct
(2013, to appear).

From the four strong forms obtained in terms of
strain-like variables, the associated weak forms are
deduced using the classical weighted residual and
Galerkin method. The associated discretized weak
forms are implemented in the commercial FE code
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Crack Periodicity in the Thermal Shock Setting: A Gradient Damage Model
P. Sicsic1,2∗ , B. Bourdin3 , J.-J. Marigo1 , C. Maurini4
Laboratoire de Mécanique des Solides, Ecole Polytechnique, 91128 Palaiseau Cedex, France
paul.sicsic@polytechnique.edu
2
Lafarge Centre de Recherche, 95 rue du Montmurier, 38291 Saint-Quentin Fallavier, France
3
Department of Mathematics and Center for Computation & Technology, Louisiana State University,
Baton Rouge, LA 70803, USA
4
Institut Jean Le Rond d’Alembert (UMR-CNRS 7190), Université Paris 6 (UPMC), 4 place Jussieu,
75252 Paris, France
1

This presentation is devoted to the nucleation of
cracks in the thermal shock problem. The underlying fracture model, that of Francfort and Marigo’s
theory, is governed by the minimization of the total
energy composed of an elastic bulk term and a surface term proportional to the cracks length (in 2d) or
surface area in 3d [2]. In this variational approach to
fracture no a priori hypothesis on the crack nucleation or crack paths are made. This allows to study
the topology of the cracks and especially their spacing. The numerical approach relies on minimizing
a regularized functional where the cracks are represented by a smooth variable α. The regularized
model can also be seen as a gradient damage model
where α is the damage variable.

follows first a fundamental branch without localization. Then it bifurcates into another branch in which
damage localization will take place to finally generate cracks. The determination of the time and mode
of that bifurcation allows us to explain the periodic
distribution of the so-initiated cracks and to calculate the crack spacing in terms of the material and
loading parameters.

For longer times we compare the crack selection
mechanisms of the alternate minimization to theoretical and numerical results from the literature. The
scale law for the spacing of cracks is captured. We
have thus given a typical illustration of the strength
of the numerical approach to fracture and its numerical implementation. Indeed the ability of this algoIn a two-dimensional setting, starting at the thermal rithm to capture crack nucleation as well as Griffith
shock and for small times, a strip with diffuse dam- like crack propagation has been illustrated.
age propagates inside the body. Damage decreases
from a maximal value at the surface towards zero, References
being homogeneous in the direction parallel to the
surface of the thermal shock. The maximal value [1] A. Benallal, J. J. Marigo, Bifurcation and staof damage at the surface increases with time. At
bility issues in gradient theories with softening,
some critical time tb , the homogeneous solution biModel Simul Mater Sc 15 (2007) 283–295.
furcates towards a solution including a set of peri- [2] B. Bourdin, G. A. Francfort, J. J. Marigo, Nuodically distributed damaged bands penetrating inmerical experiments in revisited brittle fracture,
side the body. The damage field grows until 1 (fully
J Mech Phys Solids 48 (2000) 787–826.
damaged material) in the mid-line of these zones. A [3] K. Pham, J. J. Marigo, From the onset of damset of periodically distributed cracks of equal length
age up to the rupture: construction of the rehas formed and starts propagating inside the body.
sponses with damage localization for a general
Some damage bands stop to propagate whereas the
class of gradient damage models, Continuum
other ones continue penetrating inside the body.
Mech Therm (In press 2013).
At short times, we compare these results from those
given by a rate-independant gradient damage analysis governed by the three variational principle of
irreversibility, stability and energy balance [1, 3]. In
the case of a sufficiently severe shock, we show that
damage immediately occurs and that its evolution
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Damage-Based Fracture in Brittle Materials with Shape Optimization Methods
N. Van Goethem∗
SISSA, Via Bonomea 265, 34136 Trieste, Italia, vangoeth@sissa.it
Damage and fracture are almost always intimately [2] G. Allaire, F. Jouve, N. Van Goethem, Damlinked together. For instance, in [2] a damage model
age and fracture evolution in brittle materials by
is shown to provide crack-like results in some limit
shape optimization methods, J Comput Phys 12
case while in [3] a purely fracture-dedicated model
(2011) 230.
is implemented numerically with help of an auxil- [3] B. Bourdin, G. Francfort, J. J. Marigo, The variiary variable which has the effect of smearing the
ational approach to fracture, J Elasticity (2008).
crack.
The model discussed in this talk is based relies on
Griffith’s concept of crack propagation, i.e., a balance between energy released by the crack and energetical cost to propagate the crack. A damage-based
approach to fracture by means of shape optimization tools will be discussed and in particular we will
• show that 2D and 3D numerical solutions of
the damage problem converge to crack-like
solutions (in modes I, II and III).
• emphasize the role of optimization tools
such as shape derivatives for damage and
crack problems [2]; the notion of topological derivative to describe nucleation of cracks
will also be introduced [1].
• describe the theoretical framework to justify mathematically the above numericallyobserved convergence.
• discuss a new algorithm based on the sole notion of topological derivative and a level-set
method to compute the evolution of damage
and cracks.
• by means of topological derivative, discuss
a nonlinear damage problem, where traction and compression cracks obey to different
propagation laws.
References
[1] N. Van Goethem, A. Novotny, Crack nucleation sensitivity analysis, Math Meth Appl Sc
16 (2010) 33.
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Applying a Second Gradient Theory on Reinforced Concrete Structural Elements
M. Soufflet1,2, G. Jouan1,2, P. Kotronis1*, F. Collin2
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LUNAM Université, Ecole Centrale de Nantes, Université de Nantes, CNRS,
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2
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Strain localization is a common phenomenon in
solids which have suffered severe loadings and can
lead to fracture and failure of the medium. From a
practical point of view, it is important to predict the
possible occurrence of such phenomena (location
threshold), but also to be able to simulate the
behavior of a structure (e.g. reinforced concrete
buildings, dams, nuclear power plants) beyond this
point (post-localization behavior). It is well known
that continuum mechanics models that do not have
an internal length are not suitable for this type of
engineering problems.
A rather natural way of introducing (indirectly) a
length parameter in a continuum model is to
somehow account for the microstructure of the
material. The general class of so called
microstructured models or higher order continuum
models allows for the description of the kinematics
of the microstructure by using an additional tensor
in the displacement field. Higher order continuum
theories can be traced back to the works of the
Cosserat brothers and have been generalized and
properly formulated by Mindlin and Germain using
the method of virtual power.
The local second gradient model developed by
Chambon et al. [1] can be seen as a particular case
of a higher order continuum and has been often
used to regularize problems involving localization
in soils. In this work, it adopted to simulate
localization problems in reinforced concrete
structural elements. More specifically, a two
dimensional nine-node node second gradient finite
element is used [2] and the constitutive laws for the
first gradient part are based on damage mechanics
[3,4].
Experiments on a reinforced concrete beam (three
point bending test) and a reinforced concrete shear
wall (static monotonic loading) were studied within
the French National Program CEOS.fr (Behaviour
and Assessment of special R.C. works - cracking &
shrinkage), www.ceosfr.org. Global (force-displaCFRAC 2013
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cement curves) and local results (strains in concrete
and steel, crack propagation using the Digital
Image Correlation technique) were monitored and
are compared with the numerical results of the
second gradient approach.
The results show that the model is able to
reproduce the force-displacement curve obtained
experimentally. Damage localizes into bands
whose width is controlled by the model parameters.
The uniqueness of the solution is however not
restored.
These results are encouraging and represent the
first steps toward a wider use of the local second
gradient method for concrete structures.
References
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Plastic continuum with micro-structure, local
second gradient theories for geomaterials:
localization studies, Int J Solids Struct 38
(2001) 8503–8527.
[2] T. Matsushima, R. Chambon, D. Caillerie,
Large strain finite element analysis of a local
second gradient model: application to
localization, Int J Numer Meth Eng 54 (2002)
499–521.
[3] J. Mazars, Application de la mécanique de
l’endommagement au comportement non
linéaire et à la rupture du béton de structure,
Thèse de doctorat d’état de l’Université Paris
VI, 1984.
[4] R. Faria, J. Olivier, M. Cervera, A strain-based
plastic viscous-damage model for massive
concrete structures, Int J Solids Struct 35
(1998) 1533–1558.
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Crack Propagation Modelling in Presence of Voids and Inclusions
Using a Peridynamic Approach
M. Zaccariotto*, F. Luongo, G. Galvanetto
Department of Industrial Engineering, University of Padova, Via Gradenigo 6, 35131 Padova, Italy
mirco.zaccariotto@unipd.it
The capability to predict damage and crack
evolution by adequate numerical techniques is
becoming increasingly important, both for safety
and economy reasons in many industrial
applications. The presence of voids and inclusions,
due to manufacturing process, increases the
difficulty of the analysis [1].

their mutual interaction and dynamic growth in a
consistent framework. The method does not require
a separate crack growth law to be provided that
governs cracks and damage initiation, growth,
arrest, branching and so on: these features emerge
from the equation of motion and constitutive
models.

Classical mechanics methods, based on partial
differential equations, cannot be directly applied to
discontinuities and require auxiliary equations that
govern damage initiation and progression.

The peridynamic method will be applied to model a
2D structure in presence of voids and inclusions
under dynamic load conditions: a first time
considering an isotropic material and then with a
laminate composite material [4]. Results will be
evaluated taking into account different mesh sizes,
horizon dimension [5], crack initial lengths and
crack orientations.

A new approach, based on the non-local
peridynamic theory [2], will be presented. In this
theory each point of the domain of interest interacts
with the other points that are within a finite
distance (horizon). Each pair of interacting material
points can be assumed to be connected through a
bond, and they interact through a force defined by a
specific function. The force function contains the
whole constitutive information about the material
and depends on the distance between the material
points. The peridynamic equations of motion are
formulated using spatial integral equations, as
opposed to spatial partial differential equations
such as those in classical-continuum theory. The
fact that displacement derivatives do not appear in
peridynamic equations permits this formulation to
be valid whether discontinuities, such as cracks,
voids or interfaces, are present or not.
Peridynamics appears to be more flexible than
other computational techniques applied to
mechanical problems of crack propagation such as
interface elements or XFEM [3], in the sense that
the crack is free to appear in every part of the
structure, following only physical and geometrical
constraints, does not require any a priori
assumption for the definition of its propagation and
does not seem to be more difficult to apply in 3-D
than in the planar cases.
A distinguishing feature of this approach is its
ability to treat the spontaneous formation of
discontinuities at different locations together with
CFRAC 2013
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Upscaling Non-Local Interactions During Damage and Failure in Quasi-Brittle
Materials
D. Grégoire*, L. B. Rojas-Solano, G. Pijaudier-Cabot
Université de Pau et des Pays de l’Adour (UPPA), Laboratoire des Fluides Complexes et leurs
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Classical constitutive models for the description of
progressive micro-cracking in quasi-brittle
materials involve strain softening and a
regularization technique for avoiding spurious
strain and damage localization. Different
continuum-based approaches have been promoted
in the literature such as integral-type non-local
models or gradient formulations. Such macroscale
failure models have been applied on a wide range
of problems involving the safety of concrete and
reinforced concrete structures, fracture of sea ice,
or the structural strength of composite elements.
These
models
exhibit,
however,
some
inconsistencies such as (i) incorrect crack
initiation, ahead of the crack tip; (ii) propagating
damage fronts after failure due to non-local
averaging, (iii) incorrect shielding effect with nonzero non-local interactions transmitted across a
crack; (iv) deficiencies at capturing spalling
properly in dynamics, with spalls of zero thickness
when the expected spall size is below the internal
length of the model [1,2].

capabilities of the classical non-local damage
model [3].
The purpose of this paper is to present a new
macroscopic approach to capture the evolving nonlocal interactions which are produced during
damage and failure in quasi-brittle materials. The
non-local interactions induced by the deformation
of a domain around a point on a neighboring point
are computed explicitly using a classical Eshelby
problem. These interactions are then summed and
converted into a weight function, which is
implemented for non-local averaging of the
variable that controls damage. Thus, weight
functions centered at each point may be different
from one another, depending on the distribution of
damage, and on the proximity of a boundary. These
weight functions evolve in the course of damage
and failure.

This new interaction-based non local model is first
validated on simple 1D problems and then used to
reproduce experiments presenting failure and size
effect for notched and unnotched concrete beams
In non-local models, the internal length is the [3].
parameter inside the weight function (or as a Acknowledgement Financial support from ERC
prefactor of the gradient term) that controls non- advanced grant Failflow (27769) is gratefully
locality. There is today a consensus that this acknowledged.
quantity might not be constant. Recently, two
different modifications of non local integral
damage models were considered: a different References
averaging process close to the boundary of the
solid [1] in order to capture boundary effects and [1] A. Krayani, G. Pijaudier-Cabot, F. Dufour,
an evolving internal length in the course of damage
Boundary effect on weight function in nonlocal
[2]. The first one handles the deficiency observed
damage model, Eng Frac Mech 76 (2009)
in computation of spalling failure. The second one
2217–2231.
handles the incorrect crack initiation and also [2] D. Grégoire, L. B. Rojas-Solano, G. Pijaudierinduces a correct shielding effect with zero
Cabot, Continuum to discontinuum transition
interaction between material points located on both
during failure in non-local damage models, Int J
sides of a crack. The evolution of the internal
Multiscale Comput Eng 6 (2012) 567–580.
length in these models remains, however, quite [3] D. Grégoire, L. B. Rojas-Solano, G. Pijaudierempirical. Changing geometry, e.g. from tensile to
Cabot, Failure and size effect for notched and
bending loads or from unnotched to notched
unnotched concrete beams, Int J Numer Anal
specimens, results in the loss of predictive
Met (2013, in press).
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The Thick Level Set Model: a Non-Local Damage Model Allowing Automatic Crack
Placement Inside Localization Zones
N. Moës1*, C. Stolz1,2, N. Chevaugeon2, A. Salzman1
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When dealing with damage models in order to
initiate and grow cracks, two issues at least must be
taken into account. The first one is to avoid
spurious strain localization (zero dissipation
produced although damage has reached its
maximum value). The second one, is to allow
displacements to be discontinuous when the
material stiffness is totally lost.

same finite element.
This permits a crack
placement rather insensitive to the mesh size
(provided it is of course below the characteristic
length scale of the material).

Numerical simulations will target 2D and 3D
application in quasi-static analysis of quasi-brittle
materials.
Disymetric
tension-compression
constitutive models will be used. CPU time and
The first issue is usually taken into account by numerical robustness of the TLS will be discussed.
introducing a length scale in the model and
rendering the model non-local. Regarding the
second issue, crack placement is so far in the References
literature a numerical issue and not related to the
[1] N. Moës, C. Stolz, P.-E. Bernard, N. Chenon-local damage model.
vaugeon, A level set based model for damage
In this paper, we improve the current state of
growth : the thick level set approach. Int J
affairs regarding the issues described above. The
Numer Meth Eng 86 (2011) 358–380.
Thick Level Set (TLS) model ties damage to a [2] C. Stolz, N. Moës, A new model of damage : a
level set and was initially introduced in [1,2]. An
moving thick layer approach, Int J Fract 174
important advantage of this model is that the model
(2012) 49–60.
is non-local only where needed in the domain [3] R. M. Pradeilles-Duval, C. Stolz, Mechanical
(close to localization) allowing the major part of
transformations and discontinuities along a
the domain to be dealt with purely local
moving surface, J Mech Phys Solids 43 (1995)
constitutive law. Somehow, local and non-local
91–121.
zones are different entities separated by a moving [4] P. E. Bernard, N. Moës, N. Chevaugeon,
surface treated in the spirit of [3].
Damage growth modeling using the Thick
Regarding the second issue, the TLS models offers
Level Set (TLS) approach: Efficient discretian automatic way to place cracks inside localized
zation for quasi-static loadings, Comput
zone. The crack location is simply all points
Method Appl M 233 (2012) 11–27.
beyond the level set lc (iso-lc). There is thus no [5] N. Moës, J. Dolbow, T. Belytschko, A finite
limitations on the crack shape. Merging and
element method for crack growth without
branching is also carried out automatically due to
remeshing, Int J Numer Meth Eng 46 (1999)
the topological flexibility of the level set
131–150.
representation.
The first numerical implementation of the TLS was
performed in [1,4]. It relies on the use of the XFEM [5] to allow finite element support cut by the
crack to be enriched with a Heaviside function thus
modeling crack displacement discontinuity. In the
presentation, we will introduce a further refinement
in the numerical implementation. Both crack lips
(iso-lc of the level set) will be allowed to cut the
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Towards a Weakly Intrusive Space-Time Multi-Scale Strategy for the Prediction of
Delamination Under Impact
O. Bettinotti1,2∗ , O. Allix1 , B. Malherbe2 , V. Oancea3
LMT-Cachan, Structures at Systèmes, 61 Avenue du Président Wilson, 94230 Cachan, France,
bettinotti@lmt.ens-cachan.fr
2
Airbus Operations SAS, Vulnerability Group, 316 Route de Bayonne, 31060 Toulouse, France
3
Dassault Systèmes, Simulia, 166 Valley Street, 02909 Providence, Rhode Island, USA
1

Composite laminated materials are increasingly employed in aeronautics but can be prone to extensive
delamination when submitted to impact loads such
as from bird strikes. For most practical purposes,
current analysis tools allow to determine whether a
given structure can sustain given impact loads while
appropriate safety margins are considered. In order to improve a given design, further insight needs
to be gained into the complex interactions associated with impact on composites. The need to be
able to perform virtual delamination testing, that is
to be able to predict the extension of damage under impact, becomes essential to engineering workflows. In that case the use of a meso-scale modeling scheme for laminates, where individual modeling of the plies and interfaces are introduced, seems
desirable. However, the computational cost associated with such modeling schemes for large structures would be prohibitively high for the engineering practice, as the precise study of the damage and
failure response requires the consideration of phenomena encompassing multiple spatial scales and
temporal scales.

technique, which is costly and complex to implement. The paper will present the basis of a proposed less intrusive approach, called the Substitution method [3]. The method is designed in such a
way that is possible to make use of an unchanged
coarse macro model for the whole structure and
to couple it with an evolutive meso-scale analysis
where needed. The computational price to pay is
that the method is “local” iterative.
Two versions of the Substitution method have been
developed, based on two different formulations on
how to couple the macro and meso models. A
weakly intrusive version of the method developed
in [1] has first been obtained. It leads to satisfying
results but with a level of dissipated energy difficult
to control. Therefore a second formulation based on
[2] has been developed which avoids the precedent
drawback. First simple applications of this method
in the case of the propagation of delamination under
impact should be presented during the conference.
References

In order to construct an efficient numerical scheme, [1] A. Combescure, A. Gravouil, A numerical
the basic idea is that while a rather detailed mesoscheme to couple subdomains with different
scale model could be used to simulate delamination
time-steps for predominantly linear transient
where needed, the rest of the structure could be deanalysis, Comp Methods Appl Mech Eng 191
scribed by a less detailed more economical macro(2002) 1129–1157.
scale model. The paper will first discuss in broad [2] N. Mahjoubi, A. Gravouil, A. Combescure,
terms the possibility to adapt a commercial softN. Greffet, A monolithic energy conserving
ware package (such as Abaqus) to deal as efficiently
method to couple heterogenous time integrators
as possible with such a multi-scale scheme. Estiwith incompatible time steps in structural dymates of potential advantages of multi-scale stratenamics, Comp Methods Appl Mech Eng 200
gies compared to monolithic solutions for industrial
(2011) 2069–1086.
applications are also given.
[3] O. Bettinotti, O. Allix, B. Malherbe, Spacetime multi-scale strategy with a fixed global
In order to efficiently follow the delamination front
model for the simulation of impact in explicit
propagation, the classical Domain Decomposition
dynamics, Comput Mech (submitted).
[1] would have to be coupled with a re-meshing
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Micro-to-Macro Transitions for Heterogeneous Material Layers Accounting for
In-Plane Stretch
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2
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Material layers within a macroscopic continuum
• to determine the macroscopic kinetic quantiplay an important role in numerous engineering apties and the interface tangent modulus;
plications. Examples include adhesive bonding lay• to solve the three-dimensional, nonlinear miers, laminated composite structures, geomaterials
croscopic problem using the finite element
etc.. The material layer is generally weaker than
method;
the surrounding bulk causing the deformation to localise in the layer. The ability to model the response
of the material layer is therefore critical in order
References
to determine the behaviour of the overall continuum. The response of the material layer is depen[1] R. Hill, Elastic properties of reinforced solids:
dent upon its microstructure and, in particular, hetSome theoretical principles, J Mech Phys
erogeneities. Microscopic heterogeneities include
Solids 11 (1963) 357–372.
voids, inclusions and micro-cracks.
[2] C. Miehe, A. Koch, Computational micro-toHomogenisation, as pioneered by Hill [1], provides
macro transitions of discretized microstructures
a consistent methodology to link the macroscopic
undergoing small strains, Arch Appl Mech 72
and microscopic scales and forms the basis for com(2002) 300–317.
putational micro-to-macro transitions (see e.g. [2]). [3] M. E. Gurtin, A. I. Murdoch, A continuum theory of elastic material surfaces, Arch Ration
The key contribution of this work is to proMech An 57 (1975) 291–323.
pose a micro-to-macro transition approach for material layers which consistently accounts for in- [4] M. G. D. Geers, V. G. Kouznetsova,
W. A. M. Brekelmans, Multi-scale computaplane stretch by endowing the macroscopic intertional homogenization: Trends and challenges,
face with its own energetic structure in the spirit of
J Comput Appl Math 234 (2010) 2175–2182.
Gurtin and Murdoch [3]. The importance and relevance of considering materials layers using a multi- [5] A. McBride, J. Mergheim, A. Javili, P. Steinmann, S. Bargmann, Micro-to-macro transiscale paradigm was commented upon in a recent
tions for heterogeneous material layers acoverview paper by Geers et al. [4]
counting for in-plane stretch, J Mech Phys
In summary (see [5, 6] for further details) the key
Solids 60 (2012) 1221–1239.
objectives and contributions of this work are as fol[6] A. Javili, A. McBride, P. Steinmann, Numerilows:
cal modelling of thermomechanical solids with
highly conductive energetic interfaces, Int J Nu• to state the governing equations;
mer Meth Eng 93 (2013) 551–574.
• to consistently transfer the macroscopic kinematic interface data to the underlying microscopic problem;
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Multiple Spatio-Temporal Scale Modeling of Failure in Composites Subjected to
Cyclic Loading
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We present a multiscale modeling methodology for
failure prediction in composite materials subjected
to cyclic loading. These predictions involve solving a problem that is multiscale with respect to
both space and time, and accordingly, the presented
methodology is a multiple spatio-temporal method.
Failure prediction with multiple spatial scales is
complicated by the size disparity between the microstructure where material damage initiates and
the macrostructure across which damage propagates and induces ultimate failure, and further
complicated by the existence of multiple failure modes, such as fiber fracture, diffuse matrix
damage, fiber/matrix debonding, and delamination.
These complexities were addressed by utilizing
the eigendeformation-based reduced order homogenization method (EHM) [1]. Within EHM, a reduced order microscale problem is solved to determine the homogenized material response of a material point, and since the material response is nonlinear, we must repeat this process at every macroscale
Gauss point for every loading increment, so in
recognition of this prohibitive computational burden, we reduce the order of the microscale problem
to gain computational efficiency. The geometry of
the composite microstructure and the multiple types
of failure modes incorporate naturally into the order
reduction of the microscale problem.

mogenization technique. The methodology is designed to capture not only the multiple spatial scales
but also the multiple temporal scales coming from
the disparity between the length of a single loading cycle and the entire lifetime of a composite
structure. The technique is based upon the fixed
point temporal homogenization presented in [2].
Within the method, only a small subset of the total number of cycles over the lifetime of a structure are resolved. This reduction in the number of
resolved cycles is necessary due to the computational intractability of explicitly simulating the millions of loading cycles in the designed lifetime of
many composite structures. Obviously, the method
is more accurate if more cycles are simulated, so
adaptive step size criteria were designed to minimize error while maximizing computational efficiency. In addition, the technique presented in [2]
has been made more efficient by now requiring only
linear elastic simulations while resolving the load
cycles. We explore the effect of this change and different choices of the fixed point operator in several
example problems.

A suite of experiments was conducted on the CFRP,
IM7/977-3. The specimens were subjected to both
monotonic and fatigue loadings to test both the
multiple spatial and temporal scale aspects of the
methodology. The model shows good qualitative
The naive use computational homogenization based agreement with the experiments. We also present
methods such as EHM leads to mesh dependency computational performance tests.
of the multiple spatial scale techniques. We overReferences
come this mesh dependency by utilizing the extended finite element method to inject a macroscale [1] R. Crouch, C. Oskay, Symmetric mesocrack when loss of ellipticity is detected at a matemechanical model for failure analysis of heterorial point. This approach attempts to address mesh
geneous materials, Int J Multiscale Comput Eng
dependency without the significant mesh refine8 (2010) 447–461.
ments associated with nonlocal homogenization ap- [2] R. Crouch, C. Oskay, S. Clay, Multiple spatioproaches.
temporal scale modeling of composites subjected to cyclic loading, Comput Mech 51
The multiple spatio-temporal method incorporates
(2013) 93–107.
the EHM ideas inside of an adaptive temporal hoCFRAC 2013
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Multi-Scale Modeling of Fibrillation During Copper-Rubber Interface Delamination
B. G. Vossen∗ , P. J. G. Schreurs, O. van der Sluis, M. G. D. Geers
Department of Mechanical Engineering, Mechanics of Materials, Eindhoven University of Technology,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands, b.g.vossen@tue.nl
Stretchable electronic devices improve the design
freedom, comfort and portability of electronic products. These devices typically consist of small rigid
semiconductors which are interconnected with thin
metal conductor lines. These interconnects are located on top of, or encapsulated in, a highly compliant substrate (typically a rubber material). It has
been shown that the maximum stretchability that
can be achieved for a given interconnect design
is determined by stretching-induced interface failure [1]. To develop models capable of describing
interface behavior, the interface properties need to
be known. In earlier work it was observed that the
main interface failure mechanism was fibrillation
[2]. This mechanism involved the formation, elongation, rupture and delamination of rubber fibrils.

and copper is characterized by the intrinsic adhesion properties, i.e. adhesion energy and adhesion
strength.
The micro-model results show the different stages
of the fibrillation process. First, the fibril is formed.
Then, upon increasing the load on the fibril, the fibril elongates. The elongation takes place partly by
stretching of the material in the fibril, and partly by
drawing material from the surrounding bulk into the
fibril. Finally, the fibril debonds from the substrate.

The fibrillation process is mainly controlled by the
adhesion strength of the interface between copper
and rubber. The adhesion energy is shown to be less
important. Although the rubber material is assumed
to be fully hyperelastic, the loss of stored elastic energy is shown to contribute significantly to the overIn a macroscopic approach, a significant mismatch all work-of-separation.
was observed between the obtained interface parameters and the experimentally observed fibril mi- The macroscopic cohesive zone traction-opening
cromechanics, most notably the observed maximum relation is obtained from the micro-model by the esfibril length. Furthermore, the dissipation related tablished coupling between the fibril micromechanto fibrillation was observed to be dependent on ics and the resulting macroscopic interface properthe test and loading conditions [3]. Evidently, this ties.
macroscopic approach renders the obtained interReferences
face properties intrinsically case specific.
To prevent large experimental effort to establish
case-dependent interface properties, and to obtain
a better understanding of the relation between the
obtained interface parameters and the experimental observations, the micro-scale dissipation mechanisms need to be identified and taken into account
explicitly in the corresponding models. Clearly, this
requires a multi-scale approach.
On the macro-scale the predefined interface is modeled using cohesive zone elements. Instead of defining the traction-opening relation a priori, it is obtained from the underlying micro-model. In the
micro-model, the fibrillation process is taken into
account explicitly. At this level, relevant mechanisms and phenomena such as substrate roughness, and fibril debonding from the substrate are
included. The actual bonding between the rubber
CFRAC 2013
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Overall Strength of Ductile Materials: Spheroidal Nanovoids Size Effects
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The elastic properties as well as the yield strength
of a solid are significantly affected by the presence of surfaces and interfaces. Surface effects are
attributed to the presence of few layers of atoms
which experience a different local environment than
atoms in the bulk and have a different equilibrium
positions and energy. For nanosized objects, the interfacial effects become predominant since the area
of surface per unit of volume is very high. Surface effects in standard continuum theories can be
treated within the framework of the Gurtin and Murdoch (1975) stress interface model which assumes a
jump of the traction vector while the displacement
field is considered continuous across the surface [2].
The jump condition may comply with a generalized
Young-Laplace equation. Recently, by making use
of a plastic version of the Gurtin stress interface
model (see for instance [3]) which relates the interfacial stress to the plastic deformation at the cavity surface, Dormieux and Kondo [1] generalize the
well-known Gurson model in order to account for
size effects induced by spherical voids.
The present study provides an extension of the
model proposed by these last authors to the
case of spheroidal cavities. It aims at investigating voids size effects on the macroscopic yield
strength of plastic porous media containing nanosized spheroidal ca-vities (see [4]). To this end,
we perform limit ana-lysis of a confocal spheroidal
unit cell, containing a confocal spheroidal cavity,
and subjected to arbitrary mechanical loadings. The
solid matrix is assumed to obey to the von Mises
criterion with associated flow rule. The void size
effects are captured by considering at the interface
between the matrix and spheroidal cavities the plastic version of the Gurtin stress interface model. At
this interface, the jump of the traction vector is related to the interfacial residual stress and interfacial
plastic strain.

the effects of the void size on the macroscopic
yield strength of the ductile material containing
spheroidal nanocavities, are fully illustrated for axisymmetric loadings (see for instance [5]). It is
shown that the macroscopic yield criterion of the
nanoporous material exhibits unusual features such
as (i) an increase of the yield stress when the void
size decreases, (ii) asymmetry between the yield
stress in uniaxial tension and compression. Moreover, significant size effects are observed for oblate
nanovoids than for prolate ones.
References
[1] L. Dormieux, D. Kondo, An extension of Gurson model incorporating stresses effects, Int J
Eng Sci 48 (2010) 575–581.
[2] M. E. Gurtin, A. I. Murdoch, A continuum theory of elastic material surfaces, Arch Ration
Mech An 57 (1975) 291–323.
[3] V. Monchiet, G. Bonnet, Interfacial models in
viscoplastic composites materials, Int J Eng Sci
48 (2010) 1762–1768.
[4] V. Monchiet, D. Kondo, Semi-analytical investigation of stress interfacial effects in ductile
media with nanosized spheroidal cavities, Procedia IUTAM 3 (2012) 218–228.
[5] V. Monchiet, D. Kondo, Semi-analytical Combined voids size and shape effects on the macroscopic criterion of ductile nanoporous materials, Int J Plasticity (in Press, 2013).

The salient features of the new model, namely
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Multiscale Computational Modelling of Inelasticity and Fracture in Fibre Networks
L. A. A. Beex, R. H. J. Peerlings∗ , M. G. D. Geers
Department of Mechanical Engineering, Eindhoven University of Technology,
P.O. Box 513, 5600 MB Eindhoven, Netherlands,
R.H.J.Peerlings@tue.nl
Fibrous networks such as textiles, paper and biological materials, are conveniently modelled using
discrete, regular networks of truss elements. Such
models capture the discrete character of the microstructure in a natural fashion, including the relevant spatial (micro)scales. Furthermore, discrete
events such as fibre fracture, bond breakage, fibre
sliding, etc. are easily incorporated. However, for
problems at technologically relevant (macro)scales,
the computational cost of such detailed models may
be prohibitive.

mechanisms, the internal variables which characterise these mechanisms are also interpolated. The
cost of constructing the remaining governing equations is reduced by employing a so-called summation rule. Here we use a rule which is inexpensive
but nevertheless sufficiently accurate – and which
may easily be integrated within the virtual power
based quasi-continuum method.

The performance of the resulting method is illustrated by a number of examples in which the lattice
points are connected by elastoplastic trusses or the
To deal with this difficulty, we employ a multi- bonds between fibres show frictional sliding. The
scale methodology which is based on the quasi- latter allows on to model complete failure of the netcontinuum method – a method which is well-known work by bond failure and subsequent sliding.
for atomistic lattices [1]. The quasi-continuum
method allows one to reduce the resolution of References
the description where appropriate, so that realistic
simulations become feasible. On the other hand, [1] E. B. Tadmor, R. Philips, M. Ortiz, Quasiconthe underlying discrete network may be fully retinuum analysis of defects in solids, Philos Mag
solved in regions of interest. The transition between
A 73 (1996) 1529-1563.
fully resolved and interpolated regions is seamless. [2] L. A. A. Beex, R. H. J. Peerlings, M. G.
The method is entirely computationally based and
D. Geers, A quasicontinuum methodology for
makes use solely of the underlying discrete mimultiscale analyses of discrete microstructural
crostructural model.
models, Int J Numer Meth Eng 87 (2011) 701–
718.
We extend the method to a more general class of microstructural models in which discrete points inter- [3] L. A. A. Beex, R. H. J. Peerlings, M. G.
D. Geers, A multiscale quasicontinuum frameact via discrete interactions which are not necessarwork for lattice models with bond failure and
ily conservative [2, 3]. As a result, plasticity and/or
fiber sliding (submitted).
damage of the fibres may be incorporated, as well as
failure and frictional sliding of the bonds between
the fibres. This allows one to formulate quite comprehensive microstructural models which, by virtue
of the quasi-continuum approach, may nevertheless
be applied in large-scale problems.
In order to provide the quasi-continuum method
with this versatility, the conventional, energy based
method is reformulated in terms of a virtual power
balance. Like in the conventional method, interpolation is used to eliminate displacement degrees of
freedom of the full system and thus reduce the system size. For systems with bond-based dissipation
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Based on a Discontinuous Galerkin/Extrinsic Cohesive Law Method
L. Wu1 , D. Tjahjanto2 , G. Becker3 , A. Makradi4 , A. Jérusalem5 , L. Noels1∗
Computational & Multiscale Mechanics of Materials, University of Liege
Chemin des Chevreuils 1, B4000 Liege, Belgium L.Noels@ulg.ac.be
2
Department of Solid Mechanics, KTH Royal Institute of Technology, SE-100 44, Stockholm, Sweden
3
Department of Aeronautics & Astronautics, Massachusetts Institute of Technology
77 Massachusetts Avenue, Cambridge, MA 02139-4307, USA
4
Centre de Recherche Public Henri Tudor
Avenue John F. Kennedy, 29, L-1855, Luxembourg, G.D. of Luxembourg
5
Department of Engineering Science, University of Oxford, Parks Road, OX1 3PJ, United Kingdom
1

The hybrid discontinuous Galerkin (DG)/extrinsic
cohesive law (ECL) method was recently proposed
[1] to circumvent the drawbacks of the cohesive element methods. With the DG/ECL method, prior
to fracture, the flux and stabilization terms arising
from the DG formulation at interelement boundaries are enforced via interface elements in a way
that guarantees consistency and stability, contrarily to traditional extrinsic cohesive zone methods.
At the onset of fracture, the traction–separation law
(TSL) governing the fracture process becomes operative without the need to modify the mesh topology since the cohesive elements required to integrate the TSL are already present. This DG/ECL
method has been shown to be an efficient numerical framework that can easily be implement in parallel with excellent scalability properties to model
fragmentation, dynamic crack propagation in brittle and small-scale yielding materials, both for 3D
problems and for thin structures [1, 2].
In this work, following the developments in [3],
the DG/ECL method is extended to the study of
composite materials failures at the micro-scale. The
method is applied to study the transverse traction of composite materials in characteristic microvolumes of different sizes. The method captures the
debonding process, assimilated to a damaging process before the strain softening onset. It is shown
that the density of dissipated energy resulting from
the damage (debonding) remains the same for the
different studied cell sizes. During the strain softening phase, a micro-crack initiates and propagates,
in agreement with experimental observations. After
strain softening onset, the extracted macroscale cohesive law, obtained by the method proposed in [4],
CFRAC 2013

is ultimately shown to converge for the different cell
sizes. The predicted behaviors are then compared to
experimental results obtained from laminate tests,
and are found to be in good agreement.
References
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[3] L. Wu, D. Tjahjantom, G. Becker, A. Makradi,
A. Jérusalem, L. Noels, Discontinuous
Galerkin/Cohesive
Zone
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micro-model of intra-laminar fracture in
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(submitted).
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Discretization and Model Adaptivity for the Multiscale XFEM Simulation of
Arbitrary Crack Geometries Using Unstructured Meshes
C. Prange∗ , S. Loehnert, P. Wriggers
Institute of Continuum Mechanics, Faculty of Mechanical Engineering, Leibniz Universität Hannover,
Appelstr. 11, 30167 Hannover, Germany, prange@ikm.uni-hannover.de
Experiments of fracture processes in brittle materials such as ceramics are rather complex. Nevertheless, they show that in many cases fracture of brittle materials involves the development of smaller
cracks around the main crack. The small cracks influence the direction of crack propagation as well as
the critical load. Depending on their geometry and
size they lead to crack shielding or crack amplification. One goal of numerical simulations is to include
the effects of smaller cracks around a main crack.

front. Within the multiscale projection method the
fine scale mesh is generated by a submeshing of
each coarse scale element contained in the fine scale
domain leading to fine scale element sizes that are
typically multiple orders of magnitude smaller than
the typical coarse scale element size without leading
to numerical difficulties. This facilitates the accurate three dimensional simulation of the interaction
of cracks that differ three or more orders of magnitude in size on standard computers.

Within finite element (FE) simulations the extended
finite element method (XFEM) is established as a
suitable method to model cracks almost independent of the FE discretization. However, due to high
stresses and stress gradients even for moderately
fine meshes rather high discretization errors may
occur. To keep the computational cost low, an adaptive mesh refinement as proposed in [2] can be applied to various XFEM simulations. The refinement
is based on a discretization error indicator using
smoothed enhanced stresses. The stress smoothing
technique is based on the well known Zienkiewicz
and Zhu error estimator [3] modified to capture the
stress singularities in the vicinity of crack fronts in
linear elastic fracture mechanics.

The determination of the fine scale domain within
the coarse scale domain is achieved by means of a
model indicator. Based on the L2 -norm of the stress
gradient within each coarse scale element the fine
scale domain is determined. Using an additional
discretization error indicator on the fine scale its
mesh is adaptively refined to improve the accuracy
of the fine scale simulation.

For the simulation of real engineering parts in general unstructured meshes are necessary. Additionally real crack geometries may have nearly arbitrary shapes. Therefore the presented methods are
applied to a number of examples with unstructured
meshes and more comlex crack geometries demonstrating their suitability for real engineering appliTo accurately and efficiently capture the interaction cations.
of small cracks with larger cracks a multiscale technique for the XFEM as proposed in [1] is imple- References
mented. Therefore, small cracks are modeled explicitly on a fine scale only. The projection method [1] S. Loehnert, T. Belytschko, A multiscale proincludes a displacement boundary projection from
jection method for macro/microcrack simulathe coarse scale to the fine scale domain and a protions, Int J Numer Meth Eng 71 (2007) 1466–
jection of the resulting stresses of the fine scale sim1482.
ulation to the coarse scale. Thus, the cracks mod- [2] C. Prange, S. Loehnert, P. Wriggers, Error estieled explicitly on the fine scale only are considmation for crack simulations using the XFEM,
ered implicitly on the coarse scale. As a preceding
Int J Numer Meth Eng 91 (2012) 1459–1474.
step to the application of the multiscale projection [3] O. C. Zienkiewicz, J. Z. Zhu, A simple error
method the coarse scale may be refined based on the
estimator and adaptive procedure for practical
mentioned discretization error indicator to achieve
engineering, Int J Numer Meth Eng 24 (1987)
a finer coarse scale mesh around each main crack
337–357.
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An Adaptive Multiscale Strategy to Simulate Fracture of Heterogeneous Structures
A. Akbari Rahimabadi∗ , P. Kerfriden, S. Bordas
Institute of Mechanics and Advanced Materials, School of Engineering, Cardiff University, Queen’s
Buildings, The Parade, Cardiff CF24 3AA Wales, UK, akbarirahimabadia@cardiff.ac.uk
In order to simulate fracture in composite structures, one of the most promising approaches is to
model the behaviour of the material at the scale of
the material heterogeneities, which is usually called
micro or meso-modelling. In a second step, these
fine-scale features can be transferred to the scale of
the structure by averaging techniques (on representative volume element or unit cells) or homogenisation. However, in the case of fracture, these upscaling methods cannot be used in the vicinity of cracks,
as the separation of scales necessary for their application is lost.
In the literature, two schools of thought aim at alleviating this problem. The first one tries to extend
the applicability of averaging techniques to fracture (e.g. reference [1] for special averaging techniques dedicated to established damage bands). The
second one aims at analysing the zones where homogenisation fails directly at the microscopic scale
(e.g. [2, 3]), in a concurrent framework (i.e. domain decomposition). Although the latter approach
is more general, it is heavier in terms of computations, and requires the development of robust adaptivity procedures [3, 4, 5], which is the topic of this
contribution.
We propose to capture the initiation of the damage mechanisms at the macroscale using a classical
FE2 approach [6]. In order to control the precision
of the simulations, an error estimation for the upscaling strategy is carried out at each step of the
time integration algorithm. Based on this estimation, the macro elements are refined hierarchically
where needed. When the size of a macro-element
becomes of the order of the statistical volume element used in the FE2 method, the homogenisation
step is bypassed. Instead, the corresponding process
zone is modelled directly at the microscale and coupled to the homogenised region by a mortar-type
gluing technique. In the presentation, we will emphasise some key points of the adaptive multiscale
method, including:

scaling method
- the transfer of internal variables when adapting the
macroscopic mesh
- the arc-length method, defined over multiple
scales, allowing to regularise softening problems
that are treated in quasi-statics.
The efficiency of the method will be demonstrated
on examples of fracture in polycrystalline materials,
for which the damage mechanisms are represented
by intragranular plasticity and intergranular cohesive debonding.
References
[1] V. P. Nguyen, O. Lloberas-valls, M. Stroeven,
L. J. Sluys, Computational homogenization for
multiscale crack modeling. Implementational
and computational aspects, Int J Num Meth Eng
89 (2012) 192–226.
[2] P. Kerfriden, O. Allix, P. Gosselet, A three-scale
domain decomposition method for the 3D analysis of debonding in laminates, Comput Mech
44 (2009) 343–362.
[3] F. Larsson, K. Runesson, On two-scale adaptive FE analysis of micro-heterogeneous media
with seamless scale-bridging, Comp Meth Appl
Mech Eng 200 (2011) 2662–2674.
[4] O. Lloberas-Valls, D. J. Rixen, A. Simone, L. J.
Sluys, Multiscale domain decomposition analysis of quasi-brittle heterogeneous materials, Int
J Num Meth Eng 89 (2012) 1337–1366.
[5] A. Romkes, J. T. Oden, K. Vemaganti, Multiscale goal-oriented adaptive modeling of random heterogeneous materials, Mech Mater 38
(2006) 859–872.
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of long fibre SiC/Ti composite materials, Comp
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Two-Scale Modeling of Material Failure Based on the Continuum Strong
Discontinuity Approach
J. Oliver1,2*, A. E. Huespe2,3, J. A. Hernández2, M. Caicedo1
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Two-scale computational modeling of materials is
a subject of increasing interest in computational
mechanics. When dealing with materials displaying
a spatially smooth behaviour, there is wide
consensus on the suitable mechanical approaches to
the problem. The so called FE2 methods, based on
the hierarchical, bottom-up one-way coupled,
description of the material using the finite element
method in both scales, and computational
homogenization procedures at the fine scale, is
nowadays one of the most popular approaches. At
the heart of this direct computational
homogenization procedures lies the notion of
representative volume element (RVE) defined as
the smallest possible region representative of the
whole heterogeneous medium on average. When
material failure is aimed at being captured, the
problem exhibits additional complexity. Either if
discrete approaches (based on non-linear softening
cohesive models), or continuum approaches (strain
localization-based or regularized models) are used,
at the fine scale, to model material failure, the
kinematic description of some, or both, scales can
no longer be considered smooth, and the existence
of the RVE becomes questionable on the grounds
that, in this case, the material loses the statistical
homogeneity inherent to the RVE concept. A
crucial consequence of this is the lack of
objectivity of the results with respect to the size of
the RVE. In [1] a recent attempt to overcome this
flaw, for regularized non-local models, can be
found.

constitutive models (typically continuum damage
models). 2) it is proven that the application of
standard stress homogenization procedures to the
resulting micro-stress fields, translates into a
macroscopic constitutive law that inherits a
characteristic length from the microstructure,
which depends, on one hand, on the amount of
microscopic failure and, on the other, also on the
size of the RVE. 3) the macroscopic finite element
model is equipped with finite elements with
embedded discontinuities, to capture the onset and
propagation of the macroscopic discontinuities,
which are consistent with that inherited
characteristic length, imported from the
corresponding RVE, 4) in this context complete
insensitivity, with respect to the RVE size, of the
macroscopic crack pattern and the structural
response is achieved and 5) material failure
properties, like the fracture energy, are consistently
up-scaled .
References
[1] V. P. Nguyen , O. Lloberas Valls, M. Stroeven,
L. J. Sluys, On the existence of representative
volumes for softening quasi-brittle materials –
A failure zone averaging, Comput Method Appl
M 199 (2010) 3028–3038.

[2] J. Oliver, A. E. Huespe, Continuum approach
to material failure in strong discontinuity
settings, Comput Method Appl M 193 (2004)
The present work is an attempt to address this issue
3195–3220.
in the setting of the Continuum Strong
Discontinuity Approach (CSDA) to material failure
developed by the authors in the past [2]. The
essentials of the method are: 1) propagating strong
discontinuities (displacement jumps representing
the cracks) are captured at the microstructure using
well-established continuum stress-strain local
CFRAC 2013

224

Prague, Czech Republic, 5–7 June 2013

The Third International Conference on Computational Modeling of Fracture and Failure of Materials and Structures

Continuous-Discontinuous Computational Homogenization Framework for
Modelling Micro-Scale Damage Towards Macroscopic Failure
E. Bosco∗ , V. G. Kouznetsova, E. W. C. Coenen, M. G. D. Geers
Department of Mechanical Engineering, Eindhoven University of Technology, P.O. Box 513, 5600 MB
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The aim of this research is to propose a novel multi- [2] E. W. C. Coenen, V. G. Kouznetsova, E. Bosco,
scale continuous-discontinuous computational hoM. G. D. Geers, A multi-scale approach to
bridge microscale damage and macroscale failmogenization framework, able to upscale microscopic localization towards the initiation of a
ure: a nested computational homogenizationmacroscopic cohesive crack.
localization framework, Int J Fracture 178
(2012) 157–178.
The stress-strain and the cohesive macroscopic con[3]
E. Bosco, V. G. Kouznetsova, E. W. C. Coenen,
stitutive responses are resolved through the incorpoM. G. D. Geers, A. Salvadori, Multiscale comration of the underlying microstructural volume eleputational homogenization-localization modelment (MVE), in which the damage evolution results
ing of micro-scale damage towards macroin the formation of a strain localization band. The
scopic failure: describing non-uniform fields
macro-scale kinematics entails a discontinuous disacross discontinuities, Submitted to Comput
placement field and a non-unifom deformation field
Method Appl M (2013).
across the discontinuity. Proper scale transitions are
formulated to provide a consistent coupling to the
continuous micro-scale kinematics. To allow for
the strain localization band development within the
MVE with minimal interference of the boundary
conditions, new percolation path aligned boundary
conditions have been used, based on the projection
of the boundary contraints in the direction of the
developing localization band [1]. From the solution
of the micro-mechanical boundary value problem,
the macroscopic stress responses at both sides of the
discontinuity are recovered, providing the cohesive
tractions at the interface. The effective values of the
displacement jump and of the deformation field discontinuity across the interface are derived from the
same micro-scale analysis.
The macroscopic boundary value problem may be
solved both with embedded discontinuities [2], or
within an extended finite element (XFEM) approach
[3].
References
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M. G. D. Geers, Novel boundary conditions for
strain localization analysis in microstructural
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Contact Analysis in Multi-Scale Computational Homogenization
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Chania, Greece
1

Several homogenization techniques have been developed the last decades, for study of heterogeneous
materials [1]. In this work, principles taken from
non-smooth contact mechanics have been incorporated in a multi-level computational homogenization scheme, for the study of composite materials.
In the majority of the presented multi-scale methods, a continuous micro structure is considered,
which is usually simulated with a non linear damage
or plasticity model. On the contrary, in this article a
discrete contact model is used for the simulation of
the non linear behaviour of the micro structure of a
composite material. The degradation of the material
properties due to the loss of contact and debonding between the connecting parts of the Representative Volume Element (RVE), is captured by the
proposed method.
In this framework, a concurrent multi-level analysis between a continuous macro model and a discrete RVE, is considered. The macro model is a continuous rectangular body, consisting of rectangular plane stress elements. In each integration point
of the macro model, a discrete micro model is accounted for. The micro model, consists of two or
more discrete bodies in contact. For the solution
of the contact problem an Augmented Lagrangian
technique is used [2], for the simplest case of a
node to node discretization of the contacting bodies, while friction is omitted.
The classical steps of the multi-scale computational
homogenization [3] are followed herein. In particular, each strain vector on each Gauss point of the
macro model, is the loading (linear boundary conditions) for each corresponding RVE, within a non
linear incremental procedure. Then, non linear analysis of each RVE until convergence, results in a
Consistent tangent stiffness and an average stress
vector. The Consistent tangent matrix is used in the
macro model for the creation of the macro tangential stiffness matrix, while the average stress of the
CFRAC 2013

RVE is the macro stress in each Gauss point, used
for the calculation of the internal force vector.
The contribution of the present work is related to
the incorporation of a classical contact numerical
scheme for the study of the RVE, in a multi-scale
computational homogenization procedure. For the
solution of the RVE, an optimization problem is
written that corresponds to the minimization of the
potential energy with the inequality constraints expressing the non-penetration between the contacting bodies [4]. The Augmented Lagrangian method
within the Newton-Raphson incremental iterative
procedure leads to the tangent stiffness matrix of
the RVE. Then, partition of this matrix is considered, according to the descriptions given in [3], for
the creation of the Consistent tangent stiffness matrix of the macro structure.
Examples of the described scheme demonstrate
the appearance of debonding in RVEs, as well as
the loss of stiffness in the macro structure when
debonding in the RVE occurs.
References
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debonding in composites via mathematical
programming methods; the material inclusion
problem for lubricated and non-lubricated
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Determining a Representative Sample for DEM Modeling of Concrete
S. Potapov*, A. Masurel
LaMSID, EDF R&D, 1 av. du Général de Gaulle, 92140 Clamart, France, serguei.potapov@edf.fr
The discrete element method (DEM) is a powerful
alternative to the finite element method (FEM)
when advanced damage states and failure of
concrete have to be studied [1]. The cohesive DEM
model has to reproduce the macroscopic behavior
of the solid material volume, which is not
automatically satisfied because DEM model is
governed by Newton’s laws and not by equations
of continuum mechanics. The local DEM
properties must be identified from tensioncompression tests.
The discrete elements considered here are rigid
spheres of different sizes and masses constituting a
disordered poly-disperse assembly generated by a
geometric algorithm which pads by spheres a given
tetrahedral mesh of the modeled structure [2]. Note
that the characteristic size of discrete elements used
here is not representative of concrete constituents
such as aggregates. Thus, we are dealing with a
higher scale model which aims at reproducing the
macroscopic behavior of concrete. Cohesion-type
interactions within each pair of neighboring
discrete elements are defined by means of nonlinear normal and tangential stiffnesses. Since the
strain energy for a given cohesive spring-type link
depends on the size of the interacting elements, the
local interaction stiffnesses are not identical over
the sample. "Micro-macro" relations are used to
calculate these local stiffnesses in elastic regime
from macroscopic elastic parameters, which are the
Young's modulus and the Poisson’s ratio. Those
relations stem from homogenization models
adapted to take into account both the relative
disorder of the DE assembly and dependence of the
interaction surface on the size of interacting
elements. Thus after calibration, local parameters
account for spatial distribution of DE elements,
which is specific to each packing algorithm.
Contrary to FEM, whose convergence properties
with mesh refinement are well established, it is
problematic to prove the convergence for DEM we
use because every modification of the DE mesh
involves changes of its “properties”, requiring
stricto sensu a re-calibration of local parameters.
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To appreciate the results of DEM calculations, two
important questions have to be answered: 1) what
is the minimum fineness of the DE assembly
needed to guarantee that the DE model reproduces
the material macroscopic behavior under different
types of loading, and 2) how the DE assembly
properties (fineness, compactness) and the packing
method influence the DEM model behavior?
To get information about the consistency of our
DEM model, we have conducted an exhaustive
computational study by varying the DE mesh
fineness and compactness, and the geometry of DE
samples as well, and by subjecting the samples to
compression and shear quasi-static loads. Mean
values of Young’s modulus, shear modulus and
Poisson’s ratio have been determined from the
deformed state. For the DE sample, used for the
local parameters identification, the values of global
parameters E,  and G are restituted almost exactly.
When applying the same set of local parameters to
other samples, the maximum error obtained for E,
 and G does not exceed 10% in the worst case,
which allows avoiding systematic re-calibration of
local parameters. The obtained results clearly
indicate the minimum discretization needed for a
DE sample to reproduce the macroscopic behavior
of material, for both compression and shear types
of loading.
By using indications of this study, we have
simulated the non-linear behavior of a reinforced
concrete beam under impact of a deformable
projectile.
References
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In recent works ([1] and [2]), the authors have presented a new variational multi-scale formulation devised to modeling the failure of heterogeneous materials (Failure-Oriented Multi-scale Formulation
(FOMF)).

crack approach is taken to circumvent the deficiencies of standard finite element approaches with this
kind of continuum constitutive models.
Specific boundary conditions, imposed on the RVE,
are given in order to satisfy: i) objective macroscopic relations (T vs. β) with respect to the microcell size, and, ii) full degradation of the RVE model
in the sense that the homogenized material response
reaches a completely exhausted state. Boundary
conditions similar to that presented in [3] are taken
in order to satisfy the second requirement.

Two well-separated length scales are considered in
the FOMF. The macro model describes the failure
processes that are taking place at the micro model
by means of a cohesive interface which is mechanically characterized through a traction T vs. separation β relation. The failure processes at the microscopic level are modeled using a Representative In this paper, emphasis is given to the numerical asVolume Element (RVE).
sessments of the model. In particular, we compare
The traction T is defined as a function of β by and verify the numerical solution provided by the
means of a computational homogenization tech- two-scale variational formulation with respect to a
nique that considers two transfer operators: i) a non mono-scale Direct Numerical Simulation (DNS) aphomogeneous strain injection operator that transfers proach.
the crack opening β, from the macro to the micro
scale; ii) as consequence of a well established vari- References
ational principle and the adopted approach, it is derived a stress homogenization operator which de- [1] P. J. Sánchez, P. J. Blanco, A. E. Huespe,
termines T as a results of a homogenization of the
R. A. Feijóo, Failure-Oriented Multi-scale Varistress field at the RVE level.
ational Formulation: micro-structures with nucleation and evolution of softening bands,
One of the main characteristics of this technique is
Comp Meth Appl M (in press, 2012).
its full variational consistency, as well as, that the
[2]
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vector T is objective with respect to the micro-cell
P. J. Blanco, R. A. Feijóo, A two-scale failsize taken to perform the material failure analysis at
ure model for heterogeneous materials: numerthe microscopic level.
ical implementation based on the Finite EleThe numerical implementation of the multi-scale
ment Method, Int J Numer Meth Eng (submitmodel is presented. At the macroscopic scale, an
ted, 2013).
E-FEM technique (finite elements with embedded
[3] E. W. C. Coenen, V. G. Kouznetsova,
strong discontinuities) is adopted to simulate the
M. G. D. Geers, Novel boundary conditions for
cohesive interfaces. At the RVE scale, continuum
strain localization analyses in microstructural
damage or elasto-plastic models with softening are
volume elements, Int J Numer Meth Eng 90
used. Then, strain localization solutions act as the
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precursor mechanism leading to failure. A smeared
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Balabanić, G., 61
Baranger, E., 154
Bargellini, R., 115
Bargmann, S., 216
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Cañas, J., 155
Caicedo, M., 224
Caleyron, F., 107
Camanho, P.P., 152
Caner, F.C., 113, 114
Carol, I., 62, 74
Castellazzi, G., 74
Catalanotti, G., 152
Cendón, D.A., 169
Charkaluk, E., 34
Chateau, C., 33
Chevaugeon, N., 212
Chi, R., 109
Chiaruttini, V., 96, 100
Cho, S.S., 191
Chukwudozie, C., 180
Chupanit, P., 41
Ciancio, D., 74
Cisilino, A.P., 117
Clay, S, 217
Coenen, E.W.C., 225
Collin, F., 209
Combescure, A., 107
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