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Abstract

This dissertation is devoted to an FFT-based homogenization scheme, a numer-
ical method for the evaluation of the effective (homogenized) matrix of periodic
linear heterogeneous materials. A problem is explained and demonstrated on a
scalar problem modeling electric conduction, heat conduction, or diffusion.

Originally, FFT-based homogenization, that was proposed by Moulinec and
Suquet in [32], is a numerical algorithm derived from Lippmann-Schwinger equa-
tion. Its equivalence to a corresponding weak formulation is shown; it eliminates
a reference homogeneous material, a parameter of Lippmann-Schwinger equation.
Next, Galerkin approximation with numerical integration is introduced to produce
Moulinec-Suquet algorithm; trigonometric polynomials are taken as the trial space
[47. Convergence of approximate solutions to the solution of weak formulation
is provided using a standard finite element approach together with approximation
properties of trigonometric polynomials stated in [43].

Then, the solution of assembled non-symmetric linear system by Conjugate gra-
dients, proposed by Zeman et al. in [57], is clarified.

Next, we study arbitrary accurate guaranteed bounds of homogenized matrix
introduced by Dvotdk in [12, [13] for a scalar problem and later independently by
Wieckowski in [55] for linear elasticity. This approach is also applicable for FFT-
based homogenization. A general technique is proposed to allow for efficient calcu-
lation by FFT algorithm and to maintain the upper-lower bound structure. Dual
formulation is employed to obtain lower bounds — for odd number of discretiza-
tion points, the solution of dual formulation can be avoided. A general number of
discretization points leads to a more complicated theory in both discretization and
numerical treatment.

Finally, applications of FFT-based homogenization to real-world problems are
demonstrated. The method is used to calculate homogenized matrix for cement
paste, gypsum and aluminum alloy with local data obtained from nanoindentation.
Next, it is employed as a part of two-step homogenization for a highly porous alu-
minium foam.

Keywords: homogenization, Fourier transform, FFT, discretization, finite ele-
ment method, convergence, guaranteed bounds
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Abstrakt

Tato prace je vénovana homogenizacni metodé zalozené na FFT, metodé pocita-
jict efektivni (homogenizovanou) matici periodického heterogenniho materialu. Pro-
blematika je vysvétlena a demonstrovana na skalarnim problému modelujicim elek-
trickou vodivost, tepelnou vodivost nebo diftizi.

Puvodné byla FFT homogenizace zalozena na feseni Lippmannovy-Schwingerovy
rovnice a z ného navrzeného numerického algoritmu podle Moulineca a Suqueta v

[32].

Ukazujeme, ze Lippmannova-Schwingerova rovnice je ekvivalentni ptislusné slabé
formulaci; to umoznuje eliminovat referen¢ni homogenni materialovou hodnotu,
parametr rovnice. Dale jsme navrhli Galerkinovskou aproximaci s numerickou inte-
graci tak, aby produkovala Moulinecuv-Suquetuv algoritmus; trigonometrické poly-
nomy jsou pouzity jako konecné dimenzionélni prostor [47]. Dokazujeme konvergenci
pribliznych teseni k feseni slabé formulace pomoci klasického piistupu z konecnych
prvku s vyuzitim odhadu podle [43].

Déle je vysveétleno TeSeni vzniklé nesymetrické soustavy linearnich rovnic pomoci
sdruzenych gradientu, které bylo navrzeno Zemanem et al. v [57].

Vénujeme se libovolné presnym zarucenym mezim efektivni matice, jak byly
navrzeny Dvordkem v [I2] [13] pro skaldrni problém a nezavisle Wieckowskim v [55]
pro linearni elasticitu. Tato metoda je vyuzitelnd i pro homogenizaci zalozenou na
FFT. Navrhujeme obecnou metodu pro vypocet mezi tak, aby bylo mozno vyuzit
efektivniho algoritmu FFT a aby byla zachovana struktura dolnich a hornich mezi.
Dualni formulace problému je vyuzita pro dolni mez — ukazujeme, ze pro lichy
pocet diskretizacnich bodu se lze vyhnout feseni dudlni tlohy.

Nakonec je ukazana aplikace FFT homogenizace na linearni elasticitu. Metoda je
vyuzita k pocitani efektivni matice pro cementovou pastu, sadru a hlinikovou slitinu
s lokalnimi daty ziskanymi z nanoindentace. Metoda je dale vyuzita v dvoustupnové
homogenizaci pro vypocet efektivnich materialovych parametru vysoce porézni hlini-
kové pény.

Klicova slova: homogenizace, Fourierova transformace, FFT, diskretizace, me-
toda kone¢énych prvku, konvergence, zaru¢ené meze



page iv

Acknowledgments

First of all, I would like to express my deepest gratitude and thanks to my su-
pervisor doc. Ing. Jan Zeman, Ph.D for his ingenuous support and endless patience
during the whole study and for the freedom that I have obtained in research direc-
tions. Special gratitude is to prof. RNDr. Ivo Marek, DrSc. for his support and
critical comments in the fields of mathematical and numerical analysis.

I thank to co-authors of papers attached to the work, namely to already men-
tioned supervisors, Ing. Vlastimil Krélik, doc. Ing. Jiii Némecek, Ph.D., and Ing.
Jan Novék, Ph.D.

I also thank to prof. Ing. Milan Jirasek, DrSc. besides other things for his course
Modeling of Localized Inelastic Deformation that I have held at the beginning of
my Ph.D. studies. I also appreciate the courses, that I have taken at the Faculty
of Mathematics and Physics at Charles University and I thank to their organizers:
prof. RNDr. Vit Dolejsi, Ph.D., DSc.; prof. RNDr. Miloslav Feistauer, DrSc.,
dr.h.c.; doc. RNDr. Jifi Felcman, CSc.; prof. RNDr. Jaroslav Haslinger, DrSc.;
doc. RNDr. Petr Holicky, CSc.; doc. Dr. Mgr. Petr Knobloch; doc. RNDr. Martin
Kruzik, Ph.D.; doc. Mgr. Milan Pokorny, Ph.D.; prof. Ing. Tomas Roubicek, DrSc.;
and doc. RNDr. Jan Zitko, CSc. The courses have provided me the opportunity to
obtain the fundamental knowledge of mathematics that I have fully utilized during
my works.

Most importantly, I would like to thank my wife Katka and daughter Justynka
for their patience and support during my studies and writing the works.

Last but not least, the financial support of this work provided by the Czech Sci-
ence Foundation through project No. GACR P105/12/0331, GACR 103/09/1748,
GACR 103/09/P490 and by the Grant Agency of the Czech Technical University in
Prague through project No. SGS 12/027/OHK1/1T/11, SGS10/124/OHK1/2T/11
is gratefully acknowledged.



page v

“The mathematical facts worthy of being studied
are those which, by their analogy with other facts,
are capable of leading us to the knowledge of a
physical law.” (Henri Poincare)

“Empirical evidence can never establish mathematical
existence — nor can the mathematician’s demand for
ezxistence be dismissed by the physicist as useless rigor.
Only a mathematical existence proof can ensure that
the mathematical description of a physical phenomenon
is meaningful.” (Richard Courant)
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Part 1
Integrating text

1 Motivation

In the recent decades, the computational mechanics — together with its tremendous
development, increase in computer performance and hardware availability — has
delivered extensive societal benefits. Simulations, replaced with computer models,
have dramatically reduced the cost of the engineering design process, reduced design
cycle times, and have made it possible to address scientific and engineering questions
beyond the capabilities of experiments, [39, 2].

Nevertheless, the extensive engineering problems and their modeling, treated all
in one with its complexity, promptly reach the limit of accessible computer capacity,
particularly for heterogeneous materials with fully resolved microstructure. For ex-
ample, concrete — the basic construction material in civil engineering structures —
looks and behaves as a homogeneous substance at a macroscale, the scale of design
object. However, a closer investigation into microscale discovers aggregates, sand,
and binder; under another closer investigation, they are still heterogeneous. Concur-
rently, the heterogeneities are crucial, for example, in crack propagation problems;
thus the design difficulty lies in a detail that is required. This justifies the develop-
ment of new effective and reliable computational models, methods, and algorithms
dealing with heterogeneities.

This work is dedicated to numerical homogenization of linear periodic mate-
rials or to the problem of finding effective (homogenized) material properties —
electric conductivity, heat conductivity, or stiffness — by taking into account the
heterogeneities at microscale. It consists of the calculation of microscale fields sat-
isfying linear elliptic partial differential equation. Contrary to well-established h,
p, hp-versions of Finite Element Method (FEM) based on weak formulation, see
e.g. [I 12 13, 55, 58], they can be found by a method based on the Fourier Trans-
form — Fast Fourier Transform homogenization (FFTH) — introduced in the form
of numerical algorithm in [32]. The latter method is based on the solution of the
Lippmann-Schwinger type of integral equation incorporating the Green function of
an auxiliary homogeneous problem with a reference material property, the parameter
of the method.

The method has become, next to analytical homogenizations [31 [8 [16] and al-
ready mentioned FEM, broadly used by engineers — especially for its simplicity in
implementation, efficiency resulting from the application of the FFT algorithm, and
direct usage of material geometry defined as pixel or voxel images. Although it is
a rather special topic of interest, it has a wide area of applications; among others,
recent relevant examples are listed: evaluation of effective properties for real struc-
tures [45], [54) [48] with data from nanoindentation [37), B8], microstructure modeling
with visco-elastic [I7, 53] and visco-plastic [211, 23], [44] material, conductivity with
imperfect interfaces [20], micromechanical behavior of polycrystals [22 211, [44], per-
meability of porous medium [30], non-local fracture (damage) models [24] 25], and
microstructure reconstruction with Wang tilings [36].

In addition, for the last two decades, FF'TH method has gone through extensive
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investigation. The convergence of numerical scheme, based on the Neumann expan-
sion, has been proposed in [33]. The accelerated schemes have emerged in [15], 49].
The algorithm has been extended for voided materials by augmented Lagrangians
in [27], 28] and by application of the dual formulation in [29]; some of the methods
were compared in [34]. Recently, the discretization of Lippmann-Schwinger equation,
based on piecewise constant basis functions, with convergence results was suggested
in [6 [7]. Another approach is based on approximation of the Green function with a
FEM solution in [56].

Nevertheless, no rigorous theory — providing the resolvability of Lippmann-
Schwinger equation for various parameters, comparing the Lippmann-Schwinger
equation to variational formulation, establishing discretization and convergence of
approximate solutions to the continuous one — has been published. It is the role of
this work allowing the additional research within the standard mathematical instru-
ments and contributing to reliability and confidence in engineering design, especially
with guaranteed bounds of homogenized material properties.

Note that this dissertation is based on the compilation of six papers [57, [0, 37,
38, 61, 52] that are attached as Parts [IHVIIl in the chronological order, see also
Section [7 List of thesis paper. Paper 1 has been published in ISI journal, then
Paper 2 was published as a peer-reviewed conference paper. Paper 3 is accepted for
publication, while Paper 4 is in peer review stage. Finally, Papers 5 and 6, that are
fundamental for the thesis, are to be sent for publication. Since each paper needs
to be self-contained, the dissertation may contain repetitions.

2 State of the art

This section briefly overviews the state of the art of numerical homogenization of
linear elliptic partial differential equation, namely the evaluation of homogenized
matrix by FFT-based homogenization method. A scalar problem of electric conduc-
tivity, equally to diffusion or heat transfer, is chosen as a model case.

The variational formulation of homogenization problem is described in Sec-
tion 1] followed by an alternative formulation with Lippmann-Schwinger equation
including Moulinec-Suquet numerical solution [32] in Section and the theory for
guaranteed bounds [12] 13] in Section 23] are summarized.

For the later use in this dissertation, the following notation is introduced. Note
that some articles can differ in some details, nevertheless, the most recent two [51] 52]
should be consistent.

The letter d denotes the dimension of the problem, assuming d = 2, 3; the Greek
letters a, B are reserved to indices relating dimension, thus ranging 1,...,d (the
range is for simplicity often omitted).

The sets C? and R? are spaces of complex and real vectors with canonical basis
{€.} and are equipped with the Lebesgue measure de. We denote by |24 the d-
dimensional Lebesgue measure of a measurable set  C R. The norm || - || on C¢
is induced by scalar product (u, ’U)@d = > usT, for u,v € CY.

The set Rgsdd denotes the space of symmetric positive definite matrices of size
d x d with norm [|Cl|2 = maxgegd =1 [|C[|2 that equals to a largest eigenvalue.

A function f : R? — R is Y-periodic (with period Y € RY) if f(x + Y ®
k) = f(x) for arbitrary £ € R? k € 7% where operator ® denotes element-wise
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multiplication. The Y -periodic functions are sufficient to define only on a periodic
unit cell (PUC), set to Y := (Y, Y,)%_, C R%. Two integrable functions which are
almost everywhere equal are identified. The mean value of function v € Lger(y; RY)
over periodic unit cell ) is denoted as (v) := ﬁ fyv(x)de € RY

We define space Cper(Y; X) of continuous Y -periodic functions R? — X, where X
is some finite dimensional vector space, e.g. C, R, C%, or R?. Vector valued functions,
for X = C% or X = R?, are denoted with small bold letters, e.g. v with components
Vg

The spaces L2,.(V; X) or L% (Y, IR‘Sigdd) are composed of functions v : R? — X or

AR I]?‘Sigdd having Y -periodic, measurable components v, or A, and having
finite norm, i.e. ||v||r2_ () < oo or [|A| yiwixd) < 00 the first norm is generated

per per

by scalar product (u,v) , ) = ﬁ fy (w(z), v(z)),, de while the second norm is
per\V
defined as ||A]|; (ViRixd) = €SSSUD ey ||A(x)]|2. If there is no ambiguity, both the
per\WH Rgp

norms and the scalar products are denoted with subscript L?_. or L% rather than

per per
. 00 . dxd
L2, (V; ) or L5, (V; REH).

per spd

Next, we introduce the Helmholtz decomposition L2, (V;RY) = % @+ & &+ 7

per
to the spaces of constant, curl-free with zero mean, and divergence free with zero

mean fields

U ={v e L}, (Y;R?) : v(x) = const.}, (2.1a)

&={ve L (V;R"):V xv=0,(v) =0}, (2.1b)

J = {ve L, (ViR : Vv =0, (1) =0}, (2.1¢)

where differential operator V = (aaTa)i:l is meant in the distributional sense. For

dimension d # 3, the curl-free condition in (2.1D]) means (V xv),5 := g%‘; — g% = 0.

Since space % consists of constant functions, we identify the space % with R?; this
validates the operations such as E + v € L (V;R?) for E € RY, v € L2 (V;R?)
and CJ € R? for C € R4 and J € % .

2.1 Variational formulation

This section begins with a homogenization problem defining a homogenized or effec-
tive matrix for a scalar linear elliptic problem, particularly the problem of electric
conductivity.

Here and in the sequel, A € L3 (Y, IRngdd) denotes symmetri and uniformly
ellipticﬁ material coefficients of electric conductivity, e € & and 3 € _# pertur-
bation of electric field and electric current, and E,J € % are their macroscopic

counterparts.

Definition 2.1 (Homogenization problem). The primal and dual homogenization
problem states: find homogenized matriz Ay € R satisfying for arbitrary fived

For almost all € Y, equality A(z) = A(z)” holds.
2There exists positive constant c4 > 0 such that for almost all € ) and all nonzero u € [Rd7
inequality callul3 < (A(z)u, ), holds.
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macroscopic quantities E € R?

(AsE E)_, = 613161(1;(A(E +e),E+e), L., (2.2a)
(Agd. J) g = Jien} (AT +9),J +9) 1., (2.2b)

Remark 2.2. For particular macroscopic load E, a minimizer in previous defini-
tion exists and is unique according to the direct method in the calculus of variation
since material coefficients A are bounded and uniformly elliptic, cf Rem.[21. Next,
homogenized matrixz Aeg coincide in both formulations, is symmetric and positive

definite, see e.g. [3, [11).

Remark 2.3. Space & contains curl-free functions — such function e possess po-
tential U such that VU = e. The reformulation of homogenization problem with
potentials avoids a trouble with constructing finite element spaces with curl-free basis
functions, however, FFT-based FEM naturally overcome this difficulty by employing
a certain projection operators, see Lem. [{.3

Remark 2.4. The previous homogenization formulas in Eq. (Z2) are obtained from
an asymptotic behavior as € — 0 of a linear elliptic problem: for e > 0, find u® €

H(Q) == {v € L*(Q),v]oa = 0, 3= € L*(Q)} such thafl

(A°Vu, VU)LQ(Q F(v), Yve Hy(Q) (2.3)
where Q is a bounded open set in R? with the Lipschitz boundary 0. Oscillating ma-
terial coefficients are defined as A®(x) := A (f) for prescribed material coefficients
A and linear functional F' contains boundary conditions and source terms.

Since the material coefficients are uniformly elliptic and bounded, the unique
solutions u® of weak formulation [23)) exists, are uniformly bounded for e, and thus
weakly converges in H}(Q) to some function u.g € HL(Q) representing the averaged
field of oscillating solutions u°.

Various methods, see e.g. the notion of H-convergence in [11, [{6] or formal
method of asymptotic expansion [3], reveal that weak limit ueg satisfies variational
formulation

(At Ve, Vv) = F(v), Yve Hi(Q) (2.4)

L2(Q)

with homogeneous material coefficients Acg obtained by homogenization formula
B2a).

Hence the homogenized matrix represents a limit state, however, in reality it is a
reliable value if the periodic unit cell is sufficiently small compared to the macroscale
of a designed object.

The necessity for homogenization theories is observed from Eq. [23); a direct
discretization, for some small , is inappropriate because of highly oscillating solu-
tions — it requires huge number of degrees of freedom. The homogenization thus
splits elliptic problem (23] to the evaluation of homogenized matriz (22al) and to
the solution of Eq. (24]) without the oscillatory part.

3The values on boundary v|s are meant in the sense of trace operator, partial derivatives gZ“

are meant in the sense of distributional derivatives.
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In the sequel, an attention is focused on the primal homogenization problem in
Def. 2.1} the dual homogenization problem is only utilized later in Sec. for the
guaranteed bounds of the homogenized matrix.

Remark 2.5. Since material coefficients A are symmetric, the homogenization
problem in Eq. is equivalent to a weak formulatioﬂ

(Aé(E)’rU)L2 = _(AE’v)LE.er’ Yo € & (2.5)

per

describing the minimizer point. Since it has a linear structure, minimizer €* € &
for macroscopic field E € R% is obtained from unitary minimizers €%, see the next

definition, as
e”=> E.e.

Definition 2.6 (auxiliary problems). We say that el € & are unitary minimizers
if they satisfy the weak formulations with unitary macroscopic loads €4, i.€.

(Aé(a‘),'v)L2 = —(Ae,,v) Yv € &, (2.6)

L]Q;)er’
Unitary microscopic fields are noted without tilde, i.e. €@ = e, + &' € % &L &.

Remark 2.7. The unitary minimizers also serve to evaluate the components of the
homogenized matriz; formula

Aeﬂ‘7a6 = (A(Gﬁ + é(ﬁ)), (Ga + é(a))) (27)

L2,

per

follows from the linear structure.

2.2 Formulation based on the Lippmann-Schwinger equa-
tion
This section is dedicated to an alternative formulation of the auxiliary problems

in Def. 2.6l namely to the Lippmann-Schwinger equation incorporating the Green
function for a reference homogeneous problem.

Definition 2.8 (Lippmann-Schwinger equation). Let parameter A° € IRngdd be a

symmetric positive definite matriz. We say that e(Lg) € L%er(y; R?) is the solution
of Lippmann-Schwinger equation if it satisfies

els (@) + /y Iz —y)(Ay) — A%el? (y)dy = E, for almost allz € Y (2.8)

where the convolution integral is defined with the help of the Fourier series

§(k) @ &(k)
>
resiioy (AE(R).E(R))c,

/y Iz — yyo(y) dy = sk)on(x)  (29)

4Left-hand side represents continuous symmetric uniformly elliptic bilinear form for e'®) and v.
Right-hand side represents continuous linear functional for v. The existence of an unique solution
is provided by Lax-Milgram lemma or simply by Riesz representation theorem.
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where €(k) € R? is a vector with components &.(k) = £, operator @ denotes the
tensor produczﬁ, and v(k) are the Fourier coefficients with components U,(k) =

(va, cpk) L2, for trigonometric polynomial pi, = exp(in ), %)

Lippmann-Schwinger equation is formulated for microscopic field e(Lg) contrary
to weak formulation (7)) written for the perturbation part &) = e® — E; both

of the solutions, if coincide, differ by constant E as (e(L}g)) — E and (¢P)) = 0.

Remark 2.9. Lippmann-Schwinger equation is deduced from a strong formulatioﬂﬁ:
for prescribed macroscopic load E € R?, find & with continuous partial derivatives
satisfying

V-[A(E +&)] =0, Vxe=0, (&) = 0. (2.10)

dxd

The problem is reformulated for a reference homogeneous material A° € Repd -

the parameter of Lippmann-Schwinger equation, to a homogeneous problem
V- [A(a)] = Flx)

where f(x) = =V - [(A(IE) - Ao)e(aj)} is called a divergence of polarization current

and e = E + e is microscopic field with e satisfying the curl-free and zero mean
condition. It is then transformed with the technique of the Fourier tmnsforrrﬂ to
the system of algebraic equations, whose solution yields the Lippmann-Schwinger
equation (28).

The resulting equation is already defined in a way to have a good sense and to be
easily analyzed, see Sec.[{.1] and particularly Theorem [{.1 It will become apparent
that the detailed derivation of Lippmann-Schwinger equation can be omitted; the only
important part is the convolution integral providing projection on curl-free fields with
zero mean, see Lem. [{.5.

Remark 2.10 (Solution of Lippmann-Schwinger equation). Lippmann-Schwinger

equation ([2.8)) can be written in operator form (I + B)egg) = FE with the obvious

definition of operators 1 and B. The inverse of (I + B) is then expressed using
Neumann series expansion (I + B)™t = >"72 B¥ as |B|| < 1 for the special choice
of parameter A” := L(|| A7 |10, + || All 12, ) I, see [28].

Remark 2.11 (FFT-based method according to Moulinec and Suquet in [32]). The

solution of Lippmann-Schwinger equation obtained from Neumann series eI(E) =

>oreo BFIE] is the limit in L2, norm as k — oo of ileration algorithm e 1) =
Blew)] + E with initial value ey = E. The iteration algorithm serves as a foun-

dation for the numerical algorithm proposed by Moulinec and Suquet in [32, [33]

5The tensor product of two vectors u,v € R? defines matrix u ® v € R**? with components
(U ®V)as = UaVg.

5The solution of the strong formulation also satisfies the weak formulation in Eq. @3); it is
shown by the multiplication of a test function, by integration over PUC ), and by application of
Green’s theorem (boundary term vanishes because of periodicity).

"The most important properties are: derivative is transformed to the multiplication with a
Fourier variable and the convolution of two functions is transformed to their multiplication. The
inverse Fourier transform is provided with an analogical formula.
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who approximated solution e with the function values at a regular grid correspond-
ing to pixels or voxels in the images of periodic unit cell. The convolution integral
of Lippmann-Schwinger equation is then replaced with the Discrete Fourier Trans-
formtd, its inverse, and the multiplication by the integral kernel at the Fourier space;
i a detail, the algorithm is described in Paper 1.

2.3 Guaranteed bounds on homogenized matrix

The upper-lower bounds obtained from a posteriori error estimates were introduced
by Dvorak [12, 3] for a scalar problem and independently by Wiegkowski [55] for
linear elasticity. This section provides a summary of results in [12]. In this section
we work with some conforming approximations of unitary minimizers & and 3
namely & e (o) (egf;) €,) € & and JN) = (_75\,) €,) € ¥ ; parameter N represents
the inverse of discretization size of FEM or the number of discretization points
in the case of FFT-based method, for details see Sec. or Papers 5 and 6. In
what follows, relation C < D between symmetric and positive definite matrices
C,D e [Rg;dd stands for ordering in the sense of quadratic forms; it is equivalent to
E.-CE < E-DE for all E € R?. Upper bound of homogenized matrix is obtained
from the primal homogenization problem (2Z2al). The replacement of minimizers
with approximate minimizers leads to an increase in the value of the quadratic form
with the homogenized matrix

(AE.E), = inf (A(E +e).E+e), <(AE+ en ), E+ey)),.

per per
The last term then defines the upper bound of the homogenized matrix.

Definition 2.12. We say that matriz Zeﬁ"N € R4 defined as

(Autt,n)as = (Ales + W), en +€9)

per

is the upper bound on homogenized matrix Acg.

The upper bound of homogenized matrix A.g < Aqg n can be completed with
the upper bound of inverse homogenized matrix Aeﬂr = A ! ¢, Obtained from dual
formulation (2.2D]). Both relations lead to the upper—lower bound structure of the
homogenized matrix

Agn = At X Aci N (2.11)

Remark 2.13 (Element-wise upper-lower bounds). Upper-lower bounds (2.11I) im-
ply element-wise bounds, the bounds on components of the homogenized matriz.

The mean of upper-lower bounds A.g v = %(Zefh N+ Aefh ~) is a more reliable
approximation of homogenized matrix with guaranteed error Dy = %(Aeff,N —
A n). Following lemma provides the convergenceEl of the error to zero if the
approximates minimizers converge to minimizers as min, N, — 00.

8Numerically, it is realized with FFT algorithm, for details see [9].
9The trace of a matrix is a norm on the set of positive definite matrices, particularly on Dp
for N € N<.
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Lemma 2.14 (Rate of convergence of homogenized properties). Guaranteed error
Dy satisfies following inequality
tr Dy < Cr Y 6 =&l 7 + oy 13 -39 117

per

where constants C, Cy are independent of N.

3 Methodology

The goal of this dissertation consists of analysis of Lippmann-Schwinger equation
[23) and particularly to Moulinec-Suquet algorithm [32], see Rem. ZT1l The rele-
vant questions arising in the analysis can be summarized as:

1. Is there the unique solution of Lippmann-Schwinger equation for various pa-
rameters A"; the existence has been shown only for particular choice of param-
eter A%, see Rem. Does the solution of Lippmann-Schwinger equation
equal to the solution of weak formulation (ZX)? Do the solutions coincide for
various parameters A°?

2. (a) Is there some consistent approximation of weak formulation (2.3]) or
of Lippmann-Schwinger equation (2.8]) that is equivalent to Moulinec-
Suquet numerical algorithm? Do approximate solutions, if exist, converge
to the solution of weak formulation?

(b) It has been observed by Zeman et al. in [57] that Moulinec-Suquet al-
gorithm, Rem. 2.T1] is equivalent to the solution of a system of linear
equations. It appears that this non-symmetric system can be success-
fully solved using Conjugate gradient algorithm. What is the reason for
that?

3. In [I2 13] and later independently in [55], the guaranteed bounds of the ho-
mogenized matrix were calculated using the standard Finite element methods.
Is the approach applicable to the FFT-based homogenization?

The analysis of the method is provided with standard mathematical instruments
and techniques. Namely, it is based on the following subjects with the list of lit-
erature: homogenization theory [IT}, 40, 18] 3], mathematical analysis [41} 42, 26],
modern theory of partial differential equations [19] [, [35], finite element method
[10, 4], and trigonometric collocation method [43].

Numerical calculations stated in Sec. [4.4] and attached papers were provided
with the own software written in MATLAB® and PYTHON programming language;
it is available at http://mech.fsv.cvut.cz/~vondrejc/publications.php#SW.

4 Results

This section provides the summary of the results obtained in six papers [57, 50} 37,
38, 511, 52], referenced as Papers 1-6, that are attached in the chronological order in
Parts [IHVIIL The section is split into five subsections; The first three correspond to
the tasks in Methodology Sec. [ while the last two contain numerical examples and
applications of FFT-based method to linear elasticity.


http://mech.fsv.cvut.cz/~vondrejc/publications.php#SW
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4.1 Weak formulation and Lippmann-Schwinger equation

This section start with theorem describing solvability of Lippmann-Schwinger equa-
tion, the main theorem about continuous formulation of homogenization problem.

Theorem 4.1 (Equivalence of weak formulation and Lippmann-Schwinger equation,
Theorem 2.29 in Paper 5). Let A° € [Rg;dd be symmetric and positive definite, then
weak formulation (ZH) and Lippmann-Schwinger equation ([2.8]) are equivalent in

the sense that the solution coincide in both formulations.

The theorem shows that the unique solution of weak formulation (2.5) is the
solution of Lippmann-Schwinger equation and contrary. It reveals the existence of
the unique solution of Lippmann-Schwinger equation for various parameters A°.

The proof is based on a next lemma providing a projection on &, the space
of curl-free with zero mean fields that is both a trial space and the space of test
functions in weak formulation (2.5).

Lemma 4.2 (Lem. 2.28 in Paper 5). Operator G[-] : L2 (V;R?) — L2 (V;R?)
defined as

Glf)(@) = / Mz — ) A'f(y) dy (4.1)

y

is a projection on & and orthogonal for AY = XTI with \ > 0.

The proof is based on the expression of convolution integral in the Fourier space,
cf. Def. 2.8 Tt is shown that the operator is continuous and real valued. Since
matrix %AO is simply a projection, it shows that operator G is. Besides, we
show that it is the projection on & with the help of a potential that exists in this
case as the periodic unit cell is simply connected.

Proof outline of Theorem[{.1l The proof is outlined for a special choice of parameter
A° equal to the identity matrix A° = I. First, we show that the solution of the
weak formulation is the solution of Lippmann-Schwinger equation. We enlarge space
& in the weak formulation by adding the projection operator

(Ae,Glv]),, =—-(AE.Gv]) Vo € L2 (V;RY).

per L%er’ per
In this special case, operator G is self-adjoint leading to
(GlA8],v),, = —(9[AE],v),, , Yve L (V; RY).
Finally, a following equation is deduced
G|Aé] = —G[AE], for almost all x € Y

by removing the testing functions and the rest is the consequence of elementary
algebra and properties of projection G.

The opposite implication is done analogically by splitting the solution egg) with
projection operator G. The general case for A° € IRg;dd follows similar ideas. O
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4.2 Discretization via trigonometric polynomials

This section is dedicated to the discretization of the homogenization problem (2.2))
in a way to produce the identical linear system like in Moulinec-Suquet algorithm
[32], cf. Rem. 2111

The space of trigonometric polynomials is used as a finite dimensional space
for discretization. Relating definitions and properties are summarized in Sec. [L.2.1]
according to [47, [43], however, a slight modification is performed for the non-odd
number of discretization points to assure conforming approximations that are re-
quired for guaranteed bounds of the homogenized matrix, see Sec. or Papers 5-6
for more details.

Then, approximate solutions are defined through Galerkin approximation (GA)
and Galerkin approximation with numerical integration (GAwNI). Together with
their convergence to the minimizers and the numerical solution of the linear system,
it is described in Sec. and in a detail in Papers 5 and 6.

Notation 4.3. In the sequel, let N € N be reserved for a number of discretization
points with the number of degrees of freedom |N | = [], Na; if Ny is odd (even)
for all a we talk about odd (even) number of discretization points, otherwise about
non-odd ones. The reduced and full index set state for

N, Nq Nq
Z?\,:{kezd:\ka\<7}, Zg{,:{kezd:——<ka<7}. (4.2)

A multi-index notation is employed, in which RN represents RNt >*Na - Get Xy
represents the space of vectors v with components v* and X% the space of matrices
A with components ALE* for o, 8 and m,m € va. Nezt, v* € R? for n € Zﬁl\,
and v, € RN for a represent subvectors of v with components v®; analogically the
submatrices A™™ € R4 and A5 € RV*N can be defined. A scalar product on X
i1s defined as (u,v)xN =, Znezgi, ulv? and matriz A by vector v multiplication
as (Av)y == 4 Zmez‘}\, AnEVE . Matriz A is symmetric positive definite if AT =

AGat holds for all components and (Av,v) N 0 applies for arbitrary v € Xpn. We

X
use a serif font for vectors v and matrices A to distinguish from vectors E € R? and
matrices Aoz € R4 and from vector valued functions v € L2 (Y; R?). In order to
distinguish vectors and matrices for different number of discretization points N, we
write them with subscript, i.e. vy and An.

Operator ®* denotes the direct sum of mutually orthogonal subspaces, e.g. R? =

1 1L 1
61@ GQEB EB €.

4.2.1 Trigonometric polynomials

This section presents the trigonometric polynomials with their properties; it is also
well described in Paper 5 for the odd number of discretization points and in Paper 6
for the general number of discretization points, see also [43].

First, the trigonometric polynomials can be expressed as the linear combination
of the Fourier coefficients and the Fourier basis functions, see Eq. ([A3]) and (5.
Second, they can be expressed as the linear combination of function values at nodal
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points and shape basis functions, see Def. and Eq. ([4.0); Fig. [ shows the exam-
ples of the nodal points and the shape basis function. Both formulations are related
through the Discrete Fourier Transform (DFT) see Rem. 412

Dirac delta property of shape basis functions ¢ m(ZR) = Omn ensures the
uniqueness of trigonometric polynomials representation and allows us to define an
interpolation operator through the nodal points, see Def. and [£.0

Both definitions of trigonometric polynomials 7 and In in Def. B coincide
if the number of discretization points IN is odd for all components, cf. Rem. [£.13

I x X X x X X X X x X X X X X 2
X @ X X @ X X ® X X @8 XX @8 X @10_
X X X X X X X X X X X XXX X| ~—~ "' N
05X X X X X X X X X X X X X X X| ;FO.S- I:' Y
) X @ X X @ XX ®XX®XX® X SN K *
() X X X X X X X X X X X X X X X moe o o e
= xxxx[e o N=(55) g nodal points
5 0.0rx ® x x K = 04 --- P50
< xx x x| x x N=(1515)k &
) X X X X X X X X X X X X X X X g 0.2 —  ¥150 k1
8 X®XX@8XX0exxexxex .S ¢
—0.5r% x x x X X X X X X X X X X X] 60-0 L ]
XX XX XXXXXXXXXX X g s ,
X B X X ®XX®X X8 XX 8 X LT_‘_O-Z' .- AN 1
1xxxx_x><x>_<xxx_><xxx 04 . . .
~1.0 -0.5 0.0 0.5 1.0 =1.0 -0.5 0.0 0.5 1.0
Coordinate 2 Coordinate z
(a) nodal values at PUC (b) shape basis functions

Figure 1: Nodal values for d = 2 and shape basis function for d = 1

Notation 4.4 (DFT). For N € N we define, up to constant, unitary matrices
Fn,Fn € CXIXNXN of the Discrete Fourier transform (DFT) and its inverse
(iDFT) as

B 1
| N |

m,nGZ}i\,

(5a6wl—vmn)m,n€Z}iV F]_Vl _ (5045("}]7\7]1”)0475:17.“@'

FN O67/3:]‘7"'7(l

where 0,5 is Kronecker delta and wii™ = exp (27Ti ZZ:1 mﬁ—f“) with m,n € 7°.
Definition 4.5 (nodal points, basis functions). Let N € N’ For n € Z%, we
define nodal points of the periodic unit cell xR =, %ea and the Fourier and
shape basis functions

. NaTa 1 —mn
on(x) = exp <7TIZ Y. ) , ONn(T) = M Z W M om (). (4.3)

d
« mely

Lemma 4.6 (Properties of ¢, and ¢n.m). Let m,n € Z%;, then

(mea Qpn) 2, = dmn Qpn(m%) = w?n (44&)

577’1/’1

@N,m(IE%) = 5mn (()ON,'ITH SON/n,) Lger — |N|H (44b)
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Definition 4.7 (Trigonometric polynomials). For N € N?, we define the spaces of
trigonometric polynomials I, In and their vector valued versions T¢,. 74 as

ﬂN:{ Z \A/"gonz\A/nGC,\A/”:W}, Ty ={v:v, € In}. (4.5)

d
nezyy

<7~N = { Z VioN g VT E IR}, 9}‘} = {'v DU, € ﬁN} (4.6)

d
nesly

where the index sets are given by

N, N, N,
Z?\I:{kezd:‘ka‘<7}a Z?\I:{kezd:_7§ka<7}' (47>

Definition 4.8 (Interpolation projection). We define interpolation operator QN :
Coer(V; RY) — Lf)er(y; C%) as

ONIf1= D F(@R)enm.

d
meZly;

Lemma 4.9. Interpolation operator QN s projection and its image is ﬂz\d,

Definition 4.10. The operator I : 9}% — RN stocks the values of trigonometric
nezy,

polynomials at nodal points to a vector In[vn] = (vno(®R)) 1~ .

Lemma 4.11. The operator I from previous definition is isomorphism.

Remark 4.12 (Connection of representations). The trigonometric polynomial vy €
T& can be uniquely expressed using both the Fourier coefficients and the function
values at nodal points

on= D on@R)eNm = Y, On(n)pn (4.8)

mGZ}’l\, nEZ‘fV

with connection through the DFT vn = Fyvy, where vy = In[vn] and vy =

m d = . . . .
(@N,a(m))aff’j’,d. Thus, space T3¢ can be possibly characterized with the Fourier

coefficients as Tyt = {>meze, VNPm 1 VN € Fn (RN)L.

Remark 4.13. The trigonometric polynomials are real valued if the Fourier coeffi-
cients obey conjugate symmetry v(n) = v(—n), n € Z%; from definition, it is valid
for the trigonometric polynomials 7:¢ C L2 (V;R?).

per

The peculiar situation occurs for the space T3¢, If N is odd, both spaces _coincide
Tk = 7¢ as the index sets do 7% = 7% generally, the inclusion Tk C T3 holds.
Unfortunately, the space T3 fails to be real valued T3¢ ¢ L2..(V;R?) because the

per
Fourier coefficients with frequencies n € Zﬁl\, \ Z%; miss opposite counterpart with
frequencies —n.
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4.2.2 Galerkin approximation with numerical integration

Approximate solutions are gained from Galerkin approximation (GA) and Galerkin
approximation with numerical integration (GAwNI); both methods can be defined
either for weak formulation (Z5]) or minimization formulation (2:2)). In all cases,
formulations are based on trial space & or ¢ in the primal or dual formulation
resp. The following remark clarifies their finite dimensional relatives.

Remark 4.14. We confine the description to the problem for the odd number of
discretization points N for which trigonometric polynomials Z:& and T3¢ coincide;
thus it is possible to directly follow the results in Paper 5. The case of general number
of discretization points can be found in Section 3.2 in Paper 6.

Hence, we define a conforming finite dimensional spaces as En;= T34 & and
In = TN Z that satisfy the finite dimensional Helmholtz decomposition

Ik =U &t b In.

Fully discrete spaces defined as Un = InN|%], En = In[EN], IN = IN[ I N], with
isomorphism from Def. [{.10, are their associates and thus satisfy an analogue

IN[TE] = RN = Uy &' En &+ I (4.9)

Definition 4.15 (Galerkin approximation, Def. 3.20 in Paper 5). Galerkin approz-
imation of the auziliary problems in Def. states: for unitary macroscopic load
€, find minimizer é%) satisfying

(Aégs)’ UN)LEer = — (AEQ, ’UN)LIQ)er, V’UN € @@N (410)
Remark 4.16 (Solution and convergence). The unique approximate solutions of
Galerkin approximation are provided by Lax-Milgram lemma as material coefficients
A are uniformly elliptic and bounded. The convergence of the approzimate solutions
to the minimizers is provided by Cea’s lemma

le@ — el <O inf [le® — vy

per — 'UNEéaN per

(4.11)

together with density of trigonometric polynomials in space Lger. Although, the con-
vergence can be arbitrarily slow, more reqular minimizers permit the order of con-

vergence, see Sec. 3.4 in Paper 5.

Approximate solutions from Galerkin approximation behaves meaningfully, un-
fortunately, the linear systems determined by GA cannot be obtained in the closed
form for general coefficients A. Thus, the need for numerical integration arises.

Definition 4.17 (GAwNI). Let the material coefficients A be continuous. Galerkin
approzimation with numerical integration of the primal homogenization problem,
Def. [Z1), states as: for arbitrary fived macroscopic load E € R?, find discrete ho-

mogenized matriz A&E?\? € R™4 satisfying
(Al N'E.E),, = inf (QN[A(E+en),E+en),, . (4.12)

en ECO@N per
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It is shown in Lem. 3.28 in Paper 5 and in Lem. 3.22 in Paper 6, that GAwNI is
equivalent to the fully discrete formulation.

Definition 4.18 (Fully discrete formulation of GAwNI). Find AZ; € R sych
that for arbitrary fivred E € R? holds

(AsN'E.E),, inf (AN(En+en) En+en)pun (4.13)

N encra

where En = IN[E] € Un and An € R>NXN wyith components assembled as
R}Zﬁ = Aop(xR)dmn for a,f and m,n € Zﬁl\,.

Remark 4.19 (Solution of GAwNI by Conjugate gradients). In Papers 2 and 5, it
15 explained that the minimazers of fully discrete formulation can be obtained by Con-
Jugate gradients that minimize a quadratic functional on a subspace En = In[EN].
It is equivalent to the solution of linear system Cx = b defined for particular o as

G/Ay e = —GIANEY
for the initial approximation Xy € En from the appropriate subspace. Matrix G(l] 18
an orthogonal projection on En. It follows from continuous projection (L2) on &,
see Sec. 3.2 in Paper 6 providing the scheme of subspaces for both of the primal and
the dual formulations.

Remark 4.20 (Convergence of discrete minimizers). In Paper 5, the convergence
of the approximate solutions of GAwNI to the minimizers of homogenization prob-
lem (22) is provided for sufficiently reqular material coefficients A. It incorporates
first Strang’s lemma — the standard approach in the finite element method — and
the estimates of interpolation operator, Def. ([L8), provided in [{3] for one and
two-dimensional setting, see also Sec. 3.2 in Paper 5 for d-dimensional setting. Nu-
merical examples confirming the rates of convergence can be found in Paper 6 in

Sec. 4.2.

Remark 4.21. Regularity of material coefficients A principally influences the rates
of convergence. For rough coefficients, arbitrary slow convergence can be observed
for GA. However, GAwNI is even difficult to define as interpolation operator Qn
requires function values — it requires some type of continuity. In Paper 5, we remedy
this trouble by smoothing of the material coefficients.

4.3 Guaranteed bounds by FFT-based homogenization

This section summarizes results obtained in Paper 6 for guaranteed bounds on the
homogenized matrix, see summary in Sec. [£3] that were introduced by Dvotak in
[12, [13] for a scalar problem and later independently by Wieckowski [55] for linear
elasticity.

The upper-lower bounds are based on the primal and dual formulations of ho-
mogenization problem in Def. Bl In Sec. 3.1l the connection of the primal and
dual formulations is investigated in fully discrete setting. Then in Sec. 3.2 the
method for an effective evaluation of the upper-lower bounds is provided.
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Galerkin approximation with numerical integration of the homogenization prob-
lem in Def. (2.1]) leads to a fully discrete homogenization problem in both primal

and dual setting

~ FFTH .
(Aeff,N E, E)[Rd = m e]\}rel[f[-;N(AN(EN + eN), EN + eN)[Rde, (414&)
~ FFTH

((Aeff,D,N)_l‘]? J)[Rd = m];gg}v (A]_Vl(JN +jN)7 JN +jN)|Rd><N7 (414b)
compare to Def. [LI8 Minimizers egs) = TN [egf,)] and 353) =I5 [jgs)] are then

used to evaluate the upper-lower bounds of the homogenized matrix.

4.3.1 Connection of primal and dual formulation

The connection between formulations in (£I4]) is summarized for odd number of
discretization points.

Theorem 4.22 (Primal-dual formulation for odd number of discretization points,
Corollary 3.27 in Paper 6). Let the number of discretization points N € N¢ be odd.
Then, the fully discrete formulations satisfy:

1. Both primal and dual homogenized matrices coincide AEfE N = AL

eff D,IN *
2. Primal and dual discrete minimizers ég{l,) and j%) are related as
s +in = AN Eale, + &%) (4.15)

where E = (AL N) eg.

This enables to avoid the solution of the dual formulation in order to obtain the
dual minimizers. The proof is the consequence of perturbation duality theorem [14],
that is mentioned for a discrete setting in Lem. 3.26 in Paper 6, and discrete version
of the Helmholtz decomposition (Z.9]).

Unfortunately, the previous theorem fails to hold for the general number of dis-
cretization points as the discrete version of the Helmholtz decomposition (£9) is no
longer valid. A general theorem is provided in Cor. 3.27 in Paper 6.

4.3.2 Calculation of bounds

The calculation of the upper-lower bounds of the homogenized matrix consists of
the integral evaluation of type (Aegs),egg)) ;2 occurring in Def. 2.12 Generally,
the integral cannot be evaluated in a closed form because of non-specific material
coefficients. The idea is to adjust the material coefficients to calculate the integrals
accurately and efficiently and simultaneously keep the upper-lower bounds structure.

For an easier orientation among various homogenized matrices, we refer to their
scheme in Fig. 2l The matrices A, Aefh N Zeff, N, Aeg N, and Dy already intro-
duced in Sec. are in no relation to matrices AeFfE o AeFfE g{N from fully discrete

formulation (L.I4]) because of the variational crime caused by numerical integration

in Def. 417
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~ lin, M ~ lin, M
Aeff,D,N Aeff’N
o 22 22 con, M
con, A 2w
0 < éeﬁ N = Aeﬁ,N = Acqr = Agn = AeH,N

I I
Agn —Dn=< AsnNn =XAwsnN+ Dn

“h N
AFFTH equality if N is odd AFFTH
eff D,N < eff, N

Figure 2: The overview of homogenized material bounds

In Paper 6 in Sec. 3.5, we introduce the approximation of upper-lower bounds
~ lin,M lin, M . .
AN Aeﬂr n based on piecewise bilinear material coefficients. Next, piecewise

constant material coefficients defined in a way to guaranty bounds produce upper-
—con,

lower bounds of homogenized matrix, i.e. Ac?ﬁnly , Aug v - The next lemma shows

sufficient condition to guaranty bounds with adJusted material coefficients.

Lemma 4.23 (Sufficient condition for the upper-lower bound _structure, Lem. 3.31
in Paper 6). Let A € L (V; R¥?) be material coefficients and A, A € L (Y; R¥*?)

per per
its upper and lower approximations satisfying

A(x) = A(x) = A(x), for almost allx € ). (4.16)

Let é%) € &N and j%) € I~ be unitary minimizers for material coefficients A,

cf. Def.[2.4. Then matrices Zeﬂ‘,éeff € R™4, defined as

(Actn)as = (Ales + X)) ea +&8) 1o (4.17a)

(Al pas = (A7 (e5 + IR € +IN) 1 (4.17D)

comply with the upper-lower bound structure, i.e.

A, S Agn = Ag = Aun 2 A

A special situation occurs when the material coefficients are expressed as the
linear combination of some functions placed at nodal points of regular grid. Then
the integrals required for evaluating upper-lower bounds can be calculated by FFT
algorithm, see Eq. (£19) in next lemma and Lem. 3.33 in Paper 6.

Lemma 4.24 (Calculation of homogenized matrices, Lem. 3.32 in Paper 6). Let
un, N € TN be trigonometric polynomials and Apr € L2 (Y [Rg;dd) for M € N4
be function explicitly expressed as

Ay(z)= ) d(@+ah)A", we)
nezs,

where 1 € L3 (V;R) is some basis function and A € RIXXM — Then the integrals
of the type occurring in Eq. [AIT) can be calculated as

(AMU,N,’UN 72 ‘y|dz Z UV'X}@’BAZE (418)

per
o, meZgN
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where the integration weight w(m) is defined as w(m) := fy V() om(x) and factors

~

~m m
UVN 5.a, Al are defined as

~ 1 )
WVN g0 = 72|N| Z uN,g(:v’;N)vaa(ng)wQﬁk (4.19a)
" keZsy
m= Y Amswar™ (4.19b)
nezl,

Investigation of previous lemma reveals that functions i) are chosen to have

analytical expression of integral weights w(m) := fyw(w)cpm(:c). A reasonable
choice is a constant and a bilinear function
1, |za| < % for all « . To M,
x) = « ,  triy(x) = max{1l — ,0F,
(@) {O, otherwise n(@) 1;[ { | 2Y, [0}
leading to the weights
2Y, . o 2Y, . a
w (m) = H A sinc <J\n;:/—a) wi(m) = H A sinc? <J\n;:/—a)

«

1, z=0
sin(mx)

the analytical expression of the weight is a circle function with the weight based on
the Bessel function.

More details about calculation of upper-lower bounds can be found in Sec. 3.5
in Paper 6.

with function sinc(z) := . Another example of the function with

T

4.4 Numerical experiments

In this section, numerical experiments presented in Papers 1,2, and 6 are summa-
rized. Sec. d.4.7]is dedicated to the acceleration of the FFT-based homogenization
by Conjugate gradients, while Sec. is dedicated to the guaranteed bounds of
the homogenized matrix.

4.4.1 Acceleration by Conjugate gradients

In this section, the theoretical result about the acceleration of the original FFT-
based homogenization by Conjugate gradients is validated. We show that Conjugate
gradients are independent on reference conductivity A°, the parameter of Lippmann-
Schwinger equation. Moreover, both methods, the original and accelerated one, are
compared in terms of computational times.

From Paper 2, a three-dimensional electric conduction in a cubic periodic unit
cell Y = szl(—%, %) is chosen as a model problem. The conductivity parameters
are defined as )

I, lzll2 < (155)3
1 02 02
02 1 0.2], otherwise

0.2 02 1

A(x) =
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where p > 0 denotes the contrast of phase conductivities; it represents a two-phase
medium with spherical inclusions of 25% volume fraction. We consider the macro-
scopic field E := €; and discretize the unit cell with N = [n,n,n] noded'd. The
conductivity of the homogeneous reference medium A° € R¥? is parametrized as

A% =)\, A=1—w+ pw, (4.20)

where w =~ 0.5 delivers the optimal convergence of the original Moulinec-Suquet
Fast-Fourier Transform-based Homogenization (FFTH) algorithm [32].

We first investigate the sensitivity of Conjugate Gradients (CG) to the choice of
the reference medium. The results appear in Fig. plotting the relative number of
iterations for CG against the conductivity of the reference medium parametrized by
w, recall Eq. ([A20). As expected, CG solver achieve a significant improvement over
FFTH method as it requires about 40% iterations of FF'TH for a mildly-contrasted
composite down to 4% for o = 103. The minor differences visible especially for
p = 10% can be therefore attributed to accumulation of round-off errors.

0 3

Iglo % 10
(i)l 5
2 ————

~ 10
0] c
9 £

g I L @--mTTT ) g

2 4 0 7O - = anl

o 10 t = 10 fo

7 & ®

5 e - 5

= ®| 10° ——CG, p=10

> ——p=10 g_ -e-CG, p =10°

®] 6-p — 102 £ -x-FFTH, p=10

5 P

2 |ep=10° 8 . -e-FFTH, p =10°

105 05 1 15 2 10 5 C g ¥
. L . 10 10 10 10 10
reference conductivity parameter number of unknowns

(a) (b)

Figure 3: (a) Relative number of iterations as a function of the reference medium
parameter w and (b) computational time as a function of the number of unknowns.

In Fig. we present the total computational timd"] as a function of the
number of degrees of freedom and the phase ratio p. The results confirm that the
computational times scales linearly with the increasing number of degrees of freedom
for both schemes for fixed phase ratio p [57]. The ratio of the computational time
for CG and FFTH algorithms remains almost constant, which indicates that the
cost of a single iteration of CG and FFTH method is comparable.

In addition, the memory requirements of both schemes are also comparable. This
aspect emphasized the major advantage of the short-recurrence CG-based scheme
over alternative schemes for non-symmetric systems, such as GMRES. Finally, we
note that finer discretizations can be treated by a straightforward parallel imple-
mentation.

10Tn particular, n was taken consequently as 16,32, 64,128 and 160 leading up to 3 - 1603 =
12.2 x 10% unknowns

" The problem was solved with a MATLAB® in-house code on a machine Intel® Core™2 Duo
3 GHz CPU, 3.28 GB computing memory with Debian linux 5.0 operating system.
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4.4.2 Guaranteed bounds

In this section, the properties of the upper-lower bounds of the homogenized matrices
are validated. We consider 2-dimensional model problem from Paper 6 with material
coefficients defined on a periodic unit cell Y = 12_,(—1,1) C R? as

A(x)=I[1+4+10f(x)], =x€),

where I € R™? is identity matrix and f : Y — R is a scalar nonnegative function

defined explicitly as

Lozl <3

J(@) = {O, otherwise

The problem is discretized with odd number of discretization points N = (n,n)
where n € {5, 15,45,135,405, 1215}.

Fig. shows the periodic unit cell with the interface between phases and the
nodal points sets, {x% € Y : n € Z4}, for particular N. Next in Fig. we
demonstrate the properties of the homogenized matrices for their particular diagonal
component. The inequality Aeﬂc, N Zeg, ~ stated in ([ZIT]) is satisfied and the error,
difference between them, is approaching zero supporting Lem. 2.14]

2.3 v
1'0xxxxxxxxxxxxxxx : % - X Abhl‘ﬂ
X @ X X @ X X @® X X @ X X @ X + Zeff, N
X X X X X X X X X X X XX X X 82-2 "AeﬂT,N
0.5 X X[x x x x x x x X x|x x x] =) e Ag N
= X @ X[X @ X X @ X X @ X|X @ X 842.1 ..ACH7N
2 XXX — interface = ’
= v % olx inter 8
goo-x.xxoo N:(575) 4 "OZ'O
X X X|[x
— (&)
S x x x|x | % N—(15715i N
(.O) X @ X|[X @ X X @ X X @ XX @ X 51'9
—0.5rx x x|[x x x x x X X X X|X X X a0
X X X X X X X X X X X X X X X gls
X @ X X @ X X @ X X @ X X @ X O
X X X X X X X X XX XXXXx| M
LG —0C5 dQ.O 0.5 1.0 1-1700 ot 10 Y ot
oordinate &y No. of discretization points n; N = (n,n)
(a) PUC with nodal points (b) bounds of homogenized coefficient

Figure 4: Periodic unit cell with nodal points and guaranteed bounds of homogenized
material coefficient

In this case, approximate homogenized matrix AQ{?\? resembles the real ho-

mogenized coefficients A.g properly even for small N compared to the mean value
At N = %(Aeff, N+ Zeﬂ'7 ~) that overestimates. It is the consequence of good ap-
proximation of inclusion topology by nodal points, see Fig. ; the interface lies
exactly between the nodes. Generally, the approximate homogenized matrix Agfi o
can be located either over or under the bounds — for a more detail, see Sec. 4.1

in Paper 6.

4.5 Applications

In this section, applications of FFT-based homogenization to linear elasticity are
discussed according to Papers 3 and 4.
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Linear elasticity is certainly more complicated than the scalar problem presented
so far, however, the similar structure is observed. The complexity consists of more
complicated material law between second order tensors, strain and stress, through
fourth order stiffness tensor. Moreover, Green function and derived projection op-
erator to admissible fields — analogue to (Z9) and ({1l — are more complicated as
it naturally splits into two parts, one corresponding to volumetric fields and second
to deviatoric fields.

Paper 3 deals with FF'T-based homogenization in the framework of representative
volume element to produce homogenized stiffness matrix of cement paste, gypsum,
and aluminum alloy. A grid nanoindentation is used for the determination of phase
properties in grid points at microscale; the direct utilization of grid data simplifies
the numerical evaluation and contributes to its efficiency. The method is compared
to some simple analytical homogenization procedures with material phases obtained
by a statistical deconvolution.

Paper 4 describes a technique to homogenize highly porous aluminium foam —
porosity causes the violation of uniform ellipticity. Although, some modifications
of FFT-based homogenization were proposed [27, 29] to overcome this difficulty, no
rigorous convergence theory has been provided yet. Thus, the FFT-based homoge-
nization is used as a part of two step homogenization, particularly, it is incorporated
at a lower scale composed of aluminum melt with admixtures. A higher scale con-
taining significant volume fraction of air voids exceeding 90% is homogenized using
two-dimensional Finite element method.

5 Conclusions

The most important results addressing the questions in Sec. Bl are summarized:

1. It has been shown that Lippmann-Schwinger equation is equivalent, in the
sense the unique solution coincide, to the corresponding weak formulation for

an arbitrary parameter A e IRggdd.

2. The discretization of weak formulation (ZI]) has been proposed to reproduce
the original Moulinec-Suquet numerical algorithm, Rem 2T it can be newly
considered as the Finite element method with trigonometric polynomials basis
functions. Convergence of approximate solutions to continous one has been
proven. Moreover, the successful application of Conjugate gradients to non-
symmetric linear system has been explained.

3. The method for guaranteed bounds of the homogenized matrix has been used
for FFT-based homogenization; FFT algorithm can be utilized for the evalu-
ation. The solution of the dual formulation, that is required for lower bound,
can be avoided for the odd number of discretization points.

The presented results clarify FFT-based homogenization in a way to be further
analyzed by standard mathematical instruments. Main areas of investigation and
employment of results are:

e preconditioning of linear system coming from discretization,
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providing theory for linear elasticity,
providing theory for porous materials,
generalization to another physical problems (Stokes problem),

validation of other homogenization methods with the help of reliable guaran-
teed bounds.

6 References

[1] N.S. Bakhvalov and A. V. Knyazev, Efficient computation of averaged charac-

[9]

[10]

teristics of composites of a periodic structure of essentially different materials,
Soviet mathematics - Doklady 42 (1991), no. 1, 57-62.

T. Belytschko, T.J.R. Hughes, N. Patankar, C.T. Herakovich, and E.C. Bakis,
Research directions in computational and composite mechanics, Tech. report,
United States National Committee on Theoretical and Applied Mechanics,
2007.

A. Bensoussan, G. Papanicolau, and J.L. Lions, Asymptotic analysis for periodic
structures, vol. 5, North Holland, 1978.

D. Braess, Finite elements: Theory, fast solvers, and applications in solid me-
chanics, Cambridge University Press, 2001.

H. Brézis, Functional analysis, Sobolev spaces and partial differential equations,
Universitext Series, Springer, 2010.

S. Brisard and L. Dormieux, FFT-based methods for the mechanics of com-

posites: A general variational framework, Computational Materials Science 49
(2010), no. 3, 663-671.

, Combining Galerkin approximation techniques with the principle of
Hashin and Shtrikman to derive a new FFT-based numerical method for the
homogenization of composites, Computer Methods in Applied Mechanics and
Engineering (2012).

B. Budiansky, On the elastic moduli of some heterogeneous materials, Journal
of the Mechanics and Physics of Solids 13 (1965), no. 4, 223-227.

C. S. Burrus and T. W. Parks, DFT/FFT and convolution algorithms, Wiley,
New York, 1985.

P.G. Ciarlet, Handbook of numerical analysis: Finite element methods, vol. 11,
Elsevier Science Publishers B.V. (North-Holland), 1991.

[11] D. Cioranescu and P. Donato, An introduction to homogenization, Oxford Lec-

ture Series in Mathematics and Its Applications, Oxford University Press, 1999.

[12] J. Dvotdk, Optimization of composite materials, Master’s thesis, The Charles

University in Prague, June 1993.



6 REFERENCES page 22

[13] , A reliable  numerical — method  for  computing  ho-
mogenized  coefficients, Tech.  report, available at  CiteSeerX
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.45.1190,

1995.

[14] 1. Ekeland and R. Temam, Convex analysis and variational problems, STAM,
1976.

[15] D. J. Eyre and G. W. Milton, A fast numerical scheme for computing the
response of composites using grid refinement, The European Physical Journal
Applied Physics 6 (1999), no. 1, 41-47.

[16] R. Hill, A self-consistent mechanics of composite materials, Journal of the Me-
chanics and Physics of Solids 13 (1965), no. 4, 213-222.

[17] H. Hoang-Duc and G. Bonnet, Effective properties of viscoelastic heterogeneous
periodic media: an approximate solution accounting for the distribution of het-
erogeneities., Mechanics of Materials (2012).

[18] V.V. Jikov, S.M. Kozlov, and O.A. Oleinik, Homogenization of differential op-
erators and integral functionals, Springer-Verlag, 1994.

[19] L.C.Evans, Partial differential equations, vol. 19, American Mathematical So-
ciety, 2000.

[20] H. Le Quang, T.L. Phan, and G. Bonnet, Effective thermal conductivity of
periodic composites with highly conducting imperfect interfaces, International
Journal of Thermal Sciences 50 (2011), no. 8, 1428-1444.

[21] R.A. Lebensohn, A.K. Kanjarla, and P. Eisenlohr, An elasto-viscoplastic for-
mulation based on fast fourier transforms for the prediction of micromechanical
fields in polycrystalline materials, International Journal of Plasticity (2011).

[22] R.A. Lebensohn, A.D. Rollett, and P. Suquet, Fast fourier transform-based
modeling for the determination of micromechanical fields in polycrystals, JOM
Journal of the Minerals, Metals and Materials Society 63 (2011), no. 3, 13-18.

[23] S.B. Lee, RA Lebensohn, and A.D. Rollett, Modeling the viscoplastic microme-
chanical response of two-phase materials using Fast Fourier Transforms, Inter-
national Journal of Plasticity 27 (2011), no. 5, 707-727.

[24] J. Li, S. Meng, X. Tian, F. Song, and C. Jiang, A non-local fracture model
for composite laminates and numerical simulations by using the FFT method,
Composites Part B: Engineering (2011).

[25] J. Li, X.X. Tian, and R. Abdelmoula, A damage model for crack prediction
in brittle and quasi-brittle materials solved by the FFT method, International
journal of fracture (2012), 1-12.

[26] J. Lukes and J. Maly, Measure and integral, Matfyzpress Prague, 1995.


http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.45.1190

6 REFERENCES page 23

[27]

[28]

[29]

[30]

[31]

32]

33]

[34]

[35]

[36]

[37]

[38]

[39]

J. C. Michel, H. Moulinec, and P. Suquet, A computational method based on
augmented Lagrangians and fast Fourier transforms for composites with high
contrast, CMES-Computer Modeling in Engineering & Sciences 1 (2000), no. 2,
79-88.

, A computational scheme for linear and non-linear composites with ar-
bitrary phase contrast, International Journal for Numerical Methods in Engi-
neering 52 (2001), no. 1-2, 139-160.

V. Monchiet and G. Bonnet, A polarization-based FFT iterative scheme for
computing the effective properties of elastic composites with arbitrary contrast,

International Journal for Numerical Methods in Engineering 89 (2012), no. 11,
1419-1436.

V. Monchiet, G. Bonnet, and G. Lauriat, A FFT-based method to compute the
permeability induced by a stokes slip flow through a porous medium, Comptes
Rendus Mécanique 337 (2009), no. 4, 192-197.

T. Mori and K. Tanaka, Average stress in matriz and average elastic energy of
materials with misfitting inclusions, Acta metallurgica 21 (1973), no. 5, 571
D74.

H. Moulinec and P. Suquet, A fast numerical method for computing the lin-
ear and monlinear mechanical properties of composites, Comptes rendus de

I’Académie des sciences. Série II, Mécanique, physique, chimie, astronomie 318
(1994), no. 11, 1417-1423.

, A numerical method for computing the overall response of nonlinear
composites with complexr microstructure, Computer Methods in Applied Me-
chanics and Engineering 157 (1997), no. 1-2, 69-94.

, Comparison of FFT-based methods for computing the response of com-
posites with highly contrasted mechanical properties, Physica B: Condensed Mat-
ter 338 (2003), no. 1-4, 58-60.

J. Necas, Direct methods in the theory of elliptic equations, Springer, 2012.

J. Novak, A. Kucerovd, and J. Zeman, Microstructural enrichment functions
based on stochastic wang tilings, arXiv preprint arXiv:1110.4183 (2011).

J. Némecek, V. Kralik, and J. Vondtejc, Micromechanical analysis of heteroge-
neous structural materials, Cement and Concrete Composites (2012).

J. Némecek, V. Krélik, and J. Vondrejc, A two-scale micromechanical model
for aluminium foam based on results from nanoindentation, (2012), Submitted.

J.T. Oden, T. Belytschko, 1. Babuska, and T.J.R. Hughes, Research directions
in computational mechanics, Computer Methods in Applied Mechanics and
Engineering 192 (2003), no. 7, 913-922.



6 REFERENCES page 24

[40] O.A. Oleinik, A.S. Shamaev, and G.A. Yosifian, Mathematical problems in elas-
ticity and homogenization, Studies in Mathematics and Its Applications, North-
Holland, 1992.

[41] W. Rudin, Functional analysis, McGraw-Hill, Inc., New York, 1991.

[42] , Real and complex analysis, Tata McGraw-Hill Education, 2006.

[43] J. Saranen and G. Vainikko, Periodic integral and pseudodifferential equations
with numerical approrimation, Springer Monographs Mathematics, 2000.

[44] P. Suquet, H. Moulinec, O. Castelnau, M. Montagnat, N. Lahellec, F. Gren-
nerat, P. Duval, and R. Brenner, Multi-scale modeling of the mechanical be-

havior of polycrystalline ice under transient creep, Procedia IUTAM 3 (2012),
64-78.

[45] J. Sykora, J. Zeman, and M. Sejnoha, Selected topics in homogeniza-
tion of transport processes in historical masonry structures, arXiv preprint
arXiv:1204.6199 (2012).

[46] L. Tartar, The general theory of homogenization: a personalized introduction,
vol. 7, Springer, 2009.

[47] G. Vainikko, Fast solvers of the Lippmann-Schwinger equation, Direct and
Inverse Problems of Mathematical Physics (R. P. Gilbert, J. Kajiwara, and
Y. S. Xu, eds.), International Society for Analysis, Applications and Computa-
tion, vol. 5, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2000,
pp- 423-440.

[48] R. Valenta and M. Sejnoha, Two-step homogenization of asphalt miztures, Bul-
letin of Applied Mechanics 4 (2008), no. 14, 61-66.

[49] V. Vinogradov and G. W. Milton, An accelerated FFT algorithm for thermoe-
lastic and non-linear composites, International Journal for Numerical Methods
in Engineering 76 (2008), no. 11, 1678-1695.

[50] J. Vondieje, J. Zeman, and 1. Marek, Analysis of a Fast Fourier Transform
based method for modeling of heterogeneous materials, Lecture Notes in Com-
puter Science 7116 (2012), 512-522.

[51] , FFT-based finite element method for homogenization, (2013), In prepa-

ration.

[52] , Guaranteed bounds of effective material properties using FFT-based

FEM, (2013), In preparation.

[53] V. Smilauer and Z.P. Bazant, Identification of viscoelastic C-S-H behavior in
mature cement paste by FFT-based homogenization method, Cement and Con-
crete Research 40 (2010), no. 2, 197-207.

[54] V. Smilauer and Z. Bittnar, Microstructure-based micromechanical prediction
of elastic properties in hydrating cement paste, Cement and Concrete Research
36 (2006), no. 9, 1708-1718.



6 REFERENCES page 25

[55] Z. Wieckowski, Dual finite element methods in mechanics of composite materi-
als, Journal of Theoretical and Applied Mechanics 2 (1995), no. 33, 233-252.

[56] J. Yvonnet, A fast method for solving microstructural problems defined by digital
images: a space lippmann—schwinger scheme, International Journal for Numer-
ical Methods in Engineering (2012).

[57] J. Zeman, J. Vondrejc, J. Novék, and 1. Marek, Accelerating a FFT-based solver
for numerical homogenization of periodic media by conjugate gradients, Journal
of Computational Physics 229 (2010), no. 21, 8065-8071.

[58] J. Zeman and M. Sejnoha, Numerical evaluation of effective elastic properties
of graphite fiber tow impregnated by polymer matriz, Journal of the Mechanics
and Physics of Solids 49 (2001), no. 1, 69-90.



7 LIST OF THESIS PAPERS page 26

7 List of thesis papers

Paper 1 : ISI journal paper
J. Zeman, J. Vondrejc, J. Novak, and I. Marek, Accelerating a FFT-based
solver for numerical homogenization of periodic media by conjugate gradients,
Journal of Computational Physics 229 (2010), no. 21, 8065-8071.

Paper 2 : Conference paper in SCOPUS
J. Vondrtejc, J. Zeman, and 1. Marek, Analysis of a Fast Fourier Transform

based method for modeling of heterogeneous materials, Lecture Notes in Com-
puter Science 7116 (2012), 512-522.

Paper 3 : ISI journal paper (In Press):
J. Némecek, V. Kralik, and J. Vondiejc, Micromechanical analysis of hetero-
geneous structural materials, Cement and Concrete Composites (2012).

Paper 4 : Peer review in ISI journal
J. Némecek, V. Kralik, and J. Vondrejc, A two-scale micromechanical model
for aluminium foam based on results from nanoindentation, (2012).

Paper 5 : In preparation for ISI journal
J. Vondteje, J. Zeman, and 1. Marek, FFT-based finite element method homog-
enization, (2013), In preparation.

Paper 6 : In preparation for ISI journal
J. Vondftejc, J. Zeman, and 1. Marek, Guaranteed bounds of effective material
properties using FFT-based FEM, (2013), In preparation.



page 27

Part II
Paper 1

Authors:
Jan Zeman, Jaroslav Vondftejc, Jan Novak, and Ivo Marek

Title:
Accelerating a FFT-based solver for numerical homogenization of periodic me-
dia by conjugate gradients

Source:
JOURNAL OF COMPUTATIONAL PHYSICS

Volume:
229

Issue:
21

Pages:
8065-8071

DOL:
10.1016/j.jcp.2010.07.010

Accession number:

WOS:000282118500001

Published:
20" October 2010



Paper 1 page 28

Journal of Computational Physics 229 (2010) 8065-8071

Contents lists available at ScienceDirect

Journal of Computational Physics

journal homepage: www.elsevier.com/locate/jcp

Short note

Accelerating a FFT-based solver for numerical homogenization of
periodic media by conjugate gradients

Jan Zeman?*, Jaroslav Vondfejc?, Jan Novak®, Ivo Marek®

2 Department of Mechanics, Faculty of Civil Engineering, Czech Technical University in Prague, Thdkurova 7, 166 29 Prague 6, Czech Republic

b Centre for Integrated Design of Advanced Structures, Faculty of Civil Engineering, Czech Technical University in Prague,

Thdkurova 7, 166 29 Prague 6, Czech Republic

€ Department of Mathematics, Faculty of Civil Engineering, Czech Technical University in Prague, Thdkurova 7, 166 29 Prague 6, Czech Republic

ARTICLE INFO ABSTRACT
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Suquet [1]. The approach proceeds from discretization of the governing integral equation
by the trigonometric collocation method due to Vainikko [2], to give a linear system which
can be efficiently solved by conjugate gradient methods. Computational experiments con-
firm robustness of the algorithm with respect to its internal parameters and demonstrate
significant increase of the convergence rate for problems with high-contrast coefficients at
a low overhead per iteration.
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1. Introduction

A majority of computational homogenization algorithms rely on the solution of the unit cell problem, which concerns the
determination of local fields in a representative sample of a heterogeneous material under periodic boundary conditions.
Currently, the most efficient numerical solvers of this problem are based on discretization of integral equations. In the case
of particulate composites with smooth bounded inclusions embedded in a matrix phase, the problem can be reduced to
internal interfaces and solved with remarkable accuracy and efficiency by the fast multipole method, see [3, and references
therein]. An alternative method has been proposed by Moulinec and Suquet [1] to treat problems with general microstruc-
tures supplied in the form of digital images. The algorithm is based on the Neumann series expansion of the inverse to an
operator arising in the associated Lippmann-Schwinger equation and exploits the Fast Fourier Transform (FFT) to evaluate
the action of the operator efficiently.

The major disadvantage of the FFT-based method consists in its poor convergence for composites exhibiting large jumps
in material coefficients. To overcome this difficulty, Eyre and Milton proposed in [4] an accelerated scheme derived from a
modified integral equation treated by means of the series expansion approach. In addition, Michel et al. [5] introduced an
equivalent saddle-point formulation solved by the Augmented Lagrangian method. As clearly demonstrated in a numerical
study by Moulinec and Suquet [6], both methods converge considerably faster than the original variant; the number of iter-
ations is proportional to the square root of the phase contrast instead of the linear increase for the basic scheme. However,
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(I. Marek).
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this comes at the expense of increased computational cost per iteration and the sensitivity of the Augmented Lagrangian
algorithm to the setting of its internal parameters.

In this short note, we introduce yet another approach to improve the convergence of the original FFT-based scheme [1]
based on the trigonometric collocation method [7] and its application to the Helmholtz equation as introduced by Vainikko
[2]. We observe that the discretization results in a system of linear equations with a structured dense matrix, for which a
matrix-vector product can be computed efficiently using FFT (cf. Section 2). It is then natural to treat the resulting system
by standard iterative solvers, such as the Krylov subspace methods, instead of the series expansion technique. In Section 3,
the potential of such approach is demonstrated by means of a numerical study comparing the performance of the original
scheme and the conjugate- and biconjugate-gradient methods for two-dimensional scalar electrostatics.

2. Methodology

In this section, we briefly summarize the essential steps of the trigonometric collocation-based solution to the unit cell
problem by adapting the original exposition of Vainikko [2] to the setting of electrical conduction in periodic composites. In
what follows, a, a and A denote scalar, vector and second-order tensor quantities with Greek subscripts used when referring
to the corresponding components, e.g. A,;. Matrices are denoted by a serif font (e.g. A) and a multi-index notation is em-
ployed, in which RN with N= (Nj,...,Ng) represents R¥**N¢ and A¥ stands for the (ki,...,kq)-th element of the matrix
A e RV

2.1. Problem setting

We consider a composite material represented by a periodic unit cell Y = HL(—Y@” Y,) c RY. In the context of linear
electrostatics, the associated unit cell problem reads as

Vxelx)=0, V-jix)=0, jix)=Lx) -ex), xc) (1)

where e is a Y-periodic vectorial electric field, j denotes the corresponding vector of electric current and L is a second-order
positive-definite tensor of electric conductivity. In addition, the field e is subject to a constraint

e = ‘1?' /y e(x) dx, (2)

where €° denotes a prescribed macroscopic electric field and || represents the d-dimensional measure of Y.
Next, we introduce a homogeneous reference medium with constant conductivity L° leading to a decomposition of the
electric current field in the form
j®) =L° e(x) + oL(x) -e(x), OSL(x) =L(x)—L°. 3)

The original problem (1)-(2) is then equivalent to the periodic Lippmann-Schwinger integral equation, formally written as

e(x) + /y (x—y)- (6Ly)-ey) dy — e, xe, 4)

where the I'° operator is derived from the Green’s function of the problem (1)-(2) with L(x) = L° and e° = 0. Making use of the
convolution theorem, Eq. (4) attains a local form in the Fourier space:

(k) = { e k=0 (5)
—T%k)- (0L -e)(k), ke z%\{0},

where f (k) denotes the Fourier coefficient of f{x) for the kth frequency given by

P 1 L xks
fllo = [ 1000 dx. -yt = 1 exp (im0 %), (6)
Y o=1 Y,
”{” is the imaginary unit and
(k) = { o k2o (7)
ke e 79\ {0,

Here, we refer to [4,8] for additional details.



Paper 1 page 30
J. Zeman et al./Journal of Computational Physics 229 (2010) 8065-8071 8067

2.2. Discretization via trigonometric collocation

Numerical solution of the Lippmann-Schwinger equation is based on a discretization of a unit cell Y into a regular peri-
odic grid with Ny x --- x Ny nodal points and grid spacings h= (2Y1/Nj,...,2Y4/Ny). The searched field e in (4) is approxi-
mated by a trigonometric polynomial e in the form (cf. [2])

ex)~e'(x) = > ek)p,(x), xc), (8)

kezN

where N = (Ny,...,Ny), e designates the Fourier coefficients defined in (6) and

ZN:{kezd:—%<km<%,a:l,...,d}. 9)

We recall, e.g. from [2], that the ath component of the trigonometric polynomial expansion e? admits two equivalent finite-
dimensional representations. The first one is based on a matrix &, € C" of the Fourier coefficients of the «th component and
equation (8) with é,(k) = &. Second, the data can be entirely determined by interpolation of nodal values

efx) = eipi®), a=1,..d (10)

kezN

where e, € RV is a matrix storing electric field values at grid points, ek = el (x¥) is the corresponding value at the kth node
with coordinates ¥ = (kqhy,...,kqhg) and basis functions

oY) = NS exp{mzma(x“azh‘)} (11)

mezN

satisfy the Dirac delta property @) (X™) = Sy with |N| = Hx 1N... Both representations can be directly related to each other by
&, =Fey, ey = F &y, (12)

where the Vandermonde matrices F € CVN and F~! e cVN

m _1 d kocmv
=|)| zexp (—;2711 N, ) (13)
1 d k,m
~1\km _ 3 N1 i Rallt
(F7)™ = [YVI?IN|”" exp (;ZM N, | (14)

implement the forward and inverse Fourier transform, respectively, e.g. [9, Section 4.6].

The trigonometric collocation method is based on the projection of the Lippmann-Schwinger equation (4) to the space of
the trigonometric polynomials of the form {}",_nck,,cx € C} (cf. [7,2]). In view of Eq. (10), this is equivalent to the collo-
cation at grid points, with the action of I'° operator evaluated from the Fourier space expression (5) converted to the nodal
representation by (12),. The resulting system of collocation equations reads

(1+B)e=2¢", (15)
where e € RN and € € R*N store the corresponding components of the solution and of the macroscopic field, respectively.

Furthermore, | is the d x d x N x N unit matrix and the non-symmetric matrix B can be expressed, for the two-dimensional
setting, in the partitioned format as

F ro, TO][F 07][oLn oL
[ 2R Al )
0 F rg, 19, |L0 Flldlxn Ol
with an obvious generalization to an arbitrary dimension. Here, rg,, € RN and 6L,; € RV*N are diagonal matrices storing the
corresponding grid values, for which it holds

(r‘jﬁ) I, k), L% = 5L,(x*), op=1,....d and keZzV. (17)

2.3. Iterative solution of collocation equations

It follows from Eq. (16) that the cost of the multiplication by B or by B" is driven by the forward and inverse Fourier trans-
forms, which can be performed in O(|N|log|N|) operations by FFT techniques. This makes the resulting system (15) ideally
suited for iterative solvers.

In particular, the original Fast Fourier Transform-based Homogenization (FFTH) scheme formulated by Moulinec and Su-
quet in [1] is based on the Neumann expansion of the matrix inverse (I + B)™!, so as to yield the mth iterate in the form
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em =3 (B, (18)
j=0

J

Convergence of the series (18) was comprehensively studied in [4,8], where it was shown that the optimal rate of conver-
gence is achieved for
Jmin + A
LO _ Zmin max I 19
2 ) ( )
With Jmin and /max denoting the minimum and maximum eigenvalues of L(x) on ) and I being the identity tensor.

Here, we propose to solve the non-symmetric system (15) by well-established Krylov subspace methods, in particular,
exploiting the classical Conjugate Gradient (CG) method [10] and the biconjugate gradient (BiCG) algorithm [11]. Even
though that CG algorithm is generally applicable to symmetric and positive-definite systems only, its convergence in the
one-dimensional setting has been proven by Vondrejc [12, Section 6.2]. A successful application of CG method to a general-
ized Eshelby inhomogeneity problem has also been recently reported by Novak [13] and Kanaun [14].

3. Results

To assess the performance of the conjugate gradient algorithms, we consider a model problem of the transverse electric
conduction in a square array of identical circular particles with 50% volume fraction. A uniform macroscopic field e® = (1,0)
is imposed on the corresponding single-particle unit cell, discretized by N = (255,255) nodes' and the phases are considered
to be isotropic with the conductivities set to L =I for the matrix phase and to L = gl for the particle.

The conductivity of the homogeneous reference medium is parameterized as

L'(@) = (1 -+ o), (20)

where @ = 0.5 corresponds to the optimal convergence of FFTH algorithm (19). All conjugate gradient-related results have
been obtained using the implementations according to [16] and referred to as Algorithm 6.18 (CG method) and Algorithm
7.3 (BiCG scheme). Two termination criteria are considered. The first one is defined for the mth iteration as [15]

. Gk(m))2
(n(m))z — Zkel”(k J ) < 82 (21)

R 2 )
¢ %™l

and provides the test of the equilibrium condition (1), in the Fourier space. An alternative expression, related to the standard
residual norm for iterative solvers, has been proposed by Vinogradov and Milton in [8] and admits the form

(m) _ ||L0(e(m+1) - e('”>)||2
' ll°ll,

<e, (22)

with the additional L° term ensuring the proportionality to (21) at convergence. From the numerical point of view, the latter
criterion is more efficient than the equilibrium variant, which requires additional operations per iteration. From the theoret-
ical point of view, its usage is justified only when supported by a convergence result for the iterative algorithm. In the oppo-
site case, the equilibrium norm appears to be more appropriate, in order to avoid spurious non-physical solutions.

3.1. Choice of reference medium and norm

Since no results for the optimal choice of the reference medium are known for (Bi)CG-based solvers, we first estimate
their sensitivity to this aspect numerically. The results appear in Fig. 1(a), plotting the relative number of iterations for
CG and BiCG solvers against the conductivity of the reference medium parameterized by o, recall Eq. (20).

As expected, both CG and BiCG solvers achieve a significant improvement over FFTH method in terms of the number of
iterations, ranging from 50% for a mildly-contrasted composite down to 2% for ¢ = 10*. Moreover, contrary to all other avail-
able methods, the number of iterations is almost independent of the choice of the reference medium. We also observe, in
agreement with results in [12, Section 6.2] for the one-dimensional setting, that CG and BiCG algorithms generate identical
sequences of iterates; the minor differences visible for @ > 1 or ¢ = 10* can be therefore attributed to accumulation of round-
off errors. These conclusions hold for both equilibrium- and residual-based norms, which appear to be roughly proportional
for the considered range of the phase contrasts (cf. Fig. 1(b)). Therefore, the residual criterion (22) will mostly be used in
what follows.

In Fig. 2, we supplement the comparison by considering the total CPU time required to achieve a convergence. The data
indicate that the cost of one iteration is governed by the matrix-vector multiplication, recall Eq. (16): the overhead of CG
scheme is about 10% with respect to FFTH method, while the application of BiCG algorithm, which involves B and BT prod-
ucts per iteration [11], is about twice as demanding. As a result, CG algorithm significantly reduces the overall computational

! Note that the odd number of discretization points is used to eliminate artificial high-frequency oscillations of the solution in the Fourier space, as reported
in [15, Section 2.4].
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Fig. 1. (a) Relative number of iterations as a function of the reference medium parameter o and (b) ratio between residual- and equilibrium-based norms at
convergence for 7, termination condition with tolerance &= 1074,
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Fig. 2. Relative CPU time ¢ of CG and BiCG solvers plotted against the conductivity parameter o for 17,-based termination condition with tolerance ¢ = 10~%.

time in the whole range of contrasts, whereas a similar effect has been reported for the candidate schemes only for ¢ > 10°
(cf. [6]).

3.2. Influence of phase contrast

As confirmed by all previous works, the phase contrast g is the critical parameter influencing the convergence of FFT-
based iterative solvers. In Fig. 3, we compare the scaling of the total number of iterations with respect to phase contrast
for CG and FFTH methods, respectively. The results clearly show that the number of iterations grows as ,/¢ instead of the
linear increase for FFTH method. This follows from error bounds

-1 -1
‘Q_7 yCG - \/@_ (23)
o+1 Vo+1
The first estimate was proven in [4], whereas the second expression is a direct consequence of the condition number of

matrix B being proportional to ¢ and a well-known result for the conjugate gradient method, e.g. [16, Section 6.11.3]. The
CG-based method, however, failed to converge for the infinite contrast limit. Such behavior is equivalent to the Eyre-Milton

0 FFTH __
<y, T =
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Fig. 4. Convergence progress of CG and FFTH methods for (a) ¢ = 10" and (b) ¢ = 10° as quantified by #. and #, norms; reference medium corresponds to
@ = 0.5 and the dot-and-dahsed curves indicate the convergence rates (23).

scheme [4]. It is, however, inferior to the Augmented Lagrangian algorithm, for which the convergence rate improves with
increasing p and the method converges even as p — oo. Nonetheless, such results are obtained for optimal, but not always
straightforward, choice of the parameters [5].

3.3. Convergence progress

The final illustration of the CG-based algorithm is provided by Fig. 4, displaying a detailed convergence behavior for both
low- and high-contrast cases. The results in Fig. 4(a) correspond well with estimates (23) for both residual and equilibrium-
based norms. Influence of a higher phase contrast is visible from Fig. 4(b), plotted in the full logarithmic scale. For FFTH
algorithm, two regimes can be clearly distinguished. In the first few iterations, the residual error rapidly decreases, but
the iterates tend to deviate from equilibrium. Then, both residuals are simultaneously reduced. For CG scheme, the increase
of the equilibrium residual appears only in the first iteration and then the method rapidly converges to the correct solution.
However, its convergence curve is irregular and the algorithm repeatedly stagnates in two consecutive iterations. Further
analysis of this phenomenon remains a subject of future work.
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4. Conclusions

In this short note, we have presented a conjugate gradient-based acceleration of the FFT-based homogenization solver
originally proposed by Moulinec and Suquet [1] and illustrated its performance on a problem of electric conduction in a peri-
odic two-phase composite with isotropic phases. On the basis of obtained results, we conjecture that:

(i) the non-symmetric system of linear equations (15), arising from discretization by the trigonometric collocation
method [2], can be solved using the standard conjugate gradient algorithm,
(ii) the convergence rate of the method is proportional to the square root of the phase contrast,
(iii) the methods fails to converge in the infinite contrast limit,
(iv) contrary to available improvements of the original FFT-solver [4,5], the cost of one iteration remains comparable to the
basic scheme and the method is insensitive to the choice of auxiliary reference medium.

The presented computational experiments provide the first step towards further improvements of the method, including
arigorous analysis of its convergence properties, acceleration by multi-grid solvers and preconditioning and the extension to
non-linear problems.
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Abstract. The focus of this paper is on the analysis of the Conjugate
Gradient method applied to a non-symmetric system of linear equations,
arising from a Fast Fourier Transform-based homogenization method
due to Moulinec and Suquet [I]. Convergence of the method is proven
by exploiting a certain projection operator reflecting physics of the un-
derlying problem. These results are supported by a numerical example,
demonstrating significant improvement of the Conjugate Gradient-based
scheme over the original Moulinec-Suquet algorithm.

Keywords: Homogenization, Fast Fourier Transform, Conjugate Gra-
dients

1 Introduction

The last decade has witnessed a rapid development in advanced experimen-
tal techniques and modeling tools for microstructural characterization, typically
provided in the form of pixel- or voxel-based geometry. Such data now allow
for the design of bottom-up predictive models of the overall behavior for a wide
range of engineering materials. Of course, such step necessitates the develop-
ment of specialized algorithms, capable of handling large-scale voxel-based data
in an efficient manner. In the engineering community, perhaps the most success-
ful solver meeting these criteria was proposed by Moulinec and Suquet in [IJ.
The algorithm is based on the Neumann series expansion of the inverse of an
operator arising in the associated Lippmann-Schwinger equation and exploits
the Fast Fourier Transform to evaluate the action of the operator efficiently for
voxel-based data. In our recent work [2], we have offered a new approach to the
Moulinec-Suquet scheme, by exploiting the trigonometric collocation method due
to Saranen and Vainikko [3]. Here, the Lippman-Schwinger equation is projected
to a space of trigonometric polynomials to yield a non-symmetric system of lin-
ear equations, see Section [2] below. Quite surprisingly, numerical experiments
revealed that the system can be efficiently solved using the standard Conjugate
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Gradient algorithm. The analysis of this phenomenon, as presented in Section [3]
is at the heart of this contribution. The obtained results are further supported
by a numerical example in Section Ml and summarized in Section

The following notation is used throughout the paper. Symbols a, @ and A
denote scalar, vector and second-order tensor quantities, respectively, with Greek
subscripts used when referring to the corresponding components, e.g. Ayg. The
outer product of two vectors is denoted as a®a, whereas a-b or A -b represents
the single contraction between vectors (or tensors). A multi-index notation is
employed, in which RN with N = (Ny,..., Ng) represents RV1 X *Na¢ and |N|
abbreviates Hi:l N, . Block matrices are denoted by capital letters typeset in a
bold serif font, e.g. A € RX4*N*N "and the superscript and subscript indexes

[Akm]k mEZ

are used to refer to the components, such that A = afet...d with

Sub-matrices of A are denoted as

]k,meZN

A,z = [ART e RVXN k™ = [AR] e Réxd

a,B=1,...,.d

for o, 3 = 1,...,d and k,m € ZN. Analogously, the block vectors are denoted
by lower case letters, e.g. e € R*N and the matrix-by-vector multiplication is

defined as
d

Z Y, Alperr e RN, (1)

: EZN
with « =1,...,d and k e ZN.
2 Problem setting

Consider a composite material represented by a periodic unit cell
d
H ~Y,,Y,) c R

In the context of linear electrostatics, the associated unit cell problem reads as
Vxe@) =0 V-j@)=0, j(@)=Lix)e@), =zey (2
where e is a Y-periodic vectorial electric field, 7 denotes the corresponding vector

of electric current and L is a second-order positive-definite tensor of electric
conductivity. In addition, the field e is subject to a constraint

= i e\r)dr = eO
el@) = 37 | el@am =" ®)
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where || denotes the d-dimensional measure of J and e # 0 a prescribed
macroscopic electric field.

The original problem @)@ is then equivalent to the periodic Lippmann-
Schwinger integral equation, formally written as

e@) | T@-y ) (L) - 1) -ewydy =’ wer. )

where L° € R%*? denotes a homogeneous reference medium. The operator
I'(x, L") is derived from the Green’s function of the problem @)-@) with
L(x) = L° and can be simply expressed in the Fourier space

) 0 k=0
Pk L) = _€®¢ k) a
m S(k)— (Y—a)a:1,k€Z \O
Operator f = f (k) stands for the Fourier coefficient of f(x) for the k-th fre-
quency given by

(5)

d
iy 1 . Toka
fi) = | s(@)e-n(@)de. oule) =V Fexp (in )] NG
v a=1 YO‘
7" is the imaginary unit (> = —1). We refer to [24] for additional details.

Note that the linear electrostatics serves here as a model problem; the frame-
work can be directly extended to e.g. elasticity [B], (visco-)plasticity [6] or to
multiferroics [7].

2.1 Discretization via trigonometric collocation

The numerical solution of the Lippmann-Schwinger equation is based on a dis-
cretization of a unit cell ) into a regular periodic grid with N7 x --- x Ny nodal
points and grid spacings h = (2Y1/N1,...,2Y4/Ny). The searched field e in ()
is approximated by a trigonometric polynomial eV in the form (cf. [3, Chapter

10])
e(x)~eN() = ), &pu(z), z€, (7)
keZN
where &* = (&%),_1.4 designates the Fourier coefficients defined in (B). No-

tice that the trigonometrical polynomials are uniquely determined by a regular
grid data, which makes them well-suited to problems with pixel- or voxel-based
computations.

The trigonometric collocation method is based on the projection of the
Lippmann-Schwinger equation {@]) onto the space of the trigonometric polyno-

mials
TN = { Z CePk,Ck € (C}, (8)

keZN
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leading to a to linear system in the form, cf. [2]
(1+B)e=¢e", B=F 'fF(L-L%, (9)

N ~
k)kEZ e RIxXN kmezZN
) a=1,...,d a,f=1,...,

is the identity matrix, expressed as the product of the Kronecker

delta functions dnp and gm, and el = (e )’;ezl 4 € R4xN

All the matrices in ([@) exhibit a block- dlagonal structure. In particular,

where e = (e
RdxdexN

is the unknown vector, | = [0a80km |

. k,meZN k,meZN k,meZ™N
k k me 0 me
ol o R e e N L AN i

with % = Il,5(k; L°), Lk% = Log(k) and (L%)as = L9 4. The matrix F imple-
F [6 ka]k,meZ” Fk'm |y|% ( i 91
= |0ap af=1... R =—0——¢exp|— e!
=t . Ha:l NO‘ a=1

«
ments the Discrete Fourier Transform and is defined as
kama> (0)
«
with F~! representing the inverse transform.

It follows from Eq. () that the cost of multiplication by B is dominated by
the action of F and F~', which can be performed in O(|N|log|N|) operations
by the Fast Fourier Transform techniques. This makes the system (@) well-suited
for applying some iterative solution technique. In particular, the original Fast
Fourier Transform-based Homogenization scheme formulated by Moulinec and
Suquet in [I] is based on the Neumann expansion of the matrix inverse (1+B)~*
so as to yield the m-th iterate in the form

= i (—B) €. (11)
j=0

As indicated earlier, our numerical experiments [2] suggest that the system can
be efficiently solved using the Conjugate Gradient method, despite the non-
symmetry of B evident from (@]). This observation is studied in more detail in
the next Section.

3 Solution by the Conjugate Gradient method

We start our analysis with recasting the system (@) into a more convenient form,
by employing a certain operator and the associated sub-space introduced later.
Note that for simplicity, the reference conductivity is taken as L® = Al.

Definition 1. Given A > 0, we define operator Pg = NFTIFF and associated
sub-space as
&= {ng for x € RdXN} c RN,

Lemma 1. The operator Pg is an orthogonal projection.
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Proof. First, we will prove that P¢ is projection, i.e. PZ = P¢. Since F is a
unitary matrix, it is easy to see that

PZ = A\F'FF)(A\FIFF) = FH(\N)?F. (12)

Hence, in view of the block-diagonal character of I, it it sufficient to prove the
projection property of sub-matrices (AF)¥* only. This follows using a simple
algebra, recall Eq. (@):

tvek ek _ S(R)Q@E(K) E(k)®E&(k) _ E(k)Q&(K) _ 2k
DO = ey ek) ~ ek) &Ry~ €R) &Ry

The orthogonality of P¢ now follows from

A\ . .
Pr = (AFT'FF) = AP (F)" = 0F'FF = Pe,
according to a well-known result of linear algebra, e.g. Proposition 1.8 in [§]. o

Remark 1. Tt follows from the previous results that the subspace £ collects the
non-zero coefficients of trigonometric polynomials 7V with zero rotation, which
represent admissible solutions to the unit cell problem defined by (2). Note that
the orthogonal space £1 contains the trigonometric representation of constant
fields, cf. [l Section 12.7].

Lemma 2. The solution e to the linear system (@) admits the decomposition
e =el +eg, with eg € & satisfying

Peles + PcLe’ = 0. (13)

Proof. As e € RN Lemma [ ensures that it can be decomposed into two
orthogonal parts eg = Pge and eg. = (I — Pg)e. Substituting this expression
into (@), and using the identity B = MFIFF (% — I)7 we arrive at

1 1
XPgLeg +eg + XPSLegL =el. (14)

Since € € £+, we have ec. = € and the proof is complete. m]

With these auxiliary results in hand, we are in the position to present our
main result.

Proposition 1. The non-symmetric system of linear equations (@) is solvable
by the Conjugate Gradient method for an initial vector ey = e +& with&ef&.
Moreover, the sequence of iterates is independent of the parameter .

Proof (outline). Tt follows from Lemma [2 that the solution to (@) admits yet
another, optimization-based, characterization in the form

e=e’ + argrgleigl [% (Le,&) pun + (Le®,€)punn | - (15)
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The residual corresponding to the initial vector e(q) equals to
0 0, ~ 1 0 1 -
ro) =€’ —(1+B)(e" +&) = —1Psle’ — TP:LEc .

It can be verified that the subspace £ is B-invariant, thus (I4+B)€ c £. Therefore,
the Krylov subspace

Hn(1+ B, rg)) = span {r ), (1 + B)r(g),..., (1 + B)"r)} € &

for arbitrary m € N. This implies that the residual r(,,) and the Conjugate Gra-
dient search direction p(,,) at the m-th iteration satisfy r(,,) € £ and p(,,) € €.
Since B is symmetric and positive-definite on £, the convergence of CG algo-
rithm now follows from standard arguments, e.g. Theorem 6.6 in [§]. Observe
that different choices of \ generate identical Krylov subspaces, thus the sequence
of iterates is independent of A. m|

Remark 2. Note that it is possible to show, using direct calculations based on the
projection properties of P¢, that the Biconjugate Gradient algorithm produces
exactly the same sequence of vectors as the Conjugate Gradient method, see [9].

4 Numerical example

To support our theoretical results, we consider a three-dimensional model prob-
lem of electric conduction in a cubic periodic unit cell Y = szl(—%, %), rep-
resenting a two-phase medium with spherical inclusions of 25% volume fraction.

The conductivity parameters are defined as

I, ]2 < (18)5
L(z) = 1 0.20.2
0.2 1 0.2, otherwise
0202 1

where p > 0 denotes the contrast of phase conductivities. We consider the
macroscopic field €® = [1,0,0] and discretize the unit cell with N = [n,n,n]
nodedd. The conductivity of the homogeneous reference medium L° € R4*? s
parametrized as

L° = )1, A=1—-w+ pw, (16)

where w ~ 0.5 delivers the optimal convergence of the original Moulinec-Suquet
Fast-Fourier Transform-based Homogenization (FFTH) algorithm [I].

We first investigate the sensitivity of Conjugate Gradient (CG) algorithm to
the choice of reference medium. The results appear in Fig. plotting the

3 In particular, n was taken consequently as 16,32,64,128 and 160 leading up to
3-160° = 12.2 x 10° unknowns
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relative number of iterations for CG against the conductivity of the reference
medium parametrized by w, recall Eq. (I0). As expected, CG solver achieve a
significant improvement over FFTH method as it requires about 40% iterations
of FFTH for a mildly-contrasted composite down to 4% for ¢ = 103. The minor
differences visible especially for p = 10% can be therefore attributed to accumula-
tion of round-off errors. These observations fully confirm our theoretical results
presented earlier in Section

=)
w
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Ios ©
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~ 10" ¢
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Fig. 1. (a) Relative number of iterations as a function of the reference medium param-
eter w and (b) computational time as a function of the number of unknowns.

In Fig. we present the total computational timd] as a function of the
number of degrees of freedom and the phase ratio p. The results confirm that
the computational times scales linearly with the increasing number of degrees of
freedom for both schemes for a fixed p [2]. The ratio of the computational time
for CG and FFTH algorithms remains almost constant, which indicates that the
cost of a single iteration of CG and FFTH method is comparable.

In addition, the memory requirements of both schemes are also comparable.
This aspect represents the major advantage of the short-recurrence CG-based
scheme over alternative schemes for non-symmetric systems, such as GMRES.
Finally note that finer discretizations can be treated by a straightforward parallel
implementation.

5 Conclusions

In this work, we have proven the convergence of Conjugate Gradient method for
a non-symmetric system of linear equations arising from periodic unit cell ho-

4 The problem was solved with a MATLAB® in-house code on a machine Intel®
Core™2 Duo 3 GHz CPU, 3.28 GB computing memory with Debian linux 5.0
operating system.
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mogenization problem and confirmed it by numerical experiment. The important
conclusions to be pointed out are as follows:

1. The success of the Conjugate Gradient method follows from the projection
properties of operator Pg introduced in Definition [I] which reflect the struc-
ture of the underlying physical problem.

2. Contrary to all available extensions of the FFTH scheme, the performance
of the Conjugate Gradient-based method is independent of the choice of
reference medium. This offers an important starting point for further im-
provements of the method.

Apart from the already mentioned parallelization, performance of the scheme
can further be improved by a suitable preconditioning procedure. This topic is
currently under investigation.
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FFT

This paper shows an efficient methodology based on micromechanical framework and grid nanoindenta-
tion for the assessment of effective elastic properties on several types of microscopically heterogeneous
structural materials. Such task is a prerequisite for successful nano- and micro-structural material char-
acterization, development and optimization. The grid nanoindentation and statistical deconvolution
methods previously described in the literature e.g. for cementitious materials [1,2], alkali activated mate-
rials [3] or high-performance concretes [4] have been employed. In this paper we demonstrate their uti-
lization also for other types of structural composites with crystalline nature and we validate the results
by using enhanced numerical method based on fast Fourier transform (FFT). The direct procedure of using
grid nanoindentation data in the FFT method simplifies the evaluation of effective composite properties
and leads to the assemblage of the full stiffness matrix compared to simple analytical approaches.

The paper deals namely with cement paste, gypsum and aluminum alloy. Nanoindentation is used for
the determination of phase properties in grid points at the scale below one micrometer. Statistical
approach and deconvolution methods are applied to assess intrinsic phase properties. Elastic properties
obtained by nanoindentation are homogenized in the frame of the representative volume element (RVE)
by means of analytical and numerical FFT-based schemes. Good correlation of the results from all meth-
ods was found for the tested materials due to the close-to-isotropic nature of the composites in the RVE
having dimensions ~100-200 pm. Results were also verified against macroscopic experimental results.
The proposed and validated numerical approach can be successively used for the material modeling in

finite element software or for optimization of materials with inhomogeneous microstructures.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Structural composites such as concrete, gypsum, metals and oth-
ers are often characterized by a heterogeneous microstructure at dif-
ferent length scales (nm to m). Traditionally, their mechanical
properties are assessed from macroscopic tests on samples with
cm to m dimensions that can only describe overall (averaged) prop-
erties like overall Young’s modulus or strength. Nowadays, nanoin-
dentation [5] can be successfully applied to access the nanometer
scale and to assess individual phase properties like C-S-H gels, Port-
landite or clinker. However, the properties extracted from nanoin-
dentation are measured for small material volumes (nm to pm).
The large gap between the scales can be crossed by using multiscale
models and micromechanical framework which uses the concept of
the representative volume element (RVE) [6] defined for each mate-
rial level. Homogenization of individual contributions of the RVE
microstructural components is provided by multiple micromechan-
ical approaches that search for effective properties by solving

* Corresponding author. Tel.: +420 224 354 309.
E-mail addresses: jiri.nemecek@fsv.cvut.cz (J. Némecek), vlastimil.kralik@
fsv.cvut.cz (V. Kralik), jaroslav.vondrejc@fsv.cvut.cz (J. Vondrejc).

0958-9465/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.cemconcomp.2012.06.015

matrix-inclusion problems. There is a variety of analytical methods
and estimates (Voigt, Reuss or Hashin-Strikmann bounds, Mori-Ta-
naka method, self-consistent scheme and others [6]) that usually
need to assess phase properties and their volume fractions prior to
the analysis. Such assessment is not straightforward in the case of
structural composites whose microstructure develops in space and
time during their lifetime. Therefore, statistical estimates obtained
from grid nanoindentation need to be employed. The grid nanoin-
dentation and statistical deconvolution methods have been de-
scribed and used e.g. by Ulm and coworkers [1,2] for cement based
materials, Némecek et al. [3] for alkali activated materials or Sorelli
et al. [4] for high performance concrete.

In the case of numerical methods (e.g. finite elements or FFT
based methods), homogenization can be much easier due to the di-
rect use of grid point mechanical data as will be demonstrated later
in the paper.

2. Methods

In this paper, we first deal with the evaluation of nanoindenta-
tion data received from large statistical sets (hundreds of indents)
on the scale of several hundreds of micrometers which is a scale
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that includes all material phases within RVE in a sufficient content.
Since the microstructure of the composites is very complex in this
scale and the determination of pure individual micromechanically
distinct phases is not straightforward, we assess the individual
properties by using grid indentation technique [2] with subse-
quent statistical deconvolution method [2-4]. Mathematically,
the deconvolution is an ill-posed problem that can be regularized
by a prior setting of the number of mechanically different phases
that are determined. Therefore, we link this number with the num-
ber of chemically different phases or groups of mechanically simi-
lar constituents as described in Section 6. We also adapt the
originally proposed deconvolution method [2] by using different
minimizing criteria and modified Monte Carlo simulations as de-
scribed in Némecek et al. [3]. Such methodology gives us mean
phase properties together with the estimation of their volume frac-
tions based on the experimental dataset from the whole grid.

After setting the RVE size and receiving phase properties, effec-
tive elastic properties are determined by both analytical and
numerical homogenization schemes. The comparison of the meth-
ods is provided by comparing the differences between the output
stiffness matrices. As mentioned earlier, the application of the
numerical scheme does not require the knowledge of intrinsic
phase properties and the direct use of grid data is utilized.

3. Tested materials and test setup
3.1. Cement paste

Selected heterogeneous structural materials were chosen for
this study. At first, cement paste samples were prepared from Port-
land cement CEM-I 42,5 R (locality Mokra, CZ) with water to ce-
ment weight ratio equal to 0.5 [7]. Samples were stored in water
for two years. Therefore, high degree of hydration (over 90%) can
be anticipated in the samples. The microstructure of cement paste
in the tested volume includes several chemical phases known from
cement chemistry, namely low- and high- density calcium-silica
hydrates (LD and HD C-S-H), calcium hydroxide Ca(OH)j,, residual
clinker, porosity and some other minor phases. The cement paste
microstructure is shown in Fig. 1a. Very light areas in Fig. 1a can
be attributed to the residual clinker, light grey areas are rich of
Ca(OH),, dark grey zone belongs to C-S-H gels and black color rep-
resents very low density regions or capillary porosity. Note, that C-
S-H gel and Ca(OH), zones are spatially intermixed in small vol-
umes (<<10 pm) and the resolution of SEM-BSE images does not
allow for a direct separation of these phases from the image. The
majority of the material volume mostly consists of poorly crystal-
line or amorphous phases (C-S-H) and partly of crystalline phases
(Ca(OH);). Portlandite crystals are known for their anisotropy.
Since their size and volume is not large in the sample and they
can be mixed with C-S-H, all phases will be supposed to be
mechanically isotropic for simplification in the analysis.

Cement paste includes also wide distribution of pores. Majority
of pores lies in the nanometer range (<100 nm, as checked with He/
Hg-porosimetry) and, on the other hand, large capillary pores are
present in the scale above the indentation level (i.e. >>1 pum).
Therefore, the indentation depth was chosen so that the nanopo-
rosity was included in the tested volume but the large capillary
porosity was not. The depth range ~100-300 nm was suitable for
the analysis.

Cement paste was indented by a grid consisting of
20 x 20 =400 indents with 10 pum spacing which yields the RVE
size ~200 pm. The indents were prescribed as load controlled
(maximum force 2 mN, loading/unloading rate 12 mN/min, hold-
ing for 30 s). Examples of load-penetration diagrams for different
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Fig. 1. Microstructures of (a) cement paste, (b) gypsum and (c) Al-alloy.

constituents are shown in Fig. 2a. The final penetration depths vary
for the phases depending on their stiffness.

3.2. Gypsum

Secondly, dental gypsum (Interdent”) was chosen as a model
representative for gypsum based materials. Samples were prepared
with water to gypsum ratio 0.2 and matured in ambient conditions
for two months. From the chemistry point of view, every gypsum
binder is composed of three main components - calcium sulfate
anhydrite (CaSQ,), calcium sulfate hemihydrate (CaSO4-%2H,0) in
two modifications: o~ or B-hemihydrate, and calcium sulfate dihy-
drate (CaSO4-2H,0). The gypsum binder includes also some impu-
rities and additives in the case of natural sources. The Interdent
gypsum is a low-porosity purified a-hemihydrate used for dental
purposes.

The hardened gypsum mass is a porous material with a rela-
tively large internal surface consisting of interlocking crystals in
the form of plates and needles (Singh and Middendorf [8]). Note
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Fig. 2. Nanoindentation load-time and load-depth diagrams for (a) cement paste, (b) gypsum and (c) Al-alloy.

that in the case of B-hemihydrate hydration, the resulting sample
porosity is typically very large (more than 50% for higher water
to binder ratii) and crystals are interlocked very weakly. Therefore,
ordinary gypsum systems used for building purposes which are
based on B-hemihydrate are characterized with relatively low
strengths (<10 MPa in compression). In contrast, hydration of our
samples based on a-hemihydrate produced a dense matrix with
total sample porosity just 19%. The majority of pores lay in the
nano-range 0-300nm (0-100nm 7%, 100-300 nm 4%, 300-
1000 nm 1%) and virtually no pores appeared between 1 and
100 pm (<0.5%). Due to the very low porosity, the strength of this
material is much higher (>50 MPa in compression). The gypsum
microstructure is depicted in Fig. 1b in which dark areas can be
attributed to the porosity, very light areas belong to low hydrated
CaS0, grains or carbonates. The majority of the sample volume in
Fig. 1b composes of hydrated crystalline mass.

Two locations were tested on gypsum samples. Each place was
covered by 15 x 12 =180 indents with 15 pum spacing. Similar
loading as in the case of cement was used (load controlled test to
maximum force 5 mN). Typical loading diagrams are depicted in
Fig. 2b. A bit wider range of final depths on indented phases
(200-800 nm) was obtained due to larger differences in the phase
stiffness. However, the majority of indents were performed to the
mean final depths around 400-500 nm. The RVE size defined by
the tested area is again ~200 pm in this case.

3.3. Aluminum alloy

For the sake of comparison with different kind of material, an
aluminum alloy used for the production of lightweight aluminum
foams Alporas” was also studied [9,10]. The material is produced
from an aluminum intermixed with 1.5 wt.% of Ca and 1.6 wt.%

TiH,. Ca/Ti-rich discrete precipitates and diffuse Al,Ca areas devel-
op in the metal solid [11] that can be seen as lighter areas in Fig. 1c.
Therefore, two distinct phases denoted as Al-rich and Ca/Ti-rich
were separated in this study.

Nanoindentation was applied to the cell walls of the foam.
Loading to maximum force 1 mN was used. Final depths arrived
at ~100-200 nm. Typical differences between the loading dia-
grams of different phases obtained from nanoindentation are
shown in Fig. 2c. Results from 200 indents (two locations
10 x 10 indents) with 10 pm spacing were evaluated. The RVE size
related to the tested region is ~100 pm in this case.

4. Nanoindentation, sample preparation and evaluation of
phase properties

As mentioned above, nanoindentation has been applied to re-
ceive elastic constants of individual material phases. Nanoindenter
(Nanohardness tester, CSM Instruments) located in Prague’s labo-
ratory at the Czech Technical University was employed in our mea-
surements. The apparatus was equipped with a diamond
pyramidal Berkovich tip with the apex radius ~100 nm.

The already well-known principle of nanoindentation lies in
bringing a very small tip (Berkovich in our case) to the surface of
the material to make an imprint. Material constants are deduced
from the measured load-displacement curves performed on flat
surfaces.

For our measurements, the depth of penetration was kept
around ~300 nm for cement paste, ~500 nm for gypsum and
~200 nm for aluminum in order to capture each material phase
on one hand and to minimize phase interactions on the other hand.
The depth of the affected volume under the indenter tip can be
estimated as 3x the penetration depth [2], i.e. around 0.6°-
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1.5% pm? for the studied cases. Such size roughly corresponds to
1/10 of most of the grains or single phase areas which justifies
the use of phase devonvolution [1,2]. The indentation volume con-
tains also a part of nanoporosity that is naturally included in phase
results.

All samples were mechanically polished prior to the testing in
order to achieve smooth and flat surface with substantially smaller
roughness compared to indentation depths. The surface roughness
(evaluated as root-mean-square on the scanned area of
10 x 10 pm) was checked with AFM. It was found to be ~25 nm
on cement paste, ~38 nm on gypsum and ~12 nm on Al-alloy.
Therefore, the sample roughness was acceptable in relation to
the awaited indentation depths.

The indentation loading history contained three segments:
loading, holding and unloading periods. The holding period was in-
cluded in order to minimize creep effects on the elastic unloading
[7]. Elastic properties were evaluated for individual indents using
analytical formulae derived by Oliver and Pharr [12], which ac-
count for an elasto-plastic contact of a conical indenter with an iso-
tropic half-space. The reduced (combined) elastic modulus is then
defined as:

1 VT dP 1

r— Z_ﬁ ﬁ % ( )
in which A is the projected contact area of the indenter at the peak
load, g is geometrical constant (3 = 1.034 for the used Berkovich tip)
and dP/dh is a slope of the unloading branch evaluated at the peak.
Elastic modulus E of the measured sample can be found using con-
tact mechanics which accounts for the effect of non-rigid indenter
as:

1 (1-v}) (1-v)
E- E B @

in which v is the Poisson’s ratio of the tested material, E; a v; are
known elastic modulus and Poisson’s ratio of the indenter.

The solution of the contact problem for anisotropic materials
can be found in [13,14]. In this work, all material phases were trea-
ted as elastically isotropic. Such simplification was adopted due to
the following reasons. In cement paste, the degree of crystallinity is
poor in the majority of specimen volume (e.g. in C-S-H gel). The
content of crystalline Ca(OH), phases is low and due to the limited
space for the crystal growth the degree of crystallinity decreases.

On the other hand, gypsum is composed of a polycrystalline
matter with locally anisotropic character. However, the response
in grid nanoindentation is measured on differently oriented crys-
tals and also on a combination of differently oriented crystals lo-
cated under the indenter in the affected volume ~1.5% pm?>. The
tested location can be viewed as a set of mechanically different
phases that are physically averaged by an indenter. Apparent iso-
tropic elasticity constants associated with the tested indentation
volume can be derived in this case. Similarly, isotropic estimates
were derived for the measured volume in case of Al-alloy disre-
garding the local anisotropy on a crystalline level.

The distinction of the chemically and/or mechanically different
material phases is often not possible on the microlevel (<1 pm)
even with the use of SEM-EDX images. In order to receive statisti-
cally relevant data from all material phases, we applied grid inden-
tation over the tested RVE (Fig. 1). Large matrices containing
hundreds of indents have been performed on tested samples (see
Section 3). To assess individual phase properties, statistical decon-
volution was employed [2,3]. In this method, experimental data are
analyzed from the frequency plots. Mean elastic properties as well
as phase volume fraction are estimated based on the best fit of the
experimental data with a limited number of Gauss distributions
(Fig. 3).
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Fig. 3. Deconvolution of modulus of elasticity frequency plots into mechanical
phases on (a) cement paste, (b) gypsum three phases fit (c) gypsum single phase fit
and (d) Al-alloy.

5. Micromechanical homogenization
5.1. Analytical and numerical schemes

In general, homogenization methods search for effective mate-
rial properties. The previously mentioned concept of RVE which
includes all microstructural inhomogeneities that should be sub-
stantially smaller than the RVE size is utilized. The homogeniza-
tion problem can be solved either by analytical methods or by
numerical approximations. Analytical schemes often rely on sim-
plified assumptions concerning inclusion geometry, boundary
conditions or isotropy. More complex results can be obtained
from numerical methods that are based on finite element solution
or fast Fourier transformation (Moulinec and Suquet [17]), for
instance.
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The classical analytical solution based on constant stress/strain
fields in individual microscale components for an ellipsoidal inclu-
sion embedded in an infinite body was derived by Eshelby [15].
Effective elastic properties are then obtained through averaging
over the local contributions. Various estimates considering differ-
ent geometrical constraints or special choices of the reference
medium such as the Mori-Tanaka method or the self-consistent
scheme [6,16] can be used. For the case of a composite material
with prevailing matrix and spherical inclusions the Mori-Tanaka
method [16] was previously found to be a simple but powerful tool
to estimate effective composite properties also for structural mate-
rials [2] and, therefore, it was used in this work. In the Mori-Tana-
ka method, the homogenized isotropic bulk and shear moduli of an
r-phase composite are assessed as follows:

S (1420 (k 1))

-1

om — _ (3)
h err(lJrOCo(;%* )) i
Zrﬂ/"r(l + ﬁo(%* 1>>71
hom — ] (4)
S (148 (2~ 1))
31 6k 12
%0 =35, +<()4u0’ bo = 15;?01 zoﬁzfo ®)

where the subscript 0 corresponds to the reference medium and r
corresponds to a particulate inclusion. Thus, ko and po are the bulk
and shear moduli of the reference medium, while k, and , refer to
the inclusion phases. Further, bulk and shear moduli can be recom-
puted to engineering values of elastic modulus and Poisson’s ratio
as:

Oku 3k—2u

E=sken Vekr2u ©)

Materials with no preference of matrix phase (e.g. polycrystalline
metals) are usually modeled with the self-consistent scheme [6].
It is an implicit scheme, similar to the Mori-Tanaka method, in
which the reference medium points back to the homogenized med-
ium itself.

Local strain and stress fields in a RVE can also be found by
numerical methods like finite element method or a method based
on fast Fourier transformation (FFT). The later one was proven to
be a reliable and computationally inexpensive method which only
utilizes mechanical data in the regular grid (i.e. equidistant discret-
ization points). Such a concept perfectly matches with the concept
of the grid nanoindentation. Therefore, the FFT method was chosen
for our purposes. The numerical scheme used here solves the prob-
lem of finding the effective elasticity tensor with a periodically
repeating RVE by using discretization of an integral Lippmann-
Schwinger equation:

e(x) =’ — /Q '(x-y): (Ly) - L) : e(y)dy (7)

in which ¢ and L stand for the local strain and stiffness tensor,
respectively, and £° is the homogenized strain defined as a spatial
average over RVE domain Q2 as

& =(e) = % /Qs(x)dx (8)

I'° is the periodic Green operator associated with the reference
elasticity tensor L° which is a parameter of the method [17,18].
The problem is further discretized using trigonometric collocation
method [19,20] which leads to the assemblage of a nonsymmetrical
linear system of equations:

[[+F'TF(L—-1%]e=e¢° (9)

where the vector e stores a strain field at discretization points and
% the macroscopic strain, L and L° stores the material coefficients
at discretization points and reference elasticity tensor respec-
tively, I denotes the identity matrix, I" stores the values corre-
sponding to the integral kernel in the Fourier space, and F (F!)
stores the (inverse) discrete Fourier transform matrices that can
be provided by fast Fourier transform algorithm. The possibility
to solve the nonsymmetric linear system by the conjugate gradi-
ent method (CG) is proposed by Zeman et al. in [21], where also
the particular expression of individual matrices can be found for
the problem of electric conductivity or heat transfer. The linear
system (Eq. (9)) depends only on stiffness coefficients at grid
points that can be obtained using nanoindentation and thus the
homogenized (effective) tensor (further denoted as ng?) can be
calculated.

In practice, the homogenization procedure includes several
steps:

(1) Definition of a periodic unit cell (PUC) with discretization
points corresponding to indents’ locations (a regular grid).

(2) Assessment of Young’s moduli E and Poisson’s ratii v with
the help of nanoindentation in grid points (Oliver and Pharr
method [12] was used for the extraction of Young’s moduli
from load-displacement indentation curves).

(3) Assemblage of local elastic stiffness tensors in grid points
(plane strain assumption used) which in Mandel’s notation
reads:

1-v v 0
1-v 0 (10)
0 0 1-2v

L E
“Arvwa-zv|

(4) Calculation of local strain (from a linear system, Eq. (9),
using CG algorithm [21]) and stress fields (¢ =L:e) in grid
points when applying homogeneous macroscopic strain
(unit loads e°) to the PUC domain.

(5) Calculation of an average stress in the PUC by integration
over its volume

<a>:$./s;adx (11)

(6) Calculation of the homogenized elasticity tensor for PUC
from average stress and prescribed macroscopic strain

L - e® = (o) (12)

The resulting homogenized stiffness matrix for PUC must be
symmetric, positive definite, but generally anisotropic. The result-
ing anisotropy of the matrix depends on the topology of inclusions
in PUC regardless of the fact that the individual points are treated
as locally isotropic. Note also, that the FFT homogenization takes
no assumptions on the morphology of the phases as in the case
of analytical schemes. It works only with the stiffness coefficients
distributed within the PUC and its accuracy depends only on the
density of the grid points.

5.2. Comparison of analytical and numerical schemes

The simple analytical methods used in this work (Mori-Tana-
ka, self-consistent) operate with the assumption of isotropic effec-
tive properties. Such assumption is usually acceptable for
disordered structural materials. In this case, the isotropic stiffness
matrix and plane strain conditions takes the form (in Mandel’s
notation):

dx.doi.org/10.1016/j.cemconcomp.2012.06.015
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1 — vy % 0 Table 1
A — Eeff v 1—v 0 Data received from statistical deconvolution and homogenized values on cement
T T+ vep) (T~ 2vep) 0 1, paste
-2V,
4 ) of Deconvoluted phase E (GPa) Poisson’s Volume
k+ 1 k— sH 0 ratio fraction
=|k-2p k+4p O (13) Low stiffness phase (A) 7.45 0.2 0.011
0 0 2/1 Low density C-S-H (B) 20.09 0.2 0.632
High density C-S-H (C) 33.93 0.2 0.263
in which E.r and vy are analytically computed effective Young's Portlandite (D) 43.88 03 0.046
modulus and Poisson’s ratio, respectively. Alternatively, effective Clinker (E) 121.0 03 0.048
bulk and shear moduli k and p can be used for the calculation. Homogenization
The difference between this stiffness matrix and that received from E:g:: :EXS Eg N 8 Ei SMC_ST ?Z? 8‘3
FFT homogenization can be expressed using a stiffness error norm: Cement paste level (B+C)+ A+D+Eby M<T 2539 0.207 1.0
Cement paste level (B+C)+A+D+E by SCS 25.44 0.208 1.0

. (Lgf*f ~ Ly ) (Lgf? - ;‘ff) "

(Lg};r : :LE}?)
in which Lg}? is the (anisotropic) effective stiffness matrix computed
by the FFT method.

To assess the degree of anisotropy of the ngf matrix, one can use
different measures. Here, we define the degree of anisotropy as:

(Lgf? - L,go) :: (Lﬁ,? - L,50>
o (ngf: :L,so)

where the infimum is taken over all isotropic positive definite
matrices. We simply calculate the upper estimate dfy > y50:

(Lﬁf? - ) :: (ngf - L}}Fg>

5150 = infL (15)
1S

GFFT _
%50 = (LFFI‘.. LFFI') (16)
eff ++ LSO
by a particular choice of an isotropic matrix:
kiso+3tso Kiso =50 O
Liso = | kiso — 2o kso+3t O (17)
0 0 250

with

_ sz?ﬂ K _ sz?,ll + ngzz 4
tiso =—5=> Kiso=—""—5—"—" — 3 lso-

6. Results and discussion

The resulting frequency plot of elastic moduli measured on ce-
ment paste merged from all positions (400 indents) was deconvo-
luted into five mechanical phases (that correspond to chemical
ones) as specified in Table 1. Note, that the values in Table 1
(and similarly in Tables 2 and 3) were found as the best fit in the
minimization problem solved by the deconvolution algorithm.
The bin size was set to 1 GPa in the construction of probability den-
sity functions (PDFs). Ulm et al. [1] suggested the use of cumulative
density function (CDF) in the deconvolution rather than PDF. Using
CDF does not require the choice of a bin size. On the other hand,
using PDF is more physically intuitive and in the case of large data-
set leads to similar results.

The deconvoluted phases on cement paste correspond to the
peaks shown in Fig. 3a. They are denoted as A = low stiffness phase,
B=low density C-S-H, C=high density C-S-H, D =Ca(OH),,
E =clinker. In this case, the notation of mechanically distinct
phases matches well with the cement chemistry. Note, that the
stiffest microstructural component, the clinker, is not captured
well by nanoindentation since the stiffness contrast with respect
to other components is too high [2,7]. However, the content of
residual clinker is very low in the case of matured paste and it does

M-T stands for the Mori-Tanaka scheme; SCS stands for the self-consistent scheme.
@ Note: Clinker value was adjusted to 121 GPa according to [7].

Table 2
Data received from statistical deconvolution to the three phases and homogenized
values on gypsum.

Deconvoluted phase E (GPa) Poisson’s ratio Volume fraction
#1 28.36 0.32 0.663

#2 43.46 0.32 0.310

#3 59.89 0.32 0.027
Homogenization method

M-T 32.96 0.32 1.0

SCS 33.02 0.32 1.0

Note: M-T stands for the Mori-Tanaka scheme; SCS stands for the self-consistent
scheme.

Table 3
Data received from statistical deconvolution and homogenized values on Al-alloy.

Deconvoluted phase E (GPa) Poisson’s ratio Volume fraction
Al-rich zone 61.88 0.35 0.64

Ca/Ti-rich zone 87.40 0.35 0.36
Homogenization method

M-T 70.09 0.35 1.0

SCS 70.15 0.35 1.0

Note: M-T stands for the Mori-Tanaka scheme, SCS stands for the self-consistent
scheme.

not significantly influence the rest of the results. Nevertheless, the
proper value of elastic modulus for homogenization was taken
from ex situ measurements of clinker [7,22].

Two-step homogenization was used in the case of cement paste.
Firstly, homogenized properties for the C-S-H level were obtained
from low- and high-density C-S-H phases (RVE ~1 pum). Upper le-
vel homogenization for RVE (~200 pm) was performed in the sec-
ond step in which homogenized C-S-H properties were considered
together with the rest of the phases (i.e. low stiffness phase, Port-
landite and clinker). Results for cement paste are summarized in
Table 1. Very similar estimates have been obtained with the
Mori-Tanaka and the self-consistent schemes.

Nanoindentation data received on gypsum samples (two loca-
tions with 180 indents each) revealed the polycrystalline nature
of the composite with an anisotropic character. Since the gypsum
crystals are dispersed in the sample volume in a random manner,
surface measurements by nanoindentation show high scatter. As
mentioned earlier, apparent isotropic moduli associated with the
indentation volume ~1.5% um?® were assessed. The scatter in re-
ceived results (Fig. 3b) can be treated as a set of mechanically dif-
ferent responses from different crystal orientations. As such, we
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can either use deconvolution to separate mechanically significant [112.479 60.566 0
groups of these orientations (further denoted as phases) or com- Al-alloy : L?jf — | 60.566 112.479 0
pute apparent elastic moduli of isotropic solid from all responses 0 0 51.913
in an ensemble (i.e. compute average value from all results). Both -
approaches have been tested. - 117.130  62.741 -0.163

The physical motivation for identifying the mechanical phases Ly =| 62.741 117.106 -0.143 (20)
lies in the fact that gypsum crystallizes in the monoclinic system | -0.163 -0.143 54.313
which is characterized with three significant crystallographic ori-
entations. Therefore, derivation of the three significant peaks by Errors : ©™ents — 0.08, &¥PsUms = 0.07, 41§ = 0.04 (21)

deconvolution of frequency plot was tested (Fig. 3b). Numerical re-
sults from this deconvolution are summarized in Table 2.

On the other hand, further simplification based on the assess-
ment of only a single apparent isotropic phase is possible. Then,
only one Gaussian distribution is assumed in the calculation. Such
fit is depicted in Fig. 3c. The mean value derived from the histo-
gram (E =33.90 GPa) can be interpreted as an effective gypsum
Young’s modulus valid for the RVE (~100 pm) which includes also
intrinsic nanoporosity.

The difference between the two solutions in terms of an error
computed as a sum of squared differences between the experimen-
tal and theoretical curves in the deconvolution analysis [3] is very
small (~3%). Thus, both fits are almost equally good as indicated in
Fig. 3b and c. Also, the comparison of the resulting effective
Young’s moduli computed by the self-consistent scheme or the
Mori-Tanaka method in the case of the three phase medium (Ta-
ble 2) with an apparent Young’s modulus in the case of a single
phase (E = 33.90 GPa) shows small differences (~2.7%).

Two mechanically distinct phases were found by the statistical
deconvolution (from 200 indents) on Al-alloy sample (Fig. 3¢ and
Table 3). According to the SEM-EDX studies, the dominant phase
was denoted as Al-rich zone, whereas the lower stiffness phase
as Ca/Ti-rich area. The bin size in the frequency plots was set again
to 1 GPa in both cases of gypsum and Al-alloy.

Based on the nanoindentation data analytical homogenization
were employed for the assessment of effective RVE elastic proper-
ties at first (Tables 1-3). Very similar results have been produced
by the Mori-Tanaka method or the self-consistent scheme.

At second, the comparison of stiffness matrices (Eq. (13)) de-
rived from analytical results (Mori-Tanaka scheme was considered
for cement pastes and Al-alloy; self-consistent scheme for gyp-
sum), and those from FFT homogenization was performed. Results
are specified in the following equations 18-20. The stiffness values
are given in GPa. Respective error norms are computed in Eq. (21).

12844 743 0
cement: Ll = | 743 2844 0
L 0 0 21.02
26.177 6.778 0.068
L = | 6.778 26224 0.014 (18)
| 0.068 0014 19.818

4725 22.24 0
Gypsum : 3 phase fit: Lj; = | 2224 4725 0

0 0 2502
4851 2284 0
Iphase fit: L}, = | 22.84 4851 0
L 0 0 2569
45302 21.185 0.101
Ly = |21.185 45497 -0.008 (19)
[ 0.101 —0.008 24.396

It is clear from the above equations that both simple analytical
and advanced FFT-based method give comparable results in our
case. The differences given by error norms for cement and gypsum
(7-8%) are acceptable and show good agreement of the results re-
ceived from different methods. The best agreement of the methods
was reached on Al-alloy (error 4%) which can be attributed to the
fact that both material phases (Al-rich, and Ca/Ti-rich zones) are
even more homogeneously dispersed at microscale RVE compared
to the phases that appear in cement paste or gypsum.

The upper bound of the degree of anisotropy for the FFT-based
stiffness matrices was assessed by an index defined in Eq. (16) with
the following results:

cements, o = 0.0132, &PUMG,0o — 0.0043, A2V, = 0.0016  (22)

Low values in Eq. (22) (0.1-1.3%) show the close-to-isotropic
nature of the tested materials within the specified RVE. In other
words, microstructural inhomogeneities are uniformly dispersed
in the RVE and consequently it also justifies the usage of analytical
methods producing isotropic effective (homogenized) properties.

It must be emphasized again that although both analytical and
numerical methods give similar results, there is a clear advantage
of the FFT method which works directly with the grid indentation
data compared to analytical Mori-Tanaka method which needs the
assessment of phase properties and volume fractions. Moreover,
the full stiffness matrix including possible anisotropy is captured
by using the FFT method.

Comparison with macroscopic experimental values of elastic
moduli for the given materials also shows good agreement with
model predictions. Hydrated compound of cement paste was stud-
ied e.g. by Némecek [7] (E =26.4 £ 1.8 GPa), Constantinides and
Ulm [23,24] (E=22.8+0.5GPa) or Hughes and Trtik [25]
(E=26.5GPa). The values correspond well with our results
(E=25.4GPa).

Gypsum elastic properties were studied e.g. by Meille and Gar-
boczi [26,27] who estimated the plane strain values of the Young’s
modulus (computed as an angular average from anisotropic crystal
elastic moduli tensor) as ~45.7 GPa. Such value was also reported
for zero crystal porosity by Sanahuja et al. [28]. If one takes into ac-
count an intercrystalline porosity 12% (i.e. the gypsum nanoporos-
ity measured for our specific case; see Section 3.2) the Young's
modulus drops down to ~34 GPa [28] which is in excellent agree-
ment with our homogenized value (E = 32-33.90 GPa).

Homogenized Al-alloy properties (E = 70.1 GPa) agree very well
with experimental values reported e.g. by Jeon et al. [29] or Ashby
et al. [30] (E =70 GPa).

7. Conclusions

Nanoindentation was successfully used for the assessment of
elastic parameters of intrinsic material constituents at the scale be-
low one micrometer and effective composite properties were eval-
uated with analytical Mori-Tanaka, self-consistent and FFT
numerical schemes for three typical structural composites with
heterogeneous microstructure. Based on the micromechanical ap-
proaches and proposed methodologies we can draw the following
conclusions.
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(1) It has been shown that the use of grid indentation gives
access to both phase properties as well as volume fractions
in the case of testing highly heterogeneous microstructures
of cement paste, gypsum and Al-alloy.

(2) Effective elastic properties of their microstructural RVEs
(100-200 pm) were successfully determined with analytical
Mori-Tanaka or self-consistent schemes. However, such
approach assumes isotropic nature of the composite with
spherical inclusions and several assumptions concerning
mainly the number of mechanically different phases and
bin size need to be made in the deconvolution algorithm.
Therefore, an additional knowledge about the composite
microstructure and its microstructural composition is neces-
sary in this case.

(3) Further, numerical FFT-based method was used for the
assessment of effective elastic composite properties. The
direct use of grid indentation data is employed in this
method. The method provides effective stiffness matrix
and can capture also possible anisotropy.

(4) The performance of both analytical and numerical
approaches was in good agreement for the tested materials
mainly due to the close-to-isotropic nature in their RVEs.

(5) Comparison with macroscopic experimental data also shows
good correlation of measured effective values and the pre-
dicted ones.

(6) The proposed numerical procedure for the estimation of
effective elastic properties can be further applied also to
other nano- or micro-heterogeneous structural composites
in order to assess their anisotropic stiffness matrices or to
optimize their composition.
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Abstract

The main aim of this paper is to develop and verify simple but effective model for
assessing elastic properties of a porous aluminium foam system and to compare results
received from experimental micromechanics with solutions given by simple analytical
or more advanced numerical methods. The material is characterized by a closed pore
system with very thin but microscopically inhomogeneous pore walls (~0.1 mm) and
large air pores (~2.9 mm). Therefore, two material levels can be distinguished.

The lower level of the proposed model contains inhomogeneous solid matter of the
foam cell walls produced from aluminium melt with admixtures. Elastic parameters as
well as volume fractions of microstructural material phases at this level are assessed
with nanoindentation and effective properties computed via analytical and numerical
homogenization schemes. The effective Young’s modulus of the cell walls was found

close to 70 GPa irrespective to the used homogenization procedure.
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The higher foam scale contains homogenized cell wall properties and a significant
volume fraction of air voids (91.4%). Since analytical schemes fail to predict effective
properties of this highly porous structure, numerical homogenization based on simple
2-D finite element model is utilized. The model geometry is based on foam optical
images and the beam structure is produced using Voronoi tessellation. Effective foam
Young's modulus was found to be 1.36-1.38 GPa which is in relation with ~1.45 GPa
obtained from uniaxial compression experiments. The stiffness underestimation in the
2-D model is caused likely by the lack of the real 3-D confinement that can not be fully

captured in the simplified model.

Keywords: aluminium foam, multi-scale model, nanoindentation, statistical

deconvolution, elastic properties, image analysis, homogenization.

1 Introduction

Metal foams and especially lightweight aluminium foams belong to the group of up-to-
date engineering materials with high potential to many applications. Metal foam is a
highly porous hierarchical material with a cellular microstructure. Macroscopically, it
can be characterized by attractive mechanical and physical properties such as high
stiffness and strength in conjunction with very low weight, excellent impact energy
absorption, high damping capacity and good sound absorption capability. The usual
source material for the production of metal foams are aluminium and aluminium alloys
because of low specific density (~2700 kg/m?®), low melting point (~660 °C), non-

flammability, possibility of recycling and excellent corrosion resistance. Metal foams
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are used in applications ranging from automotive and aerospace industries (e.g.
bumpers, car body sills, motorcycle helmets) to building industry (e.g. sound proofing
panels). Our aim was to characterize and to model a commercially available foam
Alporas® produced by Shinko Wire Company, Ltd. .

Alporas is characterized with a hierarchical system of pores containing different cell
morphologies (in shape and size) in dependence on the foam density and
inhomogeneous material properties of the cell walls . A typical cross section of the foam

can be seen in Figure 1 in which large pores (having typically 1-13 mm in diameter )

with detailed view on thin walls (~100 pm thick) is shown.

(a) (b) (c)
Figure 1: (a) Overall view on a foam structure (further denoted as Level 11); (b) ESEM
image of a cell wall; (c) detailed ESEM image of a cell wall showing Al-rich (dark

grey) and Ca/Ti-rich areas (light zones; denoted as Level I).

It follows from its hierarchical microstructure that the mechanical properties of metal
foams are governed by two major factors:
(1) cell morphology (shape, size and distribution of cells) and

(i1) material properties of the cell walls .
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Traditionally, mechanical properties of metal foams are obtained using conventional
macroscopic testing techniques on large samples that can give overall (effective)
properties, e.g. -. However, conventional measurements face significant obstacles in the
form of very small dimensions of cell walls, low local bearing capacity, local yielding
and bending of the cell walls. These problems can be overcome using micromechanical
experimental methods in which the load—displacement curve is obtained in the sub-
micrometer range. A few attempts have been carried out in the past, e.g. , .

In this paper, we focused on the prediction of overall foam elastic properties from
microscopic measurements and on the model validation against experimental results.
For accessing the cell wall properties we employed statistical nanoindentation and
deconvolution technique for the phase separation,. Compared to traditional
macroscopic  techniques nanoindentation can distinguish between individual
inhomogeneous microstructural entities. The effective cell wall properties have been
obtained through analytical and numerical up-scaling techniques . Finally, simple
2-D finite element model for the upper composite scale has been proposed and results

validated by full-scale experiments.

2 Experimental part

2.1 Materials and sample preparation

Commercial aluminium foam Alporas® (Shinko Wire Company, Ltd) was used in this
study. The manufacturing process of the Alporas is a batch casting process in which

1.5 wt.% of calcium is added to the aluminium molten at 680 °C. Calcium serves as a
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thickening agent which increases viscosity and stabilizes the air bubbles. The alloy is
poured into a casting mold and stirred with an admixture of 1.6 wt.% TiH, that is used
as a blowing agent. Then, the foamed molten material is cooled down. A typical
resulting internal structure of the aluminium foam is shown in Figure 1a.

Firstly, a large panel of Alporas (160 x 100 x 60 mm) was polished and scanned with
a high resolution scanner. Acquired images were segmented to binary ones and further
used in image analyses. Then, a smaller Alporas block was cut into thin slices (~5 mm)
and embedded into epoxy resin to fill the pores. The surface was mechanically grinded
and polished to reach minimum surface roughness suitable for nanoindentation. Very
low roughness R,~10 nm was achieved on cell walls. The sample was investigated

with electron microscopy (ESEM) and nanoindentation.

2.2 ESEM and microstructural analysis

The microstructure of cell walls was firstly studied in electron microscope (ESEM). It
was found that a significant inhomogeneity of the microstrutural material phases exists
on the level of tens of micrometers (Figure 1b,c). Two distinct phases, that exhibit
different color in back-scattered electron (BSE) images, can be distinguished. The
chemical composition of the two phases was checked with EDX element analysis in
ESEM. It was found that the majority of the volume (dark zone in Figure lc, 2a)
consists of aluminium (~67 wt.%), oxygen (~32 wt.%) and further trace elements (Mg,
Ti, Fe, Co, Ni, Cu, Si <2 wt.%). Lighter zones in Figure 2 consist of Al (~60 wt.%),
O (~30 wt.%), Ca (~5 wt.%), Ti (~5 wt.%) and other elements (<1 wt.%). As expected,

the majority of the volume (dark zone) is composed of aluminum and aluminium oxide
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ALOs (further denoted as Al-rich area). Lighter zones contain significant amount of
calcium and titanium (further denoted as Ca/Ti-rich area). The non-uniform distribution
of these zones shows inhomogeneous mixing of the admixtures that are added during

the production process.

2.3 Image analysis and porosity

In order to estimate the volume fractions of Al-rich and Ca/Ti-rich areas image analysis
based on previously taken ESEM images was employed. Ten arbitrarily chosen areas on
wall cross sections were explored. Images were segmented to two phases using a
common threshold value of a grey level for all images (Figure 2). The Ca/Ti-rich area

was estimated to cover 22+4% of the whole area.

AccV SpotMagn Det WD Exp F——— 50um
30.0kv 6.0 650x  BSE 10.1 1 17Pa STENY_10
-

Figure 2: An example of (a) ESEM image of the cell wall and (b) processed image

segmented to two phases (white=Ca/Ti-rich, black=Al-rich area).

The overall porosity of the sample was assessed by weighing of a large Alporas

panel (knowing the sample dimensions and solid mass density 2700 kg.m?). The
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porosity reached 91.4% which corresponds to e.g. ,. In other words, solid mass (i.e. cell
walls) occupied only 8.6% of the total volume in the specimen.

Further, distribution of cell wall thicknesses and the distribution of the pore sizes
were studied by means of pore contour detection in the Matlab environment. At first,
the contours were generated for every pore in the image and areal characteristics
(centroid, area, second moment of inertia) were computed (Figure 3). The wall
thicknesses were calculated as the minimum distance between the neighboring contours.

The distribution of the thicknesses is shown in Figure 4. It can be seen in Figure 4 that a

significant peak occurs around ~60 pm which can be understood as a characteristic cell
wall thickness.

Then, equivalent ellipses were constructed from contour areal characteristics under
the condition that they have the same area and the same principal second moment of
inertia. Such assumption led to the evaluation of two main half axes (a; and b;) for each

equivalent ellipse. In order to characterize the shape of pores, an equivalent ellipse

a.
shape factor was defined as the ratio € = ;’ The distribution of the shape factor is

depicted in Figure 5. It can be concluded that pores have typically a round shape with
the shape factor lying mostly between 1 and 2. The peak with the highest occurrence in
Figure 5 appears around e~=1.15.

Due to the round shape of pores it makes sense to compute also an equivalent pore
diameter using circular pore replacement. The distribution of equivalent circular pores is
depicted in Figure 6. Wide distribution of pores with diameters 0-6 mm was found. The

mean equivalent diameter was found to be 2.9+£1.5 mm for the specific specimen.
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Figure 3: (a) Binary image of the polished foam panel. (b) Binary image of ~50x50 mm
foam cut. (c) Cell contours in the cut (prepared in Matlab).

10.0
>
£ 8.0
c
[+
° 6.0
&
& 4.0
2
r 204
0.0 —

0 100 200 300 400 500
Cell wall thickness (um)
Figure 4: Distribution of cell wall thicknesses.
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2.4 Nanoindentation

Micromechanical properties of the cell walls were measured by means of
nanoindentation. The tests were performed using a Hysitron Tribolab system® at the
Czech Technical University in Prague. This system consists of in-situ SPM imaging
which was used for scanning the sample surface. Three-sided pyramidal diamond tip
(Berkovich type) was used for all measurements. Two distant locations were chosen on
the sample to capture its heterogeneity. Each location was covered by a series of 10x10
indents with 10 um spacing (Figure 7). It yields 200 indents in total which was
considered to give sufficiently large statistical set of data. Standard load controlled test
of an individual indent consisted of three segments: loading, holding at the peak and
unloading. Loading and unloading of this trapezoidal loading function lasted for
5 seconds, the holding part lasted for 10 seconds. Maximum applied load was 1 mN.
Maximum indentation depths were ranging between 100 and 300 nm depending on the
stiffness of the indented phase. Elastic modulus was evaluated for individual indents
using standard Oliver and Pharr methodology which accounts for elasto-plastic contact

of a conical indenter with an isotropic half-space as

_ 1 Jmrap
5 =5p74 an ©)

in which E, is the reduced modulus measured in an experiment, 4 is the projected

contact area of the indenter at the peak load, [ is geometrical constant (8=1.034 for the
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. . aP .
used Berkovich tip) and —, sa slope of the unloading branch evaluated at the peak.

Elastic modulus £ of the measured media can be found using contact mechanics which

accounts for the effect of non-rigid indenter as

(1-v?)

l

L_[-v), o
E. E K

r 1

in which v is the Poisson’s ratio of the tested material, £; a v; are known elastic modulus
and Poisson’s ratio of the indenter. In our case, v=0.35 was taken as an estimate for all

indents.

Image Scan SiZE.. 55.UUUum

Figure 7: Part of the indentation matrix showing 6x6 indents with 10 um spacing as

scanned with Hysitron Tribolab.

Results of elastic moduli in the form of histograms have been further analyzed with the
statistical deconvolution technique , . The technique seeks for parameters of individual
phases included in overall results. It searches for n-Gauss distributions in an

experimental Probability Density Function - PDF (Figure 9). Random seed and

10



Paper 4 page 64

minimizing criteria of the differences between the experimental and theoretical overall
PDFs (particularly quadratic norm of the differences) are computed in the algorithm to
find the best fit. Details on the deconvolution technique can be found in . Two-phase
system (one dominant Al-rich phase and one minor Ca/Ti-rich phase) was assumed in

our deconvolution.

3 Numerical part

3.1 Scale separation

In order to describe heterogeneous systems and their effective properties in a statistical
sense, representative volume element (RVE) have been previously introduced . RVE
statistically represents a higher structural level of the material and serves for evaluation
of the effective (homogenized) properties within the defined volume. It includes all
microstructural inhomogeneities that should be substantially smaller than the RVE size.
The definition of the material scales can be defined through the scale separation

inequality:

d<<L<<D 3)

in which d is the characteristic size of the largest microstructural inhomogeneity, L is
the RVE size and D is a characteristic structural length scale. Knowing the material and
geometrical properties of the microstructural material phases a homogenization can be

performed.

11
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Nanoindentation is able to access intrinsic material properties of individual micro-
scale phases provided the dimension of an indent (%) is small enough, i.e. 7<<d. As a
rule of thumb A<d/I0 is usually used to access material properties of individual
constituents without any dependence on the length scale.

As mentioned above, the metal foam material has a hierarchical microstructure. At
least two levels need to be considered:

* Level I (the cell wall level) has a characteristic dimension defined by the mean
midspan wall thickness L~60 um. This level consists of prevailing aluminium
matrix (Al-rich area) with embedded heterogeneities in the form of Ti/Ca-rich
areas. Intrinsic elastic properties of the constituents were assessed by
nanoindentation at this level. Individual indent size was prescribed to be
considerably smaller (4#~100-300 nm) than a characteristic size of Ca/Ti
inhomogeneities (~4 pm).

* Level II (the foam level) has a characteristic dimension of L;~50 mm. At this
level, large pores with an average equivalent diameter ~2.9 mm (assuming
circular pores) occur in the total volume of 91.4%. At level II, cell walls are
considered as homogeneous having the properties that come from the Level I

homogenization.

3.2 Analytical homogenizations of Level 1

The RVE with substantially smaller dimensions than the macroscale body allows
imposing homogeneous boundary conditions over the RVE. Continuum

micromechanics provides a framework, in which elastic properties of heterogeneous

12
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microscale phases are homogenized to give overall effective properties on the upper
scale . A significant group of analytical homogenization methods relies on the Eshelby’s
solution that is derived for ellipsoidal inclusions embedded in an infinite body. Then,
uniform stress field appears in inclusions when macroscopic load is applied in infinity.
Effective elastic properties are obtained through averaging over the local contributions.
From the material point of view, composite materials are usually characterized by a
prevailing matrix phase, which serves as a reference medium in homogenization
methods, reinforced with geometrically distinguishable inclusions. For example, the

Mori-Tanaka method can be appropriate for these cases. In this method, the effective

bulk ks and shear fL; moduli of the composite are computed as follows

S Sk (1 +a, (e =1)”

keff - k i ) (4)
> fd+a, (" —1)
r kO
zf,u,(nﬁo(f;—l))‘l
/'lq)ff =t /J 0 4 s (5)
> LA+B, (5 =1)
r /'10
3k 6k, +12 4
a. = 0 B, = 0 0 6
O Bk, +ap,’ " 15k, +204, ©)

where f; is the volume fraction of the 7" phase, K, its bulk modulus and the coefficients

a, and [ describe bulk and shear properties of the 0™ phase, i.e. the reference

medium , . The bulk and shear moduli can be directly linked with Young’s modulus £

and Poisson’s ratio V used in engineering computations as

13
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_ 9ku

=Sk (7)
_3k—2u

6k +2u° ®)

Polycrystalline metals, in which no preference of matrix phase exists, are usually
modeled with the self-consistent scheme in which the reference medium refers back to
the homogenized medium itself. Regardless the most suitable homogenization
technique, which would be probably the Mori-Tanaka method in our case, we used
multiple estimates assuming spherical inclusions. Namely, the Mori-Tanaka method,
self-consistent scheme, Voigt and Reuss bounds (parallel or serial configuration of
phases with perfect bonding). Results from nanoindentation have been used as input

parameters to the methods.

3.3 Numerical homogenization of Level I based on FFT

In order to verify results from simple analytical schemes advanced homogenization
method based on fast Fourier transformation (FFT) was used. The behavior of any
heterogeneous materials consisting of periodically repeating RVE (occupying domain
Q=[T.(%.Y), where Y, is the axial size and & denotes the space dimension) can be
described with differential equations with periodic boundary conditions and prescribed

macroscopic load as

== ‘%;E(x)dx =g° (9)

14
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o(x)=L(x):e(x) dive(x)=0 x[IQ (10)

where © denotes symmetric second order stress tensor, € symmetric second order

strain tensor and L.(x) the fourth order tensor of elastic stiffness at individual locations

X . The effective (homogenized) material tensor L. is such a tensor satisfying

@3 L, [EC (11)

for an arbitrary macroscopic strain €£°. Thus the problem of finding effective material
tensor is composed of finding corresponding strain field € and associated stress field
G for known elastic properties L. and prescribed strain £° using differential
Equation 10.

In addition to discretization of the weak formulation leading to classical finite
element method, the problem can be solved by method based on fast Fourier transform,
proposed by Moulinec and Suquet in , based on an integral (Lippmann—Schwinger)

equation

£(0) + [T°(x —y) 1 (L(Y) —L*) : s(¥)dy = £° (12)
where T° is the periodic Green's operator associated with the reference elasticity

tensor L° which is a parameter of the method. The operator is expressed in the Fourier

Space as

A 1
r‘(‘)kl :—5kizj iSkS Jlg‘li i SkSi) 2
(@) (3,66 +36 +a,68 +a88)— ST S0

4p|EP
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Numerical solution of Equation 13 is based on the discretization of a unit cell €2 into a

regular periodic grid with N, >--><N_, nodal points and grid spacings

Y,

— 1 Yd . . . .
h _(2V"“’2 7). The searched field € is approximated by a trigonometric
1 d

polynomial €, in the form

e =ey(x)= 3 &g, () x 09, (14)

where N = (N,,...,N,), 4 designates the Fourier coefficients and

70 =Fknze: -Ne o < Na gy GH (15)
[ 2 2 O
The discretization leads to a nonsymmetrical linear system of equations
[I +FTF(L —L°%)Je = e° (16)

where the vector € stores a strain field at discretization points and e° the macroscopic
strain, I and T.° stores the material coefficients at discretization points and reference
elasticity tensor respectively, I denotes the identity matrix, [~ stores the values

corresponding to the integral kernel in the Fourier space, and F (F ) stores the

16
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(inverse) discrete Fourier transform matrices that can be provided by fast Fourier
transform algorithm. The possibility to solve the nonsymmetric linear system by the
conjugate gradient method is proposed by Zeman et.al. in and justified in Vondfejc et
al., where also the particular expression of individual matrices can be found for the
problem of electric conductivity or heat transfer. The linear system (Equation 16)

depends only on stiffness coefficients at grid points that can be obtained using

nanoindentation and thus the homogenized (effective) tensor L% can be calculated

from Equation 11. The particular case of homogenization of elastic properties received
from nanoindentation on a sample surface (half-space) also requires an assumption of

plane strain conditions.

3.4 Comparison of analytical and numerical schemes

The comparison of analytical and FFT schemes includes an assessment of the stiffness
matrix (here in Mandel’s notation) for isotropic material assuming plane strain

conditions (equally with the FFT scheme) as

z d-v, % 0 L

E O C

‘:ff = (1+v )(f_ V) OV I_ch{f' 0 L- (17)
@ “°H o 0 1-2v,E

The difference between the analytical results ( L, ) and numerically computed stiffness

3 FFT . .
matrix (L g ) can be expressed using a stiffness error norm as

17
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5= \/(Ll;ffT ',Ltff) - (Ll;ffT _ Ll:ff) . (18)

FFT ,, y FFT
(Leff "Leff}

4 Results and discussion

4.1 Nanoindentation

Results from nanoindentation clearly showed heterogeneity of the cell walls, i.e. the
presence of mechanically different inclusions. An example of typical loading diagrams
gained from nanoindentation at Al-rich area (dark zone in Figure 1b,c) and Ca/Ti-rich
area (light zone in Figure 1b,c) are shown in Figure 8. Due to the load controlled
nanoindentation test, the final penetration depth varied for differently stiff phases. An
average maximum depth of penetration reached by the indenter was around ~180 nm.
Higher values for more compliant Al-rich zone were reached (~190 nm) whereas the

indentation depths to harder but less frequent Ca/Ti-rich areas were around 100 nm.
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Figure 8: Typical loading diagrams for Al-rich and Ca/Ti-rich zones.

18



Paper 4 page 72

Elastic moduli were evaluated for each individual indent. Overall results are depicted
in Figure 9a in which histogram of all elastic moduli from two different positions and
results merged from both positions are shown. No significant differences between the
positions were found. Therefore, merged results were further used in the deconvolution
of phase elastic properties.

Two-phase system (one dominant Al-rich phase and one minor Ca/Ti-rich phase)
was assumed in the deconvolution algorithm (Figure 9b). It can be seen in Figure 9b
that a significant peak appears around 62 GPa. This value can be considered as a
dominant characteristic of the prevailing phase (Al-rich). The rest of results can be
attributed to the minor Ca/Ti-rich phase. Table 1 contains numerical results from the

deconvolution with the estimated volume fractions of the phases.
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Figure 9: (a) Probability density functions of elastic moduli from two measured

positions and (b) merged results with deconvoluted phases.

Table 1: Elastic moduli and volume fractions from deconvolution.

Phase Mean (GPa) St. dev. (GPa) Volume fraction (-)
1 (Al-rich zone) 61.88 4.6 0.638
2 (Ca/Ti-rich zone) 87.40 16.7 0.362
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The characteristic value for the first phase roughly corresponds to the elastic
modulus of pure aluminium (70 GPa, ref.). The lower value obtained from
nanoindentation suggests that probably some small-scale porosity or impurities (Ca)
added to the molten are intrinsically included in the results of this mechanically
dominant phase. The determined elastic modulus value of Al-rich zone is also in
excellent agreement with the value 61.7 GPa measured by Jeon et al. on melted Al-1.5

wt.%Ca alloy.

4.2 Level I homogenization

It is clear from ESEM images (Figure 1 and 2) that the Ca/Ti-rich areas occupy much
larger space of the solid compared to the initial batch volume fractions (Ca and TiH»
content is less than 1 vol.%). Chemical reactions and precipitation during hardening
form new compounds in the Al matrix. It follows from other studies that Ca/Ti-rich
discrete precipitates and diffuse Al4Ca areas develop in the metal solid. These areas are
denoted as Ca/Ti-rich areas in this study. Based on the color in ESEM images the area is
estimated as 22+4% by image analysis. Results from statistical nanoindentation (36.2%)
suggest that a substantially larger part of the matrix is mechanically influenced by the
Ca/Ti addition and a higher fraction of the volume belongs to this mechanically distinct
phase.

The homogenized elastic modulus for the two considered microscale phases in the
cell wall (i.e. LevelI) is summarized in Table 2 for individual homogenization
techniques. Very close bounds and insignificant differences in the elastic moduli

estimated by the schemes were found.
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Table 2: Values of the Level I effective Young’s modulus computed by different

homogenization schemes.

Scheme Mori-Tanaka Self-consist. Voigt bound Reuss bound
scheme
E (GPa) 70.083 70.135 71.118 69.195

In the following considerations, we use the result received from the Mori-Tanaka
scheme, i.e. we take the homogenized isotropic elastic constants (Young’s modulus and
Poisson’s ratio) of the Level I as E.;=70.083 GPa, V.;=0.35. The stiffness matrices
computed in Mandel’s notation from analytical Mori-Tanaka results (using Equations 4-

8) and from FFT homogenization are:

M12.479 60.566 0 [
LY, =k0s66 112479 0 E(Gpa) (19)
8 o 0 S1L9I13F

017.1300 62.7413 —0.1625[C
Lo =552.7413 117.1060  —0.1430C (GPa). (20)
£-0.1625 —0.1430 54.3132F

It is worth noting that the analytical form of the stiffness matrix L2, as well as
L contains perfect symmetry by definition. Further, low values of off-axis

components associated with shear strains in Lt (that are zero in case of L2, ) show
close to isotropic nature of the material. In other words, microstructural

inhomogeneities are uniformly dispersed in the RVE. Consequently, this finding also
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justifies the usage of analytical methods producing isotropic effective (homogenized)

properties. Also, the stiffness error evaluated by Equation 18 is &=0.0393. The
difference in schemes less than 4% shows a very good agreement of the methods for the

studied case.

4.3 Level II homogenization

At this level, cell walls are considered as a homogeneous phase having the properties
that come from the Level | homogenization. The solid phase is very sparse in the sample
volume due to its porosity (91.4% of air). The walls create a matrix phase and the large
air pores can be considered as inclusions in this homogenization.

Since analytical approaches are often used also for extreme cases of large stiffness
contrast of phases or for large sample porosities (e.g. Sejnoha et al. ), we firstly tried to
estimate effective elastic properties with the same analytical schemes used at Level 1.
The result is summarized in Table 3. Voigt and Reuss bounds are quite distant in this
case. Unfortunately, simple analytical schemes also fail to predict correctly the
composite stiffness due to the extreme sample porosity. The Mori-Tanaka method
approaches the arithmetic mean between the bounds, whereas the self-consistent scheme

tends to reach the stiffness of the phase with higher occurrence (i.e. the air).
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Table 3: Values of the Level II effective Young’s modulus computed by different

analytical homogenization schemes.

Scheme Mori-Tanaka Self-consist. Voigt bound Reuss bound
scheme
E (GPa) 3.1510 0.0012 6.0200 0.0011

Most of analytical studies on the homogenization of foams are based on models with a
regular periodic microstructure ,. Nevertheless, real foam microstructures are
characterized with different sizes and shapes and sizes of pores rather than with periodic
structures as shown in Section 2 of this paper. The solution can be to solve the problem
of irregular microstructures by an analysis of a large representative volume element
containing large enough number of pores. Such model can be solved in two or three
dimensions.

Therefore, more appropriate (but still simple) two dimensional microstructure based
FEM model was proposed. The model geometry was generated from high resolution
optical image of polished foam cross-section (Figure 10a) converted to binary one.
Square domain with 106x106 mm size (i.e. being much larger than average pore size
~2.9 mm) was extracted from the image. At this domain, pore centroids were detected,
Delaunay triangulation applied and Voronoi cells created. Then, an equivalent 2D-beam
structure was generated from Voronoi cell boundaries (Figure 10b). Based on several
numerical studies performed for this purpose (but not shown here in details), it was
found that the distribution of cross sectional areas and bending stiffness of individual
beams do not play a significant role in the evaluation of the homogenized properties.
The overall stiffness is influenced mainly by the sum of the beam cross sectional areas

and by the beam inclination to the load direction. The contribution of the beam bending
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stiffness is diminished due to the very large beam length compared to its small cross
sectional dimensions. Therefore, as an approximate but sufficient estimate, uniform
cross-sectional area and uniform second moment of inertia were prescribed to all beams.

The beam cross sectional area (Apean) Was computed from the total sample porosity

(6=0.086) and the total length of all beams (/o) in the RVE with rectangular

dimensions a xb as

21

hz,beam = bean. = beam * (22)

Assuming rectangular shape of a cross section one can readily obtain the second

moment of inertia as

1 4,
Lo =~ 112, = e, 23
v,beam 1 2 z,beam 12 ( )

In the analysis, macroscopic strain g£° is prescribed to the RVE and microscopic strains
and stresses are solved. Volumetric averaging of microscopic stresses leads to the
assessment of an average macroscopic stress and finally estimation of effective stiffness
parameters. The key issue of the computation is the size of RVE and application of
boundary conditions around the domain. Since the domain size is always smaller than
an infinite body, any constraints can strongly influence the results. Application of the
kinematic boundary conditions leads to the overestimation of effective stiffness and it

can give an upper bound, whereas the static boundary conditions give a lower bound .
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The best solution is usually provided by applying periodic boundary conditions to RVE
which are, however, difficult to implement into commercial codes.

Nevertheless, the influence of the boundary conditions on microscopic strains and
stresses in the domain decrease in distant points from the boundary. The size of our
domain (106106 mm) allowed us to solve the problem with kinematic boundary
conditions. For homogenization, considerably smaller region (later found optimum 35-
50 mm) in the central part was used. Microscopic strains and stresses were computed
inside this smaller area which was assumed to be still sufficiently large to describe the
material inhomogeneities and to serve as material RVE.

Kinematic constrains were applied on all domain sides. Free beams located around
the boundary and not connected to any cell were deleted and supports put on the nodes
located on the closest cell. Such arrangement of beams and supports prevented the
structure from unreasonably large deformations of these free boundary beams. The
whole domain (106x106 mm) was subjected to homogeneous macroscopic strain in one
axial direction (£° ={1,0,0}") by imposing prescribed displacement to one domain side
(Figure 10c). The test was performed using commercial Ansys FEM software and
microscopic strains and stresses solved in the domain. Strains and stresses (structural
forces for the case of beams, respectively) inside the smaller area (35-50 mm) were
averaged and used for computation of the homogenized stiffness matrix (one column in
the matrix, respectively). Assuming material isotropy, the first component (1,1) at the
material stiffness matrix is given by:

(1-v)
(1 +v)(1—2v) (24)

11
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in which E is the Young's modulus and v Poisson's ratio, respectively. Since the
Poisson's ratio of the whole foam is close to zero (as confirmed by experimental
measurements) the L;; member coincides with the Young's modulus E.

For the tension test in x-direction (Figure 10c), the homogenized Young's modulus
was found to be RVE size dependent. Experimental investigations of the dependence of
sample size on apparent elastic modulus and strength were conducted e.g. by Ashby et
al. . They found, the modulus and strength become independent of size when the sample
dimensions exceeded about seven cell diameters. This would imply minimum RVE size
20.3 mm for our typical cell size (2.9 mm). On the other hand, the RVE size should not
exceed roughly 1/3 to 1/2 of the whole domain size not to be influenced by boundary
conditions which implies maximum RVE width about 35 to 53 mm for our 106 mm
wide domain. To find an optimum RVE size a numerical study was conducted for
different RVE sizes in the range 20 to 90 mm (see Figure 11). An optimum RVE was
confirmed to be between 35 and 50 mm for our specific domain. Results for smaller
RVEs (<35 mm) are influenced by the beam inhomogeneity inside the RVE (in other
words, such small RVE is not representative enough) whereas larger RVEs (>50 mm)
are already influenced by the vicinity of boundary conditions. For optimum RVE sizes,

the effective Young's modulus varied in the range E.;,=1.36-1.38 GPa.
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Figure 10: (a) Binary image of the foam (106x106 mm). (b) Voronoi tesselation.
(c) 2-D beam model with boundary constraints (red squares indicate optimum RVE
sizes from which homogenized properties have been obtained; solid line=35%35 mm,

dashed line=50%50 mm).
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Figure 11: Dependence of effective Level II Young's modulus on RVE size.

The resulting homogenized Young's modulus is comparable with the range of
experimental values (0.4—1 GPa) reported for Alporas® e.g. by Ashby et. al..
Experimental measurements in uniaxial compression performed on our samples
(30%30%x60/90 mm Alporas blocks) indicate E=1.45+0.15 GPa (see Section 4.4). The
slightly lower stiffness obtained from two-dimensional model can be explained by the

lack of additional confinement appearing in the three-dimensional case. The influence
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of the RVE size can also play a role as described above. However, the obtained
difference is small (~5%), probably also due to the almost zero foam Poisson's ratio.
Anyway, results of the simplified 2-D model have to be treated as a relatively close but
only the first estimate of the Level II material properties which should be refined e.g. by

using more precise three-dimensional model.

4.4 Results from macroscopic measurements

Uniaxial compression tests on 30x30x60 and 30x30x90 mm Alporas blocks
(Figure 12a) were performed in an electromechanical press to verify numerical results
on the Level II. Specimens were loaded-unloaded by five to ten cycles at very low
strains and than fully compressed up to ~5% longitudinal strain (Figure 12b,c).
Longitudinal and transversal (engineering) strains were evaluated by means of digital
image correlation from CCD camera images taken during the test. Negligible
differences have been found between the slopes of loading/unloading cycles
(Figure 12¢) which justifies evaluation of elastic properties from this part of the loading
diagram. Young's modulus was finally computed as the average slope from all relevant
cycles (i.e. all cycles except the first and the last one that both can be influenced by non-

linear effects). Young's modulus was determined as E=1.454+0.15 GPa on six foam

samples. Poisson's ratio was found to be V=0 in the elastic regime.
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Figure 12: Compression test. (a) Foam sample and an image with digital image
correlation markers, (b) stress strain diagram, (c) detail of loading-unloading cycles at

low strains.

5 Conclusions

A simple but effective two-scale microstructure based model of closed-cell

aluminium foam for the assessment of homogenized elastic properties was proposed in

this paper. The first level characterized by thin cell walls (~60 pm) was successfully
homogenized with several analytical continuum mechanics schemes. Two different
material phases (Al-rich and Ca/Ti-rich) were detected at this lower scale by ESEM and
statistical grid nanoindentation. Effective Young's modulus E.;~70 GPa was received
regardless the used scheme. The value was also justified by numerical FFT-based
homogenization with a very good agreement (error less than 4%).

The upper foam level (Level II) contained homogenized walls and large air pores.
Here, analytical tools were applied without success. Very poor estimates were given by
the Mori-Tanaka or self-consistent due to extremely high air content in the foam and

large stiffness contrast. To better describe the real foam microstructure, a FEM model
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was proposed for the numerical homogenization at the second level. The model
geometry was generated from large optical scan of polished foam cross section
converted to binary image. Delaunay triangulation and Voronoi tessellation have been
applied and equivalent beam structure generated. The dependence of RVE size was
solved in a large domain (106x106 mm) supported by kinematic boundary conditions.
An optimum RVE size was found to be in the range 35-50 mm (i.e. 33-47% of the
domain size) for which effective elastic properties were assessed (E.;,=1.36-1.38 GPa).

The model has proven to realistically describe macroscopic elastic properties of the
foam. Nevertheless, two-dimensional approximation slightly underestimated the
experimentally obtained stiffness (E~1.45 GPa). It is likely due to the inability to
capture additional confinement coming from three-dimensional material microstructure
or due to the RVE size inaccuracy. Further development of the numerical model and
generation of the model geometry from micro-CT data (i.e. extension to 3-D) are

planned as future developments.
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Figure captions

Figure 1: (a) Overall view on a foam structure (further denoted as Level I1); (b) ESEM
image of a cell wall; (c) detailed ESEM image of a cell wall showing Al-rich (dark

grey) and Ca/Ti-rich areas (light zones; denoted as Level I).

Figure 2: An example of (a) ESEM image of the cell wall and (b) processed image

segmented to two phases (white=Ca/Ti-rich, black=Al-rich area).

Figure 3: (a) Binary image of the polished foam panel. (b) Binary image of ~50x50 mm

foam cut. (¢) Cell contours in the cut (prepared in Matlab).

Figure 4: Distribution of cell wall thicknesses.

Figure 5: Distribution of equivalent ellipse shape factor.

Figure 6: Distribution of equivalent circular pores.

Figure 7: Part of the indentation matrix showing 6x6 indents with 10 pum spacing as

scanned with Hysitron Tribolab.

Figure 8: Typical loading diagrams for Al-rich and Ca/Ti-rich zones.
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Figure 9: (a) Probability density functions of elastic moduli from two measured

positions and (b) merged results with deconvoluted phases.

Figure 10: (a) Binary image of the foam (106x106 mm). (b) Voronoi tesselation.
(c) 2-D beam model with boundary constraints (red squares indicate optimum RVE
sizes from which homogenized properties have been obtained; solid line=35%35 mm,

dashed line=50x50 mm).

Figure 11: Dependence of effective Level II Young's modulus on RVE size.

Figure 12: Compression test. (a) Foam sample and an image with digital image

correlation markers, (b) stress strain diagram, (c¢) detail of loading-unloading cycles at

low strains.
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Tables

Table 1: Elastic moduli and volume fractions from deconvolution.

Phase Mean (GPa) St. dev. (GPa) Volume fraction (-)
1 (Al-rich zone) 61.88 4.6 0.638
2 (Ca/Ti-rich zone) 87.40 16.7 0.362

Table 2: Values of the Level I effective Young’s modulus computed by different

homogenization schemes.

Scheme Mori-Tanaka Self-consist. Voigt bound Reuss bound
scheme
E (GPa) 70.083 70.135 71.118 69.195

Table 3: Values of the Level II effective Young’s modulus computed by different

analytical homogenization schemes.

Scheme Mori-Tanaka Self-consist. Voigt bound Reuss bound
scheme
E (GPa) 3.1510 0.0012 6.0200 0.0011
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FFT-based Finite element method for homogenization
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Abstract

We present a mathematical theory to a FFT-based homogenization, the numerical method in-
troduced by Moulinec and Suquet [14], The method is based on the Lippmann-Schwinger integral
equation including the Green function. We show its equivalence to weak formulation in the sense the
unique solution coincide. Then we provide an unifying concept of the discretization with trigono-
metric polynomials [19] that is applicable for both formulations. Moreover, we explain the solution
of the resulting non-symmetric linear system by Conjugate gradients as proposed in [24]. Finally,
the convergence of discrete solutions to continuous one is provided.

1 Introduction

A majority of computational homogenization techniques rely on the solution to the unite cell problem,
which concerns the determination of local fields in a representative sample of a heterogeneous material
under periodic boundary conditions. In order to show the approach, a scalar problem modeling heat
transfer, diffusion, or electric conductivity (our choice), is considered and formulated as

curle(x) =0, divj(z)=0, j(x)=A(x)e(z), x€)Y (1.1)

where Y = Hizl(—Ya, Y,) € R? denotes a periodic unit cell in d-dimensional space, e = (ea)d Y=

a=

Y= R? the corresponding vector of electric current,

R? a vector valued electric field, j = (ja)i:

A= (Aag) : Y — R4 a second-order uniformly elliptic bounded tensor of electric conductivity,
d
and Ae express the tensor by vector field multiplication, i.e. Ae = (22:1 Aaﬁeﬁ)a:f The differential

d
a,B=1

equation (I.I)) is constrained to a periodic boundary condition with period Y € R? and the prescribed
average load coming from the macroscopic level average electric field E, i.e.

(e) = —

= |yld/ye(ac) de =FE, (1.2)

where E denotes a prescribed macroscopic electric field and |)|, represents the d-dimensional measure
of Y.

The solution of initial problem, and , can be very demanding especially for complicated
microstructures and high contrasts in conductivity coefficients in combination with higher-dimensional
problems. There are various works dealing with discretization of weak formulation, Def. 2:20] especially
by Finite Element Method (FEM) with polynomials as the basis functions [, [6] [7, 22] 25].

Another method based on the Lippmann-Schwinger equation uses discretization with trigonometric
collocation method proposed by Vainikko in [19] and leading to the non-symmetric non-sparse linear
system. The numerical solution based on Neumann series expansion was introduced by Moulinec and
Suquet in [I4]. Nowadays, the proposed algorithm is in extensive investigation and some improvements
and modifications were proposed [I5] [8, 20, &, 20, 13|, 2 B, 23], however no rigorous theory has been
published yet.



Paper 5 page 93

2 CONTINUOUS FORMULATION 2

Under the assumption of positive definiteness of material coefficients A at periodic unit cell ), we show
in Lemma the connection between Lippmann-Schwinger integral equation, Def. , and weak
formulation, Def. . The possibility to obtain the equivalent linear systems from both formulations
has been already published in [2I]. The discretization via trigonometric polynomials requires the values
of material coefficients A at regular grid, thus it is fitted for data obtained as digital images from e.g.
X-ray tomography [4] or nanoindentation [16, [17].

Since the multiplication with the matrix from the linear system can be efficiently provided using Fast
Fourier Transform (FFT), the solution is appropriate for Krylov subspace methods. Zeman et.al. in
[24] proposed the solution using Conjugate gradients in spite of the absence of positive definiteness and
symmetry of linear system and showed the behavior of the algorithm, its equivalence with Biconjugate
gradient method and especially its independence on reference conductivity A°, the parameter occurring
in the Lippmann-Schwinger type integral formulation.

In Section [3.4] we show the convergence of discrete solution expressed as linear combination of
trigonometric polynomials to the continuous solution and Section validates the usage of Conjugate
gradients for suitable initial approximation.

For the later use in this work, the following notation is introduced. The letter d denotes the dimension
of the problem, assuming d = 2, 3; the Greek letters «, 3,7, (, 8 are reserved to indices relating dimension,
thus ranging 1,...,d (the range is for simplicity often omitted).

The set Ng represent natural numbers including zero. The sets C? and R? are spaces of complex and
real vectors with canonical basis {€,} and are equipped with the Lebesgue measure dx. We denote by
|2|4 the d-dimensional Lebesgue measure of a measurable set 2 C R?. The norm || - || on C? is induced
by scalar product (u, 'v) cd = Y o UaTq for u,v € ce.

The set [Rgxdd denotes the space of symmetric positive definite matrices of size d x d with norm
Cll2 = maxgega |z)=1 [|Cx|2 that equals to a largest eigenvalue.

A function f : R? — R is Y-periodic (with period Y € R?) if f(x + Y © k) = f(x) for arbitrary
x € R4,k € Z¢, where operator ® denotes element-wise multiplication. The Y -periodic functions are
sufficient to define only on a periodic unit cell (PUC), set to YV := (=Y, Y,)%_; C R%. Two integrable
functions which are almost everywhere equal are identified.

Finally, operator @+ denotes the direct sum of mutually orthogonal subspaces, e.g. R? = €; &+ e, &+
. @J' €4.

2 Continuous formulation

This section describing the continuous solution to initial problem and is split into two parts.
Sec. summarize the well known facts about function spaces and their properties that are used in
Sec. defining a weak formulation and describing the Lippmann-Schwinger integral equation and
showing their equivalence.

2.1 Definitions

This section provides some facts about periodic distribution, the periodic Lf,er space and its splitting

into subspaces used thorough the work. The facts are well known and can be found in e.g. books of
Saranen and Vainikko [I8], Jikov, Kozlov, and Oleinik [9], or in other books dealing with function spaces
and the equations of mathematical physics.

We begin with definitions of fundamental spaces and their properties.

Definition 2.1 (Y-periodic L}, space). Let p € R with 1 < p < co. Define a Y -periodic space of square
integrable functions as

LE, () = {ferLt (RY) : f is Y -periodic a.e.}

loc
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2 CONTINUOUS FORMULATION 3

where LY (V) denotes

{f : R — C; f measurable : [, f(x)dx < oo with Q C R? bounded}, 1<p<x
{f :R* = C; f measurable such that there exists C € R with |f| < C a.e.}, p=oc.

unifying the functions equaling one another almost everywhere.

The space L2, () is a Hilbert space with a scalar product of functions f and g defined as
(1 9z 0= Pla" [ F(@)ofa)da (21)
and induced norm
1z =/ (f: ) a9y (2.2)

where |V, denotes the d-dimensional measure of the PUC Y C R?. The space L8, () for 1 < p < oo is
a Banach space with norm

x)|? dx E, 1<p<
g = (B U@P ) S (23
inf{C € R:|f(z)| < C for almost all z}, p = oc.

The powerful method to analyze functions is the technique of Fourier Transform and/or, in the
periodic case, the Fourier series working with trigonometric orthonormal basis of space L2, () that is
given by the set {¢g }reze With ¢ defined as

ka «
or(@) = exp (iwz Yx ) ke z¢. (2.4)
a «

Definition 2.2 (Fourier representation of functions). We define the Fourier representation fr € L2.(Y)
of function f € L?_.(Y) as

per

fr@) = fk)pu(@)

kcZa

where the numbers f(k:) € C,k € 7% denotes the Fourier coefficients of function f defined as

F) = (F.0) 1y ) = V13" [ F(@)onta)da

where P, = @_k.

It can be shown that Fourier representation fr equals to the initial function f almost everywhere
thus they can be identified. Moreover function f € C'()), function with continuous partial derivatives,
are represented by the Fourier series everywhere. Next, we can alternatively, due to Parseval’s identity,
express the scalar product of functions f,g € L2,.()) as

per

(fa g) L2, (V) = Z f(k)g(k) (2.5)

keczZ4

1

and thus the norm as || f|z2_(y) = (Zkezd |f(k)|2) 7

per

In order to work with derivatives of L;Q)er functions, we have to weaken the notion of derivative using
distributions, the generalized functions. First, it is necessary to define the periodic test functions being
the linear function space and a proper convergence on it. Next we follow with the Fourier representation

of a derivative.



Paper 5 page 95

2 CONTINUOUS FORMULATION 4

Lemma 2.3 (Fourier coefficients for a derivative). For a function f € C'Il)er(y) we can express the
Fourier coefficient for a partial derivative as
of
0% g,

(k) = inta (k) f(K)

where k € Z and ¢, (k) = f,—‘:

Definition 2.4 (Test functions). For d € N and Y € R? regarding a dimension and a period, we define
spaces D(RY) and Dper(R?) of test functions and Y -periodic test functions on RY as

D(RY) = {1 € C(R?) : supp ) is compact}
Dper(RY) = {1 € C®(RY) : T (z) = o(x), YV € RIVE € 7}
where C*°(R?) denotes the set of infinitely differentiable scalar functions on R, operator supp v denotes

support of a function defined as a set suppty) = {x € R%: ¢)(x) # 0}, and operator T denotes the
translation of function 1, i.e.

d
(T}lﬁ'l/f) (113) = Qb (217 + Z kaYa€a>
a=1
with €, = ((5&5)%:1 for a =1,...,d being the vectors of the canonical basis of RY and Snp denoting the
Kronecker delta.

Definition 2.5 (Convergence in D(R?)). Hawving the sequence of test functions, i.e. {1}, %, €
D(RY),n € Ny, we say that the sequence {1, }>> | converges to o in D(R?), and write 1, — 1 in D(R),
if the following properties are valid

e there exists a compact subset Q of R? such that supp 1, C Q for alln € N
o for the arbitrary ky,...,kq € No, the uniform convergence holds

OFap,, () . OFp(x)

k)l k)Q kd k)l k? kd
O0xy' 0zy® ... 0z O0xy'0zy* ... Oz

, forn—

with k=Y k.

Definition 2.6 (distribution). A linear functional T : D(R?) — R, with T(-) denoted as (T,-), is a
distribution on R? if it is continuous with respect to the convergence of D(R?), i.e.

Yy > in DR) = <T, 1/1n> — <T71/)> (2.6)
The space of distributions is denoted by D'(R™).
Definition 2.7 (Y -periodic distribution). Distribution T € D'(R™) is Y -periodic distribution, if
(T, T.Yv) =(T,¢), V¢ € D(R?)

where ’T}’f@/} denotes the translation of function v described in Def. (2.4)). The space of Y-periodic distri-
butions, i.e. {T € D'(R) : T'is Y -periodic}, is denoted as D), (R%).

In order to define the derivative of integrable function without any requirement for regularity, the
notions of the derivative of distribution and convergence of distribution are introduced.

Definition 2.8 (derivative of periodic distribution). For a periodic distribution f € D!, (R?) we define

per
its partial derivative as distribution % € D;)er([Rd) satisfying fora=1,...,d
of oy d
—— ) = —(f, =), Vo € Dper(R). 2.7
<axa 9 ,l/}> <f axa > /(/) P ( ) ( )
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Definition 2.9 (convergence of periodic distribution). We say that a periodic distributions f,, € D;er([Rd)
converge to f € D). (R), and write
lim f, = f,
n—oo
if
Tim (fo, ) = (fi9), Vi € Dper(RY). (2:8)

After a definition of Fourier coefficients of periodic distribution we follows with a Lemma about the
representation of periodic distribution by Fourier series.

Definition 2.10 (Fourier coefficients of periodic distribution). We define the Fourier coefficients f(k) €
C? for k € Z¢ of a periodic distribution f € D', (R?) as

Fk) = (f,or) (2.9)
as ok € Dper(RY).

Lemma 2.11 (Fourier series of distributions). Assume f € D}..(R?) and 1 € Dyer(R?). Then there
holds

(a) there exists p € N and ¢, € R such that | f(k)| < c,||k||5, Yk € Z4\ 0

(b) there exists ¢, € R such that for arbitrary r > 0 we have |(k)| # ¢, ||k||5, Vk € Z\ 0
(¢) {,4) = Lyezn [ (K)(—k)

(@) Kittiin vy, Ny roe Yrecz, F0)ok(@) = (@) in D (RY)

whereZﬁl\, = {k EZd:f% <k, < %,a: 1,...,d}.

The Lemma and the proof that can be founded in e.g. [I8] says in (a) and (b) that the higher the
regularity of a function/distribution the higher the dacay of Fourier coefficients in infinity giving the
sense of expression (c). The property (c) is important especially with the definition of derivative of
distribution, cf. Def. (2.8). The property (d) legitimize the expression of the distribution f € D;)er([Rd)
as a Fourier series.

Next notes are dedicated to Sobolev spaces.

Definition 2.12 (Derivative with multiindex notation). Let m € Ng, I € N&, and u(x) € L2, (D), we
define

5Hllhu(w)

Hi:1 Oea
D™u(x) = {D' : ||I]; = m}

Dhu(x) =

with a partial derivative in the sense of distributions.

Definition 2.13 (Sobolev space). Let 1 < p < oo and € N. Sobolev space WlP(Y) of Y -periodic
functions (distributions) is defined as

WiE (V) = {f € Lhe(V); D' € Lhe, for L NG : |1l < .

For a special case p = 2, we define
0 . 4,2
Hé)er(y) T W}ﬁer (y)

We define a norm of Sobolev space || - [|wuryy as

1
L P »
[ullwpe vy = (ZlE[Ng:HlHl<H 1D “||Lger(y)) ; Jorl<p<oo
maxyeyd 1)), <p 1D ull Lo, 0y, for p = 0.

o
where norm || - ||z, (y) is defined in Eq. (2.3).
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Remark 2.14. For a Sobolev space H}, (V) we also use equivalent norm

2

lull gy = | D IER)IE" [alk)[?

keczd

where (k) denotes Fourier coefficients of function u and

1, for k=0,

ek) = (2’“7@&)(::1 , for0#kecz74

Remark 2.15 (vector valued functions). Let p € N and 1 < p < co. We define a space of vector valued
functions as

L2 (V€)= {f : Y = CIf = (fa)azy: fa € Lher(Y) for a=1,....d}
WEL V€Y ={f : Y = Cf = (fa)azr, fa € WEE(Y) fora=1,....d}

with norms

£l g ieny = ICLF @) o) g ) I llwger vieny = IIC

and scalar product

| F(@)llp) lwger )

(£:9) 13, ien) = Z(f“’ga)%erm

[e3%

where |[v], == (3, vg)% denotes the norm on space RY. The above space naturally inherits the properties
stated in previous parts.

The Fourier representation fr € L2 (; C%) of the vector valued function f € L?
defined as a Fourier coefficients of its components, i.e.

= > fk)pw(x) F(k) = ((fa’@k)Lger(w)d

kezZ4

(V; €% can be

per

The matriz valued functions or tensor, i.e. L2,.(Y;C™>) and WiP(V;C*4), are defined analogically
with norms

d d
1Flegvien = Il (Ifapllzae) o o Iflwgeosen = | (aslwgzor) T
a,f=1 a,f=1
where || - ||, denotes a matriz norm on R4*? defined as
Azx
A, = sup 1A2L

xeRY,z#£0 ”m”p .

Now, we will define the differential operators divergence and curl on the space L2_., i.e. in the sense

of distributions.

per»

Definition 2.16 (divergence and curl). Let f € L2,.(V;R?) be vector valued function, then we define
divergence and curl in distributional sense as

d

div f == (div f,9) = — > fa, ), Vi € Dper(RY),

—

«

curl f := (curl £, ) << fB, aww >) , Yye Dper([Rd).
a' /) ap=1,..d

=1,...,
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Remark 2.17 (Helmholtz decomposition). Next, we introduce Helmholtz decomposition L2, (Y;R?) =

per
U ot & ot F to the spaces of constant, curl-free with zero mean, and divergence free with zero mean

fields

U ={ve L. (V; R?) : v(zx) = const.}, (2.10a)

&={vel. () RY) : curlv = 0, (v) = 0}, (2.10b)

J ={ve L, (V;RY):dive =0, (v) =0}, (2.10c)

where (v) 1= ﬁ fy v(z)dx € R? denotes the mean value of function v over periodic unit cell ). Since

the space U consists of constant functions, we identify the space % with R?; this validates the operations
such as E+v € L2 (V;R?) for E€ RY, v € L2, (V;RY) and CJ € R? for C € R and J € % .

per per

Lemma 2.18 (Existence of potential). Vector valued function e € & has potential, i.e. there exist scalar
function v € H}(Y) == {u € L2, (V); [6(0)]* + X peza €(K)||3]0(k)[* < o0o}. Moreover, space & can be
alternatively expressed as & = {Vu;u € H}, ()}

2
per

€= Z fa(k)@k

kezd4\{0}

Proof. Vector valued function e € & C L2_.(V; R?) can be expressed using Fourier series

noting (e) = 0. Then we define a scalar function u € L2_.()) as

o= ¥ A
keza\{0}

and we show that it is a potential for e.

Next, we show that %“ = ¢q in L2, (V;R?) by testing with function i—lf, ie.
ou oY, ,0u B %
<% €a7?1> = %7?1> <€1> $a>
= (im(k).el( Lime, (k) (k) —el<k>mfa<kw<k>) 0
S in& (k)

where the identity <ea, 6%1> = <61, %> was used as the function e is curl free from definition.
The inclusion {Vu;u € Hl,.(V)} C & follows from

per

Ou %>_<@ Y
Oxo’ Oxp Oxg’ 0z @ f=1,.d

yeeny

B 0% 0%y B
B <<u, 8xa0x5> - <u, O0xo0xp >) a,f=1,...,d - <0)Q’B:1"“7d

yeeny

curl Vu := (curl Vu, ) = — <<

for arbitrary ¥ € Dper(R).
Finally, we show that u is from Sobolev space, i.e. u € H},.()). It could be shown that functions

per
Uy € L2 (V;RY) for a = 2,...,d defined as

per
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are also potentials of function e. Clearly we have Vu, = e for a = 2,...,d and thus Vu, = Vu and
consequently even u, = u. Then u € H},.()) as
lullf, = > I€®I3la®))> = > [lE®)I5ak)?
kezZ? kezZ\{0}
< Y la®Plak))? + [&E)Platk))® + ..+ [ak)Pladk)
kezd\{0}
T e L e
= 1 : 2 : d :
ke2 (0} ir& (k) ir&s (k) ir€q(k)
< He||2Lgcr(y;[Rd)~

2.2 Integral and weak formulation

In this section, we define weak formulation Def. and the formulation based on Lippmann-Schwinger
equation Def. In Lemma we show the equivalence of both formulations. It is based on
projection operator that is derived from Green function occurring in the Lippmann-Schwinger equation,
see Lem.

Notation 2.19. Here and in the sequel, A € Lo (Y, Rgsdd) denotes symmetri and uniformly elliptic
material coefficients of electric conductivity. It means that there exists positive constant cy4 > 0 such that
for almost all x € Y and all nonzero u € R?, inequality

CA”U‘H% < (A(:B)ua u) R

holds. For the next use we define constant of upper bound Cx := || Al|L .
Moreover, function e € & denotes perturbation of electric field, and E € % its macroscopic counter-

parts. Then their summation (E + e) € % &+ & represents microscopic field.

Weak formulation in the next definition is derived with the multiplication of differential equation (|1.1)
by a test function v € Dper (), the application of the Green theorem and some algebraic emendation.

Definition 2.20 (Weak formulation). Let A € L33 (Y, R¥*) be symmetric positive definite material

coefficients. Then we define bilinear form B[-,-] : L2 (¥, R*) x L2 . (¥,R?) = R as

Ble,v] := (Ae’v)Lge,.(y,[Rd) (2.11)
and the linear functional f[]: L2, (V,RY) — R as

flo] = —(AE,v) 1o (5 g (2.12)

where E € % is a macroscopic load. Function € € & is the weak solution of the differential equation
(1.1) with periodic boundary condition and constraint (e€) = E if

Ble,v] = f[v], Yveé&. (2.13)
We say that e = E + € is microscopic field for macroscopic load E € % .

Remark 2.21 (Existence of the unique solution). Since the bilinear form from Def. (2.20) is positive
definite callv|rz, < Blv,v] and bounded Blu,v] < Callul[rz2_[lv|rz, for all w,v € & and the linear

functional f is bounded ||f|| < Calleo||rz,, . the well known Laz-Milgram theorem provide the existence
and uniqueness of the solution.

LFor almost all & € Y, equality A(x) = A(x)T holds.
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Remark 2.22 (The solution of weak formulation as a minimizer). The bilinear form is symmetric, i.e.
Blu,v] = Blv,u] for allu,v € Lger, as A is symmetric, thus we can express the solution as a minimizer
of quadratic functional

1
e=FE +é=FE+argmin, . 53[07’0] - f['”]

In order to formulate Lippmann-Schwinger equation, we introduce a homogeneous reference medium
with constant conductivity A° € R4*? that is symmetric and positive definite. Then we can decompose
the electric current from Eq. (1.1]) into the form

div [Aoe(w)} — —div [(A(m) - Ao)e(m)] (2.14)

that is appropriate for the use of Fourier Transform technique for a homogeneous problem with conduc-
tivity A°; the right-hand side of Eq. :2.14 then represents the sources, the divergence of so called po-
larization field. The original problem 7 is then equivalent to the periodic Lippmann-Schwinger
equation with a derivative of Green function as an integral kernel.

Definition 2.23 (Integral formulation). Having the same assumption as in Def. (2.20) and in addition
let A° e ﬂ?g;dd be symmetric positive definite matriz. We say that e € L}%er(y;[R ) is the solution of
Lippmann-Schwinger equation if it satisfies

e(x)+ /y I'(x—y; AO)(A(y) - Ao)e(y) dy=FE, z=e) (2.15)

where the convolution integral f € L2 (J; RY) — fy T(x—y; A" f(y)dy € L2 (Y RY) is defined with
the help of Fourier series as

Ek)®&(k)
F £r — ,AO d = k T ) a
/y (z—y; A7) f(y)dy kezzd\:{o} (AOE(k),E(k:))Rdf( Jor(T) (2.16a)
d kakp
= Tty fio (k) pre( 2.16b
ke;\:{o} ;Zi,yzl A?W@:';j Jalk)ou=) ( )

a=1,...,d

where &€(k) € R? is a vector with components &, (k) = f,—“, binary operator ® denotes tensor product and
(AOS(k),E(k))Rd is a quadratic form in R? and f(k) for k € Z% are the Fourier coefficients.

Remark 2.24. The definition of convolution integral in Eq. (2.16) is correct, it really maps the function
to the space L2, (V;RY) as

per

1
I [ Tl =5 A% £(w) dyllg vy < = Fllig v
v €A
In order to show the equivalence of both formulations in Def. (2.20) and (2.23), we introduce an
operator G[-] based on convolution integral of Lippmann-Schwinger equation. In the following lemma,

we show that it is a projection on space &, the space of curl-free fields with zero mean.

Definition 2.25. We define an operator G[-] : L2, (V;R?) — L2_.(V;R?) as

per per

mﬂ@w=/r@—mA%Avwmy

y
where the convolution integral is defined in Def. (2.23]).
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Remark 2.26. The operator G can be explicitly expressed as

GA@ = 3 S e ai e 217
keZd\{O}ﬁ'Y R4

where &, (k) = % €R fora=1,...,d as in Def. (2.23).

Remark 2.27 (The adjoint of G). For the next use we also discuss the adjoint operator G* to G, i.e.
the operator satisfying (gv,w) = (wg* ) for all v,w € Lper With the help of previous Remark
we can easily express the adjoint operator G* as

@ = S A iy e 219

keza\{o} B,y

leading to a property A°G = G*A°.

The following lemma provides a projection on space & and it is based on the well known results

£(k)RE(k)

about projections of matrices in Fourier space ( that are used in homogenization theory, see

£(k).£(K))
e.g. [12]. However, the operator G, including parameter A" and acting on L?
yet, to the best of our knowledge.

pers 11as not been presented

Lemma 2.28 (Projection on curl-free fields). Operator G[-] : L2, (V;RY) — L2 (V;RY) defined in
Def. (2.25) is a projection on the space &.

Proof. First, we note that Def. is correct, i.e. it maps the functions into the space Lper(y RY) as

G f ]Hlem(y Ri)y < T4 ”f”L?,er(J’ RA)- The Fourier coefficients of the real functions satisfies the following

symmetry f (k) = conj f (—k) for all k € Z¢. The images of operator G provides such symmetry

d
d
coni(GF (k) = coni | 3 Mﬁgfgmfx%m—k)
[ a=1
d
d
ga&ﬁ 0
= > A, conj(f,(—k))
Byy=1 (Aoé',é) ! ’ a=1
SR '
= > LAY £ k)| =GFk)
o (A8 )

We show that operator G is the projection by showing G2 = G, hence

kez\{0} (Aog(k)7€(k))kd
ER)SEk) 0 ER)
kezz\‘io} (A% (k). E(K) g (A°E(K),€(K)) g

_ k) k) o _
= 2 (A k), A TR = )

@) =alf@=¢| 3 ~SEEE® 40k
)

Next, we prove that it maps into the space & by showing curl G[f] = 0 and (G[f]) = 0 for all
fe Lper()}, RY). The later case is trivial as we sum in Eq. (2.17) over the set Z¢\ {0}, i.e. the constant
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term is omitted. Hence, the first case follows for arbitrary test function 1) € Dper(RY) as

d
curl G[f] := (curl G[f],¥) = — <<(g[f])m ;:i) ((GLfDss 68;/;>> o (2.19a)
— — 7d_l
= (S G 2 k) = ST G k) 2 (k) (2.19b)
Ox ox
kez A kez a B=1
d
_ Z Z faé{ g9f9 . Z Z fﬁgC gefa iﬂfoﬂZ (2.190)
kez\{0} .0 (k). & ))[Rd kez\{0} .0 £(k), £(K)) g ot
= (0)0 5, (2.19d)

where Eq. is just from Def. (2.16)), Eq. (2.19b)) comes from a property in Lemma and
Eq. follows from the definition of operator G and Lemma

We show that the projection maps on space & by showing G[f] = f for all f € &. Using again
property in Lemma we can write for an arbitrary test function ¢ € Dper([Rd) and arbitrary o

Y T Sa(R)Ep(k) 40 7 >
a T ay 2 = a k - A ~ k k
(f g[f} 'l/}) Lper(y) kez\{o} f ( ) o (AOE(k), E(k))[Rd ﬁ’Yf ( ) ’(/}( )

Using Lemmam giving a potential u € H},.()) such that Vu = f, we can continue as

per

ou Salk)Es(k) 0 Du ) =
kezzx{o} o, %( AOE(k). k) s Dy ) | V)

it (k)i Ealk)Esk) o oo\
kz\{} i (R)3k) = 2 (a0 k), gy oy o 0 RVR) [ 08) =0

where we have used Lemma [2.3] about the Fourier coefficients of a derivative. O

Using previously proven Lemma, we show the connection between both formulations. We notice that
the solutions of both formulations differ by a constant; the unique solution of weak formulation & € &
has zero mean while the solution of Lippmann-Schwinger equation erg, if exists, has the mean value
equal to macroscopic load (ers) = E.

Theorem 2.29. Weak formulation, Def. (2.20)), and Lippmann-Schwinger equation, Def. (2.23)), are
equivalent in the sense the unique solution coincide.

Proof. The unique microscopic field e = E + & with &€ € & and E € % coming from a weak formulation
satisfies

(Aé, w) = —(AE, w)

L2, (VR4 Yw € &.

L3er (ViRE)?

Using the property of operator G, i.e. Glw] = w for all w € &, and the identity A°(A%)~! noting that
A° is positive definite and symmetric, we can rewrite the weak formulation into

(A°(A°)TA(E + &), Gw)
(A°)TA(E + &), A°Gw)

L2, (ViRY) — 0, Vw e Ly, (V;R?),

Lo ywny =0 YW € LL (ViRY),
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where we have enlarged the space of test functions. Next, using the properties of adjoint operator G*
stated in Remark and the fact that A°() 1 w € L2,(V;RY) = A%w € L2, (Y;R?) is isomorphism,
we write

(A°)TA(E +¢&),G" A’w) ,,

.mpd
2 (ViRD) T 0, Vw e Ly, (V;R)
(G(A%)! Ae,v)

Lz, wn — 0 VVE Lper(V5RY)

where v = A’w.
Adding and substracting the terms (é, 'v) 2

(ViRY) and using a property GE = 0
heads to ‘

and (E, 'U)L,%er(y;ﬂ?d)

(€v), +(Bv), +(G(A%)  Aev),, —(€v),, = (B,v) s Vo € L2, (V;RY)

per per
(e + Q(AO)_l(A — Ao)e, v)L?(y;[Rd) = (E, U)L2(y;Rd), Yov € Lf)er(y; [Rd)

Since it is tested for all test function v € Lger (¥;R%), we abandon the scalar product to equation holding
almost everywhere

e(x)+G[(AY) (A - A%e|(x) = E, foraa xzc)

e(x)+ /y T'(z—y)(A(y) — AV)e(y)dy = E, foraa xc)

The functions from Lger (V;R%) equal to each other if they are the same almost everywhere, thus we can
choose an appropriate representative in order to satisfy the equation everywhere and the first implication
is done.

The contrary case can be done by multiplication with a test function v € L%er()}; RY), by integration
over ), by split of the solution with projection e = Ge + (I — G)e, and by the same arguments about

the projections G and its adjoint G* as in the first part of the proof. O

3 Discrete solutions

This section is dedicated to the discretization of weak formulation in Def. 2:220f The trigonometric
polynomials are used as the basis functions, see Sec. [3.1] and their approximation properties are stated
in Sec.

Next, in Sec. we define Galerkin approximation (GA) and Galerkin approximation with numerical
integration (GAwNI) and we show the fully discrete formulation of GAwNI that is appropriate for the
solution by Conjugate gradients. In Sec. we provide convergence of discrete solutions to the solution
of weak formulation, then in Sec. [3.] the convergence is shown for rough material coefficients by their
regularization. Finally, Sec. [3.6] provides information about the numerical solution of a corresponding
linear system by Conjugate gradients.

In the sequel, vector IN € N? is reserved for a number of discretization points, then scalar |N | :=
[1., No denotes the number of degrees of freedom. If N, is odd for all o we talk about the odd number
of discretization points. We use a simplification in order to make the theory of real valued trigonometric
polynomials uncomplicated — in the sequel, only the odd number of discretization points is considered,
Sec. 31

A multi-index notation is employed, in which RY represents RV % *Na_ Set R¥™*N denotes the space
of vectors v with components v?* and R¥*4*NXN the space of matrices A with components AZ};" for
a,f and n,m € Zf\,. Next, vectors v?® € R? for n € Zﬁl\, and v, € RN for a represent subvectors
of v with components v?. Analogically, submatrices A™ € R*? and A,5 € RN*N can be defined.
A scalar product on set RN is defined as (u,v) RIXN = Yoa ZnEZdN uv? and matrix A by vector

v multiplication as (Av)p = >, Zm€zg\, ARE*vE . Matrix A is symmetric positive definite if relation
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AT = AT holds for all components and inequality (Av,v)g,.~ > 0 applies for arbitrary v € RV,

We use the serif font for vectors v € RN and matrices A € R¥¥¥*NXN t5 distinguish from vectors
E € R? and matrices A(z) € R*? and from vector valued functions v € L2 (Y R%). In order to
differentiate vectors and matrices for different number of discretization points IN, we often write them

with subscript IV, i.e. vy and Apn.

3.1 Finite dimensional space of trigonometric polynomials
In this section we define a finite dimensional space of trigonometric polynomials and provide its properties.

Definition 3.1. For odd N, we define the space of trigonometric polynomials as

In = { Y rpu(a)iek e Cek = (€F) fork e z;lv} (3.1)
kezg,

where the index set Z%;, already defined in Lemma is expressed as

N, N,
z;l\,:{kezd;—2gka<2,} (3.2)

and @i, are basis functions defined already in Eq. (2.4), i.e. pr(x) = exp (i7r Zi:l ky—f”) The scalar

valued functions from the space In are denoted with a subscript N, e.g. fN € In. Analogically, we
define the vector valued trigonometric polynomials as

tyl\d]:{fELf)er(J);le>:faefg.N fora:l,..,@}’

Remark 3.2. The condition ¢ = (&%) for k € Z‘Ji\, in previous definition satisfies that trigonometric

polynomials are real valued. The fact that N is odd satisfies that the boundary frequencies % do not

occur at all. This assures that the index set Zﬁl\, is symmetric around zero, thus all frequencies k € Zﬁl\,
has the opposite counterpart —k as well as the Fourier coefficients.

Now, we show two possible representations of trigonometric polynomials and the connection between
them. They can be expressed through their Fourier coefficients and through their function values at
nodal points.

Remark 3.3 (Representation of vn € ;¢ through its Fourier coefficients). The function of trigono-
metric polynomials, vy € In, can be expressed as

on@) = Y in(k)en(@),

kezg,

where O (k) € C? are Fourier coefficients defined in Def. ([2.2).

Definition 3.4 (nodal points). We define the nodal points of a periodic unit cell Y as points :Blfv ey
fork e Z(]i\, explicitly expressed as

ok I:ZQYakaea: 21k 2Yaks 2Y kg '
N — Na Nl ’ N2 ) ) Nd

Thus each vector k € Z% points out one point X, € ) from the regular grid {xX, € V;k € 2%}

Remark 3.5 (Representation of vy € 31‘\1, through its nodal values). The trigonometric polynomials
can be represented through its nodal values as

on() = > on(EF)enm(T)

mezZy,
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where the functions pn k(x) € T4k state for

1 —m o 2ma
WN,m(m):W Z o ()™ = |N|H Z eXP{WZk ( )} (3.3)

T pezg, kezd, Na

The are called shape basis functions and satisfy the Dirac delta property at nodal points

N m(TRK) = Ok, (34)

i.e. it is such trigonometric polynomial having the value one in a particular nodal point of reqular grid
and value zero in the rest of the nodal points.

Remark 3.6 (Connection of representions). Let un(x) € In. Then Fourier coefficients on(k), k € Z%

d
can be obtained with the Discrete Fourier Transform from the values at nodal points (vN(wﬁ))meZN

Hence

N 1 —km
’U(k) - ‘N|H Z v(mN)ka ) ke Z?V
mGZSL\,

v(@) = Y kW, meZy
kezZ%,

where wk™ = exp (27ri Y a ki‘\,ﬂ) are the coefficients of DF'T with the property
Z WO = 51 | N | (3.5)
mezZg,
Remark 3.7 (Orthogonality of ¢on k). For shape basis functions, the following holds

Okt
[N

(SDN,k:a <PN,1) =

Proof.

1
(@N,ka%pN,l)[g :m Z Wﬂ}k(sﬁm,sﬁN,l)Lg

per
mezZg,

Il
7 N
—_

Z > R (Pmoon) s

mezZg, nezg,

[N [
2
) X5 e

<N| mezZg, nezd;

0
k: —ml _ kl
Wiy
<N|H) Z NENT T N

mezZyg,

—_

=

[t

O

Definition 3.8. Operator Ip : 91‘\1, — RN stocks the values of the trigonometric polynomials at the
nezd,

nodal points to a vector In[vn] = ('UN»OC(:BnN))a:L...,d'

Lemma 3.9. Operator In from the previous definition is an isomorphism.

Proof. The proof is the consequence of its Def. and the Dirac delta property (3.4). O
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3.2 Orthogonal and Interpolation Projection

This section provides lemmas about trigonometric approximations, i.e. about the estimates of orthog-
onal projection and interpolation projection. In [I8], Section 8], this topic is well described for a one-
dimensional setting and partially for a two-dimensional setting with equal number of discretization points
in each direction. Thus we present here the generalization of the estimates for arbitrary dimension and
for arbitrary number of discretization points. However, the proofs follows the same ideas as in [I8]
Section 8.

Definition 3.10 (Orthogonal projection). For odd N € N, we define an operator Pn[-] : L2, (V;R?) —
T as

Pn[v](x) = Z o(k)¢r(x)

kezd,
where (k) denotes Fourier coefficients of v.
Remark 3.11. It can be easily shown that operator Pn|-] is the orthogonal projection.

The possibility of expression functions as a Fourier series is stated in the following lemma with a proof

that is based on the density of the set of trigonometric polynomials {gpk}kezd in space L2, e.g. [11].

Lemma 3.12 (Approximation by orthogonal projection). For a function v € Lger(y; RY), the following
holds

Am v — Pn[v]llLz, v;re) =0
where N — 0o means min, N, — 00.
Lemma 3.13 (Approximation by orthogonal projection). For a function v € H}, (J; RY) with u € R
we have

Na (A—p)
o~ Palollny, < (min =) ol (35

where A < u and N # 0.

Proof. The proof is a consequence of direct calculation.

> lE®)I k)3

o~ Pulely

VAAVAS
A— ~
= Y eI Nk 13119 (k)13
z4\z4,
N 2(A—p) 5 )
. « M ~
(i) X lewIFlems

Z\2%

2(A—p)
. Na 2
< <a§1171_r_1_7d 2Ya) ol

O

Definition 3.14 (Interpolation projection). For Y -periodic continuous functions Cper(Y;RY) and odd
N, we define an operator QN|[] : Cper — T& with conditions

Onv] € T On[l(2R) = v(@k) fork € Zy.
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Alternatively, the interpolation operator can be defined as
Onl = > v(@k)en k.
kezg,

This is based on two possibilities of trigonometric polynomial representation and their connection
Rem. 3.6

Remark 3.15. The interpolation projection is well defined for Hp, (V) with p > % as the space HY..())
is embedded into the space of continuous functions Cper.

Remark 3.16. The mapping QN from previous definition is clearly a projection, nevertheless not or-
thogonal anymore.

Next, we state the lemma about interpolation operator in Fourier space; the lemma is used for the
facts about approximation by interpolation projection.

ol

Lemma 3.17 (Interpolation operator @y in Fourier space). For v € Hf. (V), u >

Qull@)= Y | D ek +1oN)| pr()

kezd, |lezd
where ® denotes element-wise multiplication.

Proof. Using the property of operator Qn|[] to being a projection on Jn, we have Qn[pr] = ¢ as
©r € T. Moreover for all k,m € Z% and I € Z¢, the basis functions @ () and pg1 10~ () equals one
anothe at nodal points =3} = Zd Doka e as

a=1 N,
4 1 N.2Y.m
Prron (ZR) = ¢r(R) - exp (17:; YaNa >
d
= (@) - exp <2i7r > lama) = v(@R)
a=1

and thus we even have

Qn[orion] = Qnlpr) = pr, (k€ Z%,1€Z%.

As the operator QN is obviously linear, we can finish the proof

Qnl(@) =Qn | Y. tm)pm(@)| () =Qn | Y > ok +10 N)ppron ()| (@)

mezd kezd, lezd

S ok +1oN)| er(@)

kezd, |lezd
O
Lemma 3.18 (Approximation by interpolation projection). Let v € HE, (V) with p > %, then
N\
o= @nlelling, o < exn (i 52 ) llug) (5.7

2operator ® denotes element-wise multiplication
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for0 <A< p and

=

=1+ ™ Y0 U™

lED\lg\{O}
N,
MaXa=1,..d 3y~
g - N .
Milg=1,...d 5y

Proof. The proof generalizes the proof of Theorems 8.2.1 and 8.5.3 in [I8]. Using the identity
lv = @nlvlliEy ) = v = Pn[lliip, o) + 1PN (0] = @[] F )

and Lem. about approximation with orthogonal projection, we have to estimate the second term
1Pl = Qnltl I (-
Using Lem. we can express Fourier coefficients of undergoing term

— Siezivior 0k +LON), for ke Z%
P _ k) = €z\{o}
(Pn[v] — Qn[v]) (k) {07 for k € Zd\Z}i\r.
Then some algebra with Cauchy inequality yield
2
IPnlo] — Qnlollid, oy = 3 IE®IF| S sk +loN)
kezg, lez\{o}

<> 0 X &~||s(k+l@N>||“m<k+l@N>| 2
= [E(k +1oN); :

kezd, \lezd\{o}

€ (k) 3 )
<> ( > I£(k+l®N)II§“>( > lEk+1oN); Iv(k+l®N)|)

kezd, \l€74\{0} 174\ {0}
< enllolzp, ()

where

s [ 3B
N =
kesz lGZd\{O} ||€ k+l QN)HQM

< [lE(N/2)]13 [nax
£ tGZd\{O} Do (P22

= [[€(N/2)[13* Jnax
keZy lezd\{O} Py 1(%)2(2%0( +2la)2}

— (N /2) 2 Z !

M
€74\ {0} {Zi:l(l + 2504)2}

N\ N, \ 2 1
< d* o i T«
=d <ainﬁfd 2Ya> <af11,1.1.1.,d 2Ya> 2. [ a 12}#
leng\{o} Z

a=1"«a
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Hence
1 ] Na 2(A—p)
1Ple] ~ @ulelly o < % Y oo (min 22) T el ()
lG[Ng\{O} ||l||2 e @

and together with Eq. (3.6]), estimate in Eq. (3.7)) follows. O

3.3 Galerkin approximation with numerical integration

This section presents Galerkin approximation (GA) and Galerkin approximation with numerical integra-
tion (GAwNTI) that leads to a linear system equivalent with Moulinec-Suquet algorithm, cf. [21].

Definition 3.19 (Finite dimensional space). We define the finite dimensional space used for discretiza-
tion En = T4 &, the space of curl-free trigonometric polynomials with zero mean.

There is no doubt that the space &N is empty. Since we have projection G from Def. the
Helmholtz decomposition for the space of trigonometric polynomials can be written down

Tk =U &+ En ot _In. (3.8)

Definition 3.20 (Galerkin approximation). Let & be a space from Def. , The function én € EN
is called Galerkin approximation if it satisfies

Blen,vn| = flvn], Von € 6N

Remark 3.21 (Existence of the unique solution). The same arguments (positive definiteness and bound-
edness) with Lax-Milgram lemma as in Remark provides the existence of the unique solution.

Lemma 3.22 (Convergence of Galerkin approximation). The solution of Galerkin approzimation stated

in Def. converges to the solution of weak formulation Def.[2.20,

Proof. Using Cea’s lemma with constants c4 and C4 from [2.:20} we can write

per — per

c
le—enlrz <=2 inf |le—vn|z2
CA VNEEN

per

A
< —lle — Pnle]| Lz
CA

The limit passage with Lemma [3.12] provides the converge result. O

Remark 3.23. The better result than in previous lemma can be obtained with Lemma for higher
reqularity of conductivity coefficients and consequently the higher reqularity of the solution.

Definition 3.24 (Galerkin approximation with numerical integration). Let A € L2,.(); [Rgpxdd) N Cper
be material coefficients that are additionally continuous. Then the function en € &N is the solution of

GAwNI if it satisfies

Bnlen,vn] = fnlon], Yon € En (3.9)
where

Bnlen.vn] = (QnlAen].vn) 1 (5 g (3.10a)

Inlon) = (QnIAELVN) 1 (5 g (3.10b)

Remark 3.25. The regularity requirement of conductivity coefficients A in previous lemma satisfies that
the function Aen is continuous. Hence, the interpolation operator Qn/|-] is well defined.
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Next, we define the fully discrete space, the space of function values at regular grid.

Definition 3.26 (Curl-free vectors with zero mean). We define the space of curl-free vectors with zero
mean as En = In[En] C RN where operator I is defined in Def. .

With the help of isomorphism Zx, space RN can be split with Helmholtz decomposition into
RN = Un @+ En @1 In, cf. (3.8). The following definition provides the fully discrete formulation of
GAwNI and the next lemma shows its correctness.

Definition 3.27 (Fully discrete representation of Galerkin approximation with numerical integration).
Let A € Cher be the conductivity coefficients and

d
AN = [SkmAas (@) SN | € RUXNXN (3.11)
be the matrix composed of its values at regular grid. Analogically let E be the prescribed macroscopic
electric field and

En ZIN[E] cUn (3.12)

its fully discrete counterpart. Than we define the matriz representation of Galerkin approzimation with
numerical integration as the following problem:
find en € En such that

(ANéN7vN)|Rd><N :_(ANENaVN)[Rdea YN € En.

Lemma 3.28 (Fully discrete representation of Galerkin approximation with numerical integration). Let
A € Cher be the conductivity coefficients. Then the solution of Galerkin approzimation with numerical
integration en € &n from Def. is equivalent to the solution of fully discrete representation of
Galerkin approzimation with numerical integration €n € En defined in Def. [3.27 as the solutions are
related with isomorphism

en =ZInlen].

Proof. We substitute a function v expressed as the Fourier series

un(@)= ) on(@ER)enn(@)

kez4,
into the bilinear form to obtain
Bnlen,vn] = Z on () - (QN[AeN]aSON,k)LQErO;;[Rd) (3.13a)
kezg, ’
= Z Vk ' (QN[AENL @N,k)Lgcr(y;[Rd) (313b)
kezg,
_ d
where with a term (QN[AeN], SDN’k)Lger(y;le) we understand ((QN[AeN}a, wN’k)Liex-(y))azl’ operator

k ¢ R? for k € Z% is a subvector of vector

"> thus denotes the scalar product on R?, and vector v
VN (= IN[’UN] S RAxN
Next, we analogically express the term with interpolation projection @ n[Aen] through its nodal

points

Qn[Aen](@) = Y A@R)en(@R)eon m(®@). (3.14)

d
meZy,

It can be observed that nodal values A(xR¥)en (xf}) for m € Zﬁl\, can be expressed with matrix

kmez?
AN = [514on45(37?\1)] O:;i;ﬁ_,d € [RdXdXNXN
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and vector ey = ZIn[en] as

A(a:’ﬁ)eN(w%) = (ANeN)m c [Rd. (315)
Substitution of Eq. (3.14) with (3.15]) into bilinear form (3.13)), we deduce

Bnlen,vN] = Z Z (Anen)™ -v’&(@N,mv@N’k)Lger(y;Rd) (3.16a)

kezd, mezg,

0
= Z Z (ANeN)m V?VL’C (316b)
'\ ez INln
kezZg, meZs,
1 (ANeN;VN) AxN

= Anen)® - v§ = R 3.16¢

kezg,

where we have used the orthogonality property of functions ¢ i stated in Remark
The formula for a linear functional

(ANEN7VN)[Rd><N

INn[vN] = N (3.17)
with En := Zn[E] can be deduced accordingly. Using Eq. and (3.17)), the bilinear form
Bnlen,vnN] = fN[vN], Von € En

can be transformed to

Anen,VN)gax ANEN,VN)Rax

( |NH)[RdN:( |N|H)[RdN, Yy € En

(ANeN,VN)gaxn = (ANEN,VN) gaxn: WN € EN
where e and ey are related with isomorphism en = Zn[en]. O

Lemma 3.29 (Existence of the unique solution of GAwWNI). The approximated bilinear form (3.10al) is
uniformly elliptic, i.e.

1
JHUNHQLgOr < Bn[vn,vnN], (3.18)

and bounded

onllze . (3.19)

per

Bnlen,vn] < Callen||rz,,
The linear function is bounded with

Inlon] < Calleollzz, lonllza (3.20)

per per

Moreover, there exists the unique solution of Galerkin approzimation with numerical integration.

Proof. The formulas (3.18]), (3.19), and (3.20) follow easily from expressions in Remark

1 2
aHvNHLger

1
aHVH% < (AV,V) g n = B[N, ON]

|2

per

Bnlen,vn] = (Ae,V)pin < [Allllef2]lvll2 = Callen

Inlon] = (AEV)puin < [[A]l]Ell2]lv]l2 = Call Bl

per

lonllzz

per

Now, the existence and uniqueness of the solution is provided using Lax-Milgram theorem. O
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3.4 Convergence to continuous solution

This section provides convergence of discrete solutions obtained with GAwNI to the solution of weak
formulation. The rate of converge is primarily based on the regularity of the solution; for completeness,
the basic regularity results are also provided.

We start with a definition of difference quotients and Lemma that characterizes the Sobolev
space H!

per*
Definition 3.30 (difference quotient). For a function w € L2, (Y; R%), the i-th difference quotient of
size h is Diu(xz) € R? defined as

_ u(x + he;) —u(x)
Dlu(x) = o ,

i=1,...,d

forx € R, h€R and €, = (5a5)g:1 being a vector of canonical basis of space R®. Moreover we note

d
a=1"

D'u(z) = (Dgu(w))
Lemma 3.31 (Difference quotient and Sobolev space). The following two statements hold:

o Assumel < p<oo,u€ Lger(y; R%), and there exists constant C independent of h such that
1D |z, < C.

Then
u € WP (V;RY)
with ||D1uHLgCr <C.
e Assume 1 <p < oo and uw € WLP(V;R?). Then

per

1D ullzp,, < Dl

for h e R.
Proof. For proof see Theorem 3 in Section 5.8.2 in [10]. O

Lemma 3.32 (Regularity result). Let A € WL>(V,R>*?) and e € L2, (V;R?) be a solution of weak

per per

formulation, c.f. Def. , Then e € chr(y; RY) and it satisfies

IN

1
lellm, < o (14BN, + 1 Alwyslelz.,)

IN

1
Al (12, + lellzz,,)

1 Ca
Al 1B, <1 " CA) .

IN

Proof. The proof based on Lem. can be found for a more general case in Section 6.3.1 in [I0] as
Theorem 1. In order to work with difference quotients, we use simple formulas

(v, Dk_hw) = f(DZv, w)

2
Lper

D} (vw) = v"Dfw + wDiw (3.22)

(3.21)

2
Lper

where v"(x) = v(x + hey). Then we start with weak formulation, c.f. Def. ie.

(Ae"”)Lger(y;ued) = _(f’”)Lger(y;[Rd)
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where f := AE € H](V;R?), with a special choice of test function v = —D; " (Dfe) leading to

~(Ae,~D;"(Die)),, = (£.D;"(Die)) s

(D}:Ae, Dlte),, = —(Dif, Dle) .

er

(A"(x)D}e, Dlie) . = (DS, Dle) . — (DiAe,Dle),,

per

The positive definiteness and boundedness of A implies

cal| Dielzs, < 1D flcz, IDiellrs,, + IDRAllLs

- per per per

ellrz, IDiel Lz

per per

_ 1 _
h h h
HDke”Lger < a”DkaL%er + ||D1€A||ng°er eHLger
1
< a||f||H;er + [ Al llellz,,
<

1
< Al (1212, + llelzz,,)-

The solution of weak formulation e is bounded in Lger, ie.

callelzs,, < Ble.e] = fle] < CallEllzz, llellzz,,.

per per

the difference quotient || DPL| Lge, is bounded due to Lem. and thus the required Eq. (3.21)) follows.
O

Lemma 3.33 (Higher regularity result). Let A € W/5®°(V;R%*%) form € N and e € L2..(V;R?) be a
solution of weak formulation, Def. [2.20, Then

e € HL (V;RY) (3.23)
and it satisfies
lellag, < C(E)|Allw=[1ElLz, (3.24)

where C(E) depends only on E.

Proof. The proof based on Lem. can be found for a more general case in Section 6.3.1 in [I0] as
Theorem 2.

We will establish and estimate by induction hypothesis.

Base case: The case m = 1 is proven in Lem. [3.32

Induction hypothesis: Assume now and estimate be valid for A € W5:>.

Induction step: Suppose additionally A € WIEZZ“)’“ to prove e € H™H(Y;R?) with estimate

per

lell g < CllAllyger 1B 22

per’

Let ! be any multiindex with [|I[; = m and take any test function @ € Dpe;(Y;R?) and put v :=
(=)l D! into the formula of weak formulation

Ble,v] = f[v]
(AeﬂJ)L2 = (AEJJ)LZ i

Integration by parts leads to

Ble,d] = f[9] (3.25)
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where
é(z) = D'e(z) € L2,
f[{)] = (-f?;[))LZ

per

fl@)=D'A@@)E~ (li)leA(m)Dke(m).

k:k<ll#k
and & € R?%. Since the test function  is arbitrary, é(x) is a weak solution of

Ble,o] = fv], Vo€ L3 (ViR?),

per

Next, we can observe that }' € le) as

er

- l _
7l < DAl 1Bliz, 3 ()10 * Al D el
k<l l£k

< Al Bl 2, + Cll Al el iy

per per

< CllAllygr (1N, + llelny, )
< O)| A(@) |y |1 Bl 3

per

Using Lem. on problem stated in (3.25)), we estimate

1€l

per

< C (IF . + 114Ny ez, )

< C (I Al < 1Bz, + 1Al |1 Blzz,,)

per per

< C)|A|lyyrsr< | Ell 2

This inequality holds for each multiindex I such that ||I||; = m and &(x) = D'e(x), thus we conclude
e € H™ ! with

per

lell g < CllAllywys Bl Lz,

per

O

Lemma 3.34 (Strang). Consider a family of discrete problems whose associated approximate bilinear
forms are uniformly elliptic. Then there exists a constant C independent of the space In such that

. C 1 Blvny,wn] — Bylvn,w
le—enllzz. < inf (A+1) lle —vnllzz +— sup [Blon, wn] NN, wn ]l
per VNEEN CA per CA wnEEN ”wN”L?,er
1 _
+1 sup |flwn] — fn[wn]|

CA wnEEN lwnllrz,,
where the constants are from Def. [2.20,
Proof. The proof can be found as Theorem 26.1 in [5]. O

Lemma 3.35 (Convergence of discrete solutions to continuous one). Let the conductivity coefficients
be A € Whi(V; RIX4) with u € N such that W is embedded into continuous functions. Then the

per
sequence of solutions of Galerkin approximation with numerical integration, c.f. Def. converge to

the solution of weak formulation, Def. in | - ”L?)er norm, i.e.

N\ TH . N,
le — eNHLger <C (Irgn 2Ya) —0 for min ., — 00
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where

Ca Co, ‘o,
0= (2241 lellmg, + 21 Alwgr Velug, + 221 Al | Bl

per per per per

Proof. We use Lem. [3.34] due to Strang, results about regularization Lem. [3.32] and [3.33] and approxi-
mation by orthogonal projection Lem. and by interpolation projection Lem. [3.18

. Ca 1 (Ao, wn) o = (Qn[Avn], o), |
le—enllzz, < inf —+1)lle—vnllrz, +— sup . .

onedn | \ ca CA wnedn lwnllz,,

1 |(AE7wN)L - (QN[AEL“’N)L}?M'
+ — sup
CA wnesN HU’N”LZ

per

vNEF’N

1 1
<t { (5241 e omlig, + llAvn - Qulollsy, | + - IAE - QnlABll:y,

1
< (S241) e~ Puel, + L lAPve - QnlAPNell, + 114 - QulAlly, |Blg,
—n —u
Co,p . Na
< (1) (min ) el + 2 (i 2 ) Al el

Co,pn . N,
+ 2 (in 22 ) Al 1Bz,

. Na CA Co, Co,
< (min 2 ) (24 1) el + LAl el + 2 DAl Il

CA per

Now, the limit passage reveals the proof. O

3.5 Regularization of rough material coefficients

This section provide a method for calculation of discrete solutions if the material coefficients A are
rough, do not possess sufficient regularity. The method is based on regularization of material coefficient.
Although the convergence is provided, the convergence can be arbitrarily slow — we cannot expect any
order of convergence.

Lemma 3.36. Let A € Lo, (V; RY*) be a symmetric and uniformly elliptic material coefficients and
Ay, be their reqularization such that

Ah c > (y [Rdxd)

per

HA AhHLz (Y;Raxd) — 0 fO’f'h-)O

per

and be positive definite and bounded with constants cap, and Ca p, i.e.

Zi,ﬂ:l (Ah)a,ﬁ (w)fafﬁ
111>

Suppose e, e, € Lper(y; RY) be solutions of weak formulation, c.f. Def. for material coefficients A
and Ay, resp. Then

<Capn, V€€ RY, and for a.a. €.

can <

hm He - ehHLz (V;R4) = 0 (326)

h—s per

Proof. First, define a bilinear form and linear functional for regularized coefficients A;, as
Balen vl = (Anenv) 13y fule] = (AnB,v) 12 (ipay

and a weak formulation

B [ehv ] fh[ ]a Yved&
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where e;, denotes its solution.
We show from positive definiteness and boundedness of A that solutions of regularized problems e,
are uniformly bounded

1 1 Ca
||€hH%2 < — (Ahehaeh) = *7(AhE,6h) < L
CA,h CA,h CA,h

I E|lL=]lenl r2-

Thus using Banach selection principle for sequence {e;} under a reflexive and separable space such as

Lger, we conclude there exists some subsequence converging weakly to some function e, i.e.
~ . _ 2
e,—e < lim(ey = (e,v Vv e L
lim(en, ), = (e.v)p, . per-

Next, we show that the function é satisfies the weak formulation with coefficients A, hence for
arbitrary v € &

(Ahef“'U)Lger = (AhE’v>L§er = (AE,U)L%)” (Aé’v)nger
and since (Aheh, v)L2 h=0 (Ae 'v) » we can conclude that &€ = e.
Next we show that thpe subsequence eh converge even strongly
CA,hHe—ehHig ( e—eh eh) pcr
(Ahe e— )Lécr - (Aheh, e— eh)L?,or + (Ae, e— eh)Lfm
= (Ae )L2 — (Anep, e — eh)L?)er + (Ape, e — eh)Lier — (Ae,e — eh)Lﬁer

((A ApE e — )L2 (Ahe, e— eh)L12>er — (Ae, e — eh)L2
I(A— Ap)llLs, (B e~ ")L%er + [ An — ALz, (e;e —en)

IN

concluding that there is a subsequence converging strongly e; — e.

Finally, since every convergent subsequence satisfies the same weak formulation with an unique solution,
all limit points have to equal each other. Thus not only the subsequence but the whole sequence converge
to the unique solution of weak formulation. O

Lemma 3.37. Let the assumptions from previous Lem. be satisfied. Moreover let e, n be solution
of Galerkin approzimation with numerical integration for reqularized conductivity coefficients Ay, c.f.
Def.|3.24. Then for arbitrary ¢ > 0 there exists h € R and N € N% (not the other way around) such that

le —ennllrz, <¢

Proof. From the previous Lem. [3.36] we can choose fixed h > 0 sufficiently small such that ||e —ep|| < 5.
Next, we can choose IN such that
. N, (20) o
min — > | —

a 2Y, €
with constant C from Lem. [3.35] Then Lem. [3.35| implies

len —ennllzz, < 5

and the triangle inequality finishes the proof

< lle —epnlLz

le —ennlL2 2, Tllen —ennlirz, <e

per
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Remark 3.38 (Example of regularization of conductivity coefficients). The exzample of reqularized data
Ay, satisfying conditions in Lem.[3.30] is a standard mollification, i.e.

A@) = [ mle—v)Aw)dy
where np(x) = %n(%),

n(x) = {Cexp (Im\%) , for |x| < 1,

0, otherwise

with constant C' chosen so that [o, n(x)dx = 1.

3.6 Solution of Linear systems using Conjugate gradients

In this section, we describe the solution of Galerkin approximation with numerical integration by Con-
jugate gradients. The next lemma shows that the solution by Conjugate gradients corresponds to mini-
mization of quadratic functional over subspace Ex € R¥™N . The further definition and lemma provide
an projection on Epx. This satisfies Conjugate gradients are working in appropriate space. Moreover in
[21], the relation of fully discrete formulation of GAwNI to Moulinec-Suquet algorithm [14] is provided.

Lemma 3.39. The Galerkin approzimation with numerical integration, defined in Def. is solvable
by Conjugate gradients.

Proof. In Lemma we have shown that Galerkin approximation with numerical integration can be
characterized with the problem: find en € En such that

(ANéNaVN)[Rde = _(ANEvaN)[Rdey VVN S [EN (327)
where
d
AN = [kmAas(@k)] TN | € RIXIXNAN En = In|E] € ROV

being dependent on conductivity A and macroscopic electric field E. Since A is symmetric and positive
definite, the matrix Apn is. Then the solution én of Eq. (3.27)) can be expressed as

. . 1

€N = argmin, g, §(ANVN, VN)[Rde + (ANEN,VN)[Rde (3.28)
and thus it is solvable by Conjugate gradients. O

However, the previous lemma does not show how to effectively minimize the quadratic functional,
Eq. (3.28)), on a subspace En € RN,

Definition 3.40. We define a matriz composed of integral kernel in Fourier space, c.f. Def. and
especially Eq. (2.16]), as

k,mez4,
& [&c o (k)5 (k) ] o RiXAXNAN
(£(k>’£(k))ﬂ?d a,B=1,...,d
where &(k) = (f,—“)azl € R Next, we define matrices composed of (inverse) Discrete Fourier
Transform '
5 _k k:,meZ?V ) .,
_ | Qap¥N dxdx NxN -1 _ k UASPAY dxdx NxN
o [ |N | ] ¢ F= [%ﬁwl"m}aﬂﬂ,m,d eC :
B=1,...,d
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where

d
ka (63
whkm — exp (27riz Nm ) , m,ke Zf\,.
a=1 @

Finally, we define matrixz
G =F 'GF ¢ ¢ NxN (3.29)

Remark 3.41. Submatriz Fo. is exactly the matrixz of Discrete Fourier Transform. Thus the linear
operator F: v € RN — Fv € C™*N can be treated as the d-dimensional fast Fourier Transform routine
applied on each submatriz v, fora=1,...,d.

Lemma 3.42. The matrix G from Def. defining a linear operator G : RN — C*N s q projection
on En.

Proof. The proof is a consequence of the fact that matrix G is defined via continuous projection G
Def. 2:25] and that operator Zn from Def. [3.8]is isomorphism. O
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ARBITRARY PRECISE GUARANTEED BOUNDS OF
HOMOGENIZED MATERIAL COEFFICIENTS BY FFT-BASED
FINITE ELEMENT METHOD *

JAROSLAV VONDREJCT, JAN ZEMAN#$ AND IVO MAREKY

Abstract. In this work, the guaranteed bounds of homogenized material coefficients are cal-
culated with an arbitrary precision; primal and dual variational formulations are evaluated with
approximate microscopic (local) solutions to produce the upper-lower bounds. Contrary to Dvordk
[5L[6] and Wieckowski [32] employing the approach with local solutions from h and p-version of Finite
Element Method (FEM), we utilize the FFT-based FEM using trigonometric polynomials as the basis
functions [3I]. The connection between the primal and the dual formulations is investigated in dis-
cretized form; the solution of the dual formulation can be avoided, however, the theory substantially
differs for even and odd number of discretization points. Numerical examples confirm the theoretical
results about the rates of convergence and about the upper-lower bounds of the homogenized matrix.

Key words. FFT, homogenization, guaranteed bounds, Finite Element Method

AMS subject classifications. 65N15, 74Q20

1. Introduction. Guaranteed bounds of homogenized (effective) material prop-
erties, with some confidence in its accuracy, is essential for a reliable design [24]; a
special attention is addressed to the upper-lower bounds for linear periodic elliptic
problems, a scalar one or elasticity. The majority of bounds — e.g. Voight and
Reuss bounds [29] 25], Hashin and Shtrikman bounds [9] 10, 1] — are derived for
arbitrary geometry of material phases, only the knowledge of volume fractions is as-
sumed. However, these a priori estimates are rather wide especially for materials with
highly oscillating coefficients.

Besides, assuming material properties are well known, there are a posteriori es-
timates producing reliable and guaranteed homogenized bounds with an arbitrary
precision independently introduced in [6] [32] for a scalar problem and elasticity resp.,
see Sec. for a summary.

This approach is based on the primal and the dual variational formulations. Ap-
proximated microscopic fields, satisfying linear second order elliptic partial differential
equations with periodic boundary conditions and prescribed macroscopic (averaged)
values, are calculated and their a posteriori evaluation in both formulations produces
the guaranteed bounds of homogenized properties (matrix).

Contrary to already mentioned works [6l [32] incorporating classical p- and h-
version resp. of Finite Element Method (FEM) for computation of local fields, we
rather employ the FFT-based FEM originated from [19] and theoretically described in
[31], see Sec. for its overview. Noting, the method — a widely used in engineering
problems, recently in [22] 23] [T4] 28] T2} [15] 21] — has obtained miscellaneous variants
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P105/12/0331 and by the Grant Agency of the Czech Technical University in Prague through project
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and modifications [8] [16] 2] 3] [1§].

In this work, for simplicity, the scalar problem of electric conduction is considered,
however, an extension to elasticity is feasible. Numerical homogenization of a periodic
media with its upper and lower bounds, according to [5][6], is summarized in Section 2l

Section deals with the FFT-based FEM based on the discretization with
trigonometric polynomials. In our previous works [30, [31], only the discretization
with the odd number of points in each direction is considered; the problem with
even number of discretization points was identified and partially solved in [20] section
2.4.2]. We describe the theory for the even number of discretization points in a way
to satisfy the conformity of the method; finite dimensional spaces are subspaces of the
trial space — it is the natural requirement for guaranteed bounds of the homogenized
matrix.

In section B4l the connection between discretized primal-dual formulations is
studied. It provides a computational simplification: the solution of the dual formula-
tion, necessary for the lower bound, can be avoided; moreover, for the odd number of
discretization points, it can be fully omitted.

The upper-lower bounds of the homogenized matrix are calculated in Section
Although, their exact values, dependent on arbitrary non-regular material coefficients,
are able to exactly evaluate only for some special cases. Hence, we propose their
approximations; moreover, a careful computation still guarantees the upper-lower
bounds structure.

Numerical examples in last Section B validate the theory and demonstrate the
upper-lower bounds structure of homogenized matrices.

2. Preliminaries to homogenization and to guaranteed bounds. In this
section, we summarize the well established theory of homogenization of periodic media
and add the part about upper and lower bounds of the homogenized material coeffi-
cients. In the sequel, letter d denotes the dimension of the model problem, assuming
d = 2,3; Greek letters «, f are reserved to indices relating dimension, thus ranging
1,...,d — further, it is for simplicity omitted.

Sets C? and R? are the spaces of complex and real vectors with canonical ba-
sis {€n} and are equipped with Lebesgue measure de. We denote by |Q|q the d-
dimensional Lebesgue measure of a measurable set Q C R? Standard Euklidean
norm || - [|2 on C% is induced by scalar product (u,v) ca = D UaVq for u,v € (oL3

Set R‘Sixdd denotes the space of symmetric positive definite matrices of size d x d
with norm || All2 = max,epa |o|=1 [[Az||2 that equals to the largest eigenvalue.

Function f : R? — R is Y-periodic (with period Y € RY) if f(x +Y O k) = f(x)
for arbitrary & € R%, k € Z¢, where operator ® denotes the element-wise multiplica-
tion. Then, Y -periodic functions suffice to define only on a periodic unit cell (PUC),
the set defined as Y := (—Ya, Ya)_; € RY We will identify two integrable functions
which are equal almost everywhere. The mean value of function v € Lf,er(y; R?) over
periodic unit cell Y is denoted as (v) := ﬁ fy v(z)de € RY.

We define space Cper(YV; X) of continuous Y -periodic functions R? — X, where X
is some finite dimensional vector space, e.g. C,R, C% R?. Vector valued functions, for
X = C? or X = R, are denoted with small bold letters v and have components v,,.

Spaces L7 (Y;X) or ngr(y;Rg;dd) are composed of functions v : R? +— X or

A:R? Rggdd having Y -periodic, measurable components v, or A,g and having

finite norm, i.e. [|v|[zz, (v;x) < ooor [[A (yréxdy < 00 The first norm is deduced
er W per (V3R D4
_ _1 ;
from scalar product (u,v) L2, % = fy (u(m),v(m))xdm while the second norm
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is defined as HAHngr(y;Rgpxdd) = esssUP,ey ||A(x)]|2. If there is no ambiguity, both the

norms and the scalar products are denoted with subscript Lger or Lp3e, rather than
L3 (V3 X) or L (Vs RO,

per spd
Next, we define the spaces of Helmholtz decomposition of L?_ (V;R?) = % &+

per
& &t J, i.e. the spaces of constant, curl-free with zero mean, and divergence free

with zero mean fields

U ={ve Lf,er(y;Rd) :v(x) = const}, (2.1a)
& ={vell (VR :Vxv=0,(v) =0}, (2.1b)
J ={ve L (V;R"):V v=0,(v) =0}, (2.1c)

d

where differential operator V = (%)a:1 is meant in the distributional sense. For

dimension d # 3, the curl-free condition in (2ZID]) means (V x v)ap := gsz — gzii =0

Since space % consists of constant functions, we identify spaces % and R?; it validates
the operation such as E+wv € L2_(V;R?) for E € R, v € L2, (V;RY) and AJ € R

per per
for Ae RO and J € %.

2.1. Homogenization in primal and dual formulations. The theory is
demonstrated for a scalar problem modeling: diffusion, stationary heat transfer, or
electric conductivity — our choice. The well established theory of periodic homog-
enization for linear elliptic partial differential equations can be found in [II T3] 4].
Although, we focus only on the numerical solution of microscopic fields and the con-
sequence evaluation of the homogenized matrix and its bounds.

NOTATION 2.1. Here and in the sequel, A € ngr(y,Rg;dd) denotes symmetric
and uniformly ellipti material coefficients of electric conductivity, e € & and 3 € ¢
perturbation of electric field and electric current resp., and E,J € % their macro-
scopic counterparts. Then their summation (E+e) and (J + 3) represent microscopic
fields.

REMARK 2.2. The variables from previous motations, being additionally suffi-
ciently smooth, satisfy the differential equations

J+y=A(E+e) V-3=0 Vxe=0 (2.2)

that clarify the definition of subspaces % ,&, and 7 ; the addition of periodic boundary
conditions and prescription of macroscopic loads E,J € R? sets the homogenization
problem.

DEFINITION 2.3 (Homogenization problem). The primal and the dual homoge-
nization problem states: find homogenized matrices Aegr, Act,p € RY*? such that for
arbitrary fired macroscopic quantities E,J € R%, the following relations hold

(AsE, E)Rd = ég(fg)(A(E +e),E+ e)L?)er (2.3a)
(AT T)gs = inf (AT +2), T +3) 5 (2.3)

REMARK 2.4. The homogenized matrices are symmetric positive definite and
they equal to one another Asg = Acgp — it follows from the perturbation duality

IThere exists positive constant c4 > 0 such that inequality callul|3 < (A(a:)u,u)Rd holds for
almost all z € Y and all nonzero u € R%,
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theorem, see e.g. [1,[27,[0] and compare it to Lem. and[323 for a discrete setting.
The symmetry comes from upcoming Eq. 28) and symmetry of A. The positive
definiteness is the consequence of the uniform ellipticity of A and simultaneously
the consequence of Voight (AEHE,E)RG, < (AE,E)L2 and Reuss (Agﬂ}yDJ,J)Rd <
Ber
(AilJ, J)L2 bounds according to [29, [25]]; the bounds come from 23) for e = 3=
Ber

0.
The minimizers of the variational formulations (2.3al) and ([2.3L) can also be found
as a solution of weak formulations with existence and uniqueness provided by Lax-
Milgram lemma. Thanks to linearity, the minimizers can be found only for unitary
macroscopic loads.

DEFINITION 2.5 (auxiliary problems). We say that &% € & and 3% € J are
unitary minimizers if

(A8 v), = —(Aea,v), | VWES, (2.4)
(A7), =—(A"€),, , Ywe 7. (2.5)

Next, we define unitary microscopic fields e(® = €, + e and 7@ = e, —|—j(a).

REMARK 2.6 (Consequences of the linearity). Minimizers e e & andj") e 7
of the homogenization problems for macroscopic fields E,J € R% can be obtain, due
to linear structure, from unitary minimizers

eB) — ZEaé(a)’ j(-f) _ Z Jaj(a)-
Alike, the components of homogenized material coefficients states
(Act)ap = (Ae(ﬁ),e(a))%cr, (A)ap = (Aflg(ﬁ),g(“))Lgcr. (2.6)

REMARK 2.7. The dual unitary microscopic fields 3%) can be expressed as a
linear combination of primal ones e'®, hence 3% = AZiZl E.e'® where E =
Ae_ﬂleg. Similarly to Rem. it comes from the perturbation duality theorem, see
e.g. [, 27, [0] and compare it to Lem. and [Z23 for a discrete setting.

2.2. Upper-lower bounds of homogenized matrix. The upper-lower boundsjj

obtained from a posteriori error estimates were introduced by Dvordk [5l 6] for a
scalar problem and later independently by Wieckowski [32] for linear elasticity; this
section provides a summary of results in [6]. In what follows, relation C < D be-
tween matrices C, D € Rgsdd stands for ordering in the sense of quadratic forms; it
is equivalent to E- CE < E - DE for all E € R%. In this section, we will work with
some conforming approximations of unitary minimizers e and j(a), namely with
égf;) = (egs) —€,) € & and .753) = (353) — €q) € #; parameter IN represent inverse
of discretization size of FEM or the number of discretization points in our case of
FFT-based FEM, for detail see

DEFINITION 2.8. We say that matrices ZQH,N, A

ot.N € R defined as

Aatoxlos = (A )1y . (At ados = (A0 0

e
are upper and lower bounds of homogenized properties Aeg.

Correctness of the definition, the fact that they are truly the upper-lower bounds, is
stated in Lem. [Z10 that is based on a following statement.
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LEMMA 2.9. Let C, D € RE4! be such that C < D. Then D™ < C™".

Proof. From assumption C' < D, we claim that RT CR < RT DR for any regular
matrix R € R¥; it comes from (RE)-C(RE) < (RE)-D(RE) holding for arbitrary
E € R? and the invertibility of matrix R, namely the property R(RY) = R

Since D is positive definite, matrix D7 exists. Consequently, the multiplication
of inequality C = D by matrix D> produces inequality D :CD*? =< I. Matrix
D :CD*? possesses all eigenvalues real (from symmetry) and smaller or equal to
1. Thus its inverse D2C~'D? have eigenvalues larger or equal to 1. The next
multiplication of inequality I =< D:C 'D> by matrix D7 reveals the proof. O

LEMMA 2.10. The matrices from previous definition [2.8 are symmetric positive
definite and satisfy the upper-lower bound structure

A = Aei N, Ay A4 N Ay N = Aot < Act,N- (2.7)

Proof. The first two inequalities follow from the minimization problems (23]
that are evaluated approximately, for a particular choice of microscopic fields é%),

jgf;) rather than minimizers e®, é®). The last inequality is a consequence of previous
Lem.

The symmetry of the homogenized matrices comes from their definition and
the symmetry of material coefficients A. The positive definiteness is a consequence
of first two inequalities in (7)) with the positive definiteness of homogenized matrix
Acg € Rgs dd. 0

DEFINITION 2.11 (Approximate homogenized matrix with guaranteed error).

The mean of the upper-lower bounds from Def. 28, Acg N = 3(Act,N + Acg.N)

s called approximate homogenized matrix with guaranteed error Dy = %(Aeff, N —

Aeﬁ N) .
LEMMA 2.12 (Element-wise upper-lower bounds). The upper-lower bounds from
Def. [Z.8 imply element-wise bounds, explicitly for diagonal components

Aeff,N@a < Aeﬂ,aa < Zef‘f,N,amm (28)
and for non-diagonal components, i.e. for a # 3

Aeﬁ‘ﬁNyaﬁ - Deﬁ,N,aa - Deﬁ,N,ﬁﬁ < Aeﬁ,aﬁ < Zel‘f,N,(Jzﬁ + Deﬁ,N,aa + Deff,N,ﬁﬁ-

Proof. The proof for the diagonal terms (Z8) comes from the inequality (Z1)
tested with €,. The estimates for the non-diagonal terms come from equality

2Aeﬁ,aﬁ = (ea + Eg) ' Aeﬁ(ea + Eg) - Aeﬁ,aa - Aeff,ﬁﬁ;

the first inequality in (ZT) tested with e, + €g, i.e. (€a + €5) - Acsi(€n + €5) <
(€ + €8) - Acst, N (€4 + €3), and the inequalities for diagonal components (2.8). An
analogy yields the lower bound. O
LEMMA 2.13 (Properties of trace operator). Let B,C, D € de;dd. Then
tr(B+C)=trB+trC, tr(BCD) < (tr B)(tr C)(tr D).

Moreover, let C < D, then 0 < tr(D — C) < (tr D)?>(C~' — D).
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Proof. The proof can be found in [0l Lemmas 4.3 and 4.4]. O

LEMMA 2.14 (The rate of convergence of homogenized properties). The trace of
guaranteed error D, from Def. [211) satisfies following inequality

tr D < || A1z, Z 1) — & 72 + (tr Aet)*| A 11, Z 13 = 3513

per

Proof. First, we prove two statements
0 < Aet,N a0 — Aeit,aa < || Allz< 8 - &Q(135 (2.9a)

0< A% N oo — Adttaa < 1A =13 =312, - (2.9b)

eff,aa —

Both inequalities follow from Lem. 210 and Hélder inequality; we demonstrate the
calculation for the first one

0 < Aet,Nyaa — Aeftaa = (Al e),, — (Aem) ﬁ))L |

per

<|(A@E® —el)), @ —&d)),. |

per

< A< [18® - &1z, -

Using the properties of the trace operator stated in Lem. 2.13 and previously proven
statements (29, we finish the proof with direct calculation

tr DN = tr(Aeg, N — Aest) + tr(Aeg — Ay )
< tr(Aeg N — Aegt) + (tr Aeg)? tr(A}le - A;}N)

<|\A||L;rz||é<a>—é§3>n%g + (o A A7 s, 313 - N Iz, -

d

REMARK 2.15. The trace of Dn will converges to zero for min, N, — 00,
if approzimate minimizers €%y, Ja converge to minimizers €%, €% for min, N, —
00. Moreover, the trace operator is a norm on the set of symmetric positive definite
matrices showing the convergence of DN to zero for any matrixz norm.

3. Guaranteed bounds using FFT-based FEM. This section is the core of
the work. It provides the theory for the arbitrary precise guaranteed bounds of the
homogenized matrix calculated with local fields provided by the FFT-based FEM.
We start in Sec. B with the definition of finite dimensional spaces, the spaces of
trigonometric polynomials. Then we follow with fully discrete spaces that are the
analogue to Helmholtz decomposition spaces. The FFT-based FEM is described in
Sec. B3t additionally to [3I], the theory for the non-odd number of discretization
points is provided. Sec. [34] is dedicated to the connection between the primal and
the dual formulations in the fully discrete setting. Finally, the calculation of the
upper-lower bounds is explained in Sec.

In the sequel, vector N € N? is reserved for a number of discretization points,
then scalar [N| := [], No denotes the number of degrees of freedom. If N, is
odd (even) for all a we talk about the odd (even) number of discretization points,
otherwise about the non-odd ones. A reduced and a full index sets state for

Na No No
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A multi-index notation is employed, in which RY represents RN1*=*Na = GSet
RN represents the space of vectors v with components v? and R*I*NXN the
space of matrices A with components A%" for a, 8 and n,m € Zﬁl\,. Next, vectors

vt € Riforn € Zﬁl\, and v, € RY for a represent subvectors of v with components v?.
Analogically, submatrices A™™ € R4*4 and A5 € RVN*YN can be defined. A scalar

product on set R¥*N is defined as (u,v)]Rde = Znez% u™v™ and matrix A by

n

vector v multiplication as (Av)gy = >, Zmez;{, Al

positive definite if relation ATE* = AZT" holds for all components and inequality
Rde )

g'vg'. Matrix A is symmetric

(Av, V)WXN > 0 applies for arbitrary v € We use the serif font for vectors
v € RN and matrices A € R¥XIXNXN 4 distinguish from vectors E € R? and
matrices Ay € R4 and from vector valued functions v € L2 (Y; R?). In order to
differentiate vectors and matrices for different number of discretization points IN, we
write them with subscript, i.e. vy and An. Finally, operator & denotes the direct

sum of mutually orthogonal subspaces, e.g. R? = €; &1 ex &+ ... &t €4.

3.1. Trigonometric polynomials and their properties. In this section, we
introduce the finite dimensional space of trigonometric polynomials and their proper-
ties. Definitions and lemmas adopted from [26] are amended for the non-odd number
of discretization points IN in order to satisfy the conformity of discretization — the
requirement for the guaranteed upper-lower bounds.

NotarioN 3.1 (DFT). For N € N¢ we define, up to constant, unitary matri-

ces Fn, Ff\,l € CIXdXNXN of the Discrete Fourier transform (DFT) and its inverse
(iDFT) as
F _ 1 S —-mn mJLGZ?V F—l — (5 mn mJLGZEiV
N = |N|n( aBWN )a,ﬂzl,...,d N = ( aBWN )aﬂzl,___,d-

where dop s Kronecker delta and wii™ = exp (27Ti Yoa %) with m,n € Z¢ are
their components.
DEFINITION 3.2 (nodal points, basis functions). Let N € N¢. We define nodal

points of periodic unit cell xR =" QYN“AEQ and Fourier and shape basis functions

.\ NaZa 1 _
@n(m) = eXp (THZ Y ) ) <PN7n(m) = |N|H Z wNmnsam(m)v nc Z?\r

a
«a meLyy

LEMMA 3.3 (Properties of ¢y, and on.m). Let m,n € Z’fv, then

(‘pma ‘Pn)LIQm = dmn (Pn(wm) = wam (3'23‘)
(xn) =0 ( ) _ Omn (3.2b)
PN m(TN) = Omn PNm, PN n L?m = |N|H .

Proof. The proof, which can be also found in [31], is the consequence of direct

calculation; the proof of last equality comes from orthogonality of vectors (wﬁ”)mez?\l

for n € Z% in CN. O



Paper 6

page 128

8 Jaroslav Vondfejc, Jan Zeman, and Ivo Marek

DEFINITION 3.4 (Trigonometric polynomials). For N € N%, we define the spaces
of trigonometric polynomials In, In and their vector valued versions T3, T as

ﬂN:{ 3 onwn:onec,on:(o—n)}, T ={v:va € Tn).
nezd,

In={ 3 V'enn vt R}, T = {v:ve € Tn).
nezd,

DEFINITION 3.5 (Interpolation projection). Interpolation operator Qn : Cper(V; RY) —fj

L2.,.(Y;C?) is defined as

OnIfl= > FER)en.m.

d
meLy,

LEMMA 3.6. Interpolation operator QN is a projection and its image is jﬂ,
Proof. Tt comes from the definition of operator Qpn in Def. B space ﬁz{l, in
Def. B4l and second property in Lem. (3.20). O

DEFINITION 3.7. Operator Iy : ﬁz{l, — RN stocks the values of the trigono-
nEZ}i\,

metric polynomials at the nodal points to a vector In[vn] = (,UN’O‘(wRT))a:L...,d'

LeEMMA 3.8. Operator Iy from the previous definition is an isomorphism.
Proof. The proof is the consequence of Def. B.7 and of the second property in
Eq.B2a O
~ REMARK 3.9 (Connection of representation). Trigonometric polynomial vn €
fjfl, can be uniquely expressed using both the Fourier coefficients and the function
values at the nodal points

on= Y oN@ER)eNm = Y On(n)on. (3.3)

mEZ‘}V "GZ?\I

with a connection through the DFT as vn = Fnvn, where vy := In[vn] and the
vector of Fourier coefficients VN has components (WN)T* := On o(m). Thus, space
T can be alternatively characterized with the Fourier coefficients as

T =1 WRpm in € Fn(RPN))

a
meLyy

REMARK 3.10. The trigonometric polynomials are real valued if the Fourier
coefficients obey conjugate symmetry v(n) = v(—n) for alln € Z%. In Def. it is
valid only for trigonometric polynomials In C L2,.(Y) and T3E C L2, (V;RY).

per per

A peculiar situation occurs for space jﬂ, If N is odd, both spaces coincide

Td = j]{l, as the inder sets do 7%, = Z}i\,; generally, the inclusion T3 C ﬁz{l,
holds. Unfortunately, space T3 fails to be real valued T3k ¢ Lf,er(y;Rd) because the

Fourier coefficients with frequencies n € Z?\r \ Z4; miss the opposite counterpart with
frequencies —m.
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3.2. Fully discrete spaces. In this section, we define fully discrete spaces —
the spaces storing the values of the trigonometric polynomials at the nodal points.
We show their connection to constant, curl-free, and divergence-free spaces with zero
mean introduced in Eq. 21]).

& (4)

DEFINITION 3.11 (Fully discrete projections). Let I "(n) for i = 0,1,2 and
n € Z¢ be the Fourier coefficients of integral kernels from Def. [A7 We define block
diagonal matrices G(O), (A;E;), (A;E-z) € RIXAXNXN for i =1,2 as

A0 mn _ (0
(G )a,@ = I‘aﬁ(m)émn

) & (%) ) ~ (1)
AD\mn T 5(m)0mmn, ~ () mn ' 3(m)bmn, formeZ
(&) = 4 Tt (&7 = § Lo (m)omm - Jorm € B
0, 5aﬁ5mn7 fO’f’ m € ZN \ LN

where m,n € Zf\,. Next, we define the matrices without hat as similarity transfor-

mation with matriz of DFT F, i.e. G = Filfi(o)F, Gg) = Filég‘)F and Ggi) =
F16F.

LEMMA 3.12. Matrices G, G(()l), G(Il) for i = 1,2, defined in Def. [311], are
orthogonal projections.

Proof. From the matrices in Def. B.11] we deduce

1=G? + Gy + G, 1=G" + G} +GJ.

with the help of the Fourier coefficients of integral kernels in Def. [Adl Moreover, a
direct calculation shows that both of the triples G(O),Gél),é(f) and G(O),G(ll), 682) are
mutually orthogonal projections, see also [I7]. O

DEFINITION 3.13 (Finite dimensional subspaces). With the previously defined

projections, we introduce the subspaces of space RN

Un = GORIXN En = Gél)RdXN In = fo)RdXN
En = G{VRON In = GPRUN

and their trigonometric relatives

Un = In'[UN] én = IN'[EN] IN =TIy [InN]
é_‘JN :I&l[EN] jN :I;rl[jN]

In Fig. Bl we introduce the relation diagram of subspaces based on the following

I&l [Rdx N] — jﬁ} only forcodd N L2 (y’ Rd> only forDodd N j]@ _ Z]:,l [RdXN]

per

[ I . [ ” I I
IN'Un] = Un = w = Un = IN'[Un]
I&l UEN] — (gaN g & only forD odd N g—N — I;rl []EN]
I]:rl [JN} — /N only foigodd N / 2 /N _ I&l LHN]

Fic. 3.1. The scheme of subspaces
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two lemmas. The first one is a base for the fully discrete formulation of GAwNI in
Sec. and especially for a treatment with dual formulation Sec. 3.4l

LEMMA 3.14. For the subspaces from Def. [313, the following three conditions
hold:

(i) Space RN can be split into three mutually orthogonal subspaces

RN — Uy ot Ex 0 I, R>*N = Uy o+ Eny @' In. (3.4)

(i) The subspaces with tilde enlarge the original one, i.e. En C I_EN, In CIn.
(iii) If N € N is odd (for all elements) it simplifies to En = En and In = I

Proof. The proof is based on Lem. Since both properties, constitution of
identity and orthogonality, hold, all subspaces from the lemma are the subsets of set
RI*N rather than set C**N; decomposition [3.4) thus holds. Finally, if N is odd,
the index sets Z?V and Z%; coincide and the same stand for projections, G(()l) = G(Il)
and GSQ) = G(IQ), see Def. B111 O

LEMMA 3.15. The scheme stated in Fig. [T holds true.

Proof. First, the middle column is the Helmholtz decomposition, in our special
case provided in Lem. [A.2

Next, we utilize previous Lem. B.14] and isomorphism of operator Zpy in Lem.
which prove the rest of the columns.

The equality between spaces in the first two and the last two columns comes from
Def. [3I3] hence the relations between subspaces in second, third, and fourth column
have to be established. Relation Zg C L2 (Y; RPN holding only for odd N is
discussed in Rem. Equality Zn = % is trivial as it contains only constant fields
— the Fourier representation is exact.

Relation &5 C & comes as a consequence of projection Gél) that is deduced from

. (1
the kernel I‘( ) of continuous projection defined in Appendix. [} defective frequencies
nc Zﬁl\, \ Z§; are erased, see Rem. The last inclusion #n C _# is an analogue.
a
REMARK 3.16. The previous proof yields the alternative characterization of the
conforming subspaces: Eny = &\ T& and In = 7 () T.

3.3. FFT-based Finite Element Method. This section provides the overview
of the FFT-based FEM. The theory for odd number of discretization points IN is
described in [31] including convergence results. Here, we extend the situation for non-
odd number of discretization points IV in a way to provide conforming approximations.

DEFINITION 3.17 (GAwNI). Let material coefficients A have continuos coeffi-
cients. Galerkin approzimations with numerical integration (GAwNI) of the primal
and the dual homogenization problems, Def. [2.3, state as: find discrete homogenized
matrices ASFIE %{,ASFE TD{{N € R¥4 satisfying following relations for arbitrary macro-

scopic loads E,J € R?

(Al N'E.E),, = . ﬁéfg (ON[A(E +en),E+en),, r (3.5a)
(Aeap )™, g = inf (ON[AT (T +an) T +an)ps - (35D)

REMARK 3.18. The scalar products on the right-hand side in B3) are real valued
and hence the discrete homogenized matrices are. Although, functions QN[Afl(E +
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en)], ON[A™ (T +gn)] € jﬂ, generally fail to be only real valued, see Rem. [310,
the defective Fourier coefficients with frequencies n € Z’Ii\, \Z‘}V are eliminated by the

space of test functions Tt
. . . ~FFTH ~FFTH
DEFINITION 3.19 (Fully discrete formulations of GAWNI). Find Az N, Aeg p.N €

RI*4 satisfying following relations for arbitrary macroscopic loads E,J € R?

~ FFTH

(AN E.E) g, inf (AN(En +en),EN +en)piin (3.6a)

~ N[ eneEn
~ FFTH

((Aeff,D,N)_lJa J)Rd inf (Ali\fl(JN +JN)’JN +jN)Rde (36b)

- |N|H in€ln
where En = IN[E] € Un, Jn = In[J] € In, and An € RIXIXNXN wyith compo-
nents A"t = Aap(TR)0mn for a, B and m,n € Zﬁl\,.

REMARK 3.20. Minimizers égs), 353), and égs), jg\?) of both formulations corre-

sponding to unitary macroscopic fields €, are called discrete unitary minimizers. The
existence and uniqueness is provided in following lemma.

LEMMA 3.21. The homogenized matrices of both previous formulations, Def.[3.17
o ~ FFTH ~ FFTH , :
and [Z19, coincide AEFE}% =AgnN > ASFIETDI?N = A.gp n- Moreover, discrete min-

imizers égs), 553) and égs), ]53) of both formulations exist, are unique, and are con-

nected to each other Inlén] = en, IN[In] :jN.
Proof. Although, the proof is a generalization of that in [31], it follows the same
ideas: the linearity of scalar product with the definition of interpolation operator Qn
and the property of space basis functions ¢ g, and the second property in (B.2D).
For completeness, we provide calculation
(QN[A(E + éN)]’ E + éN)Lz
per
= (). A@R)[E+en@)]onm >, [E+en@R)]enn),.

mezd, nezd, o
= Z Z AR [E +en(zR)] [E +en(zR)] (¢nm, ww,n)chr
mezd, nerd, :

m m ~m n ~n 5 1 ~ ~
Z Z AT [ER + &%) [EN +eN]ﬁ = m(AN[EN +en|,En +eN)Rd><N

meL}, neld,

The existence and the uniqueness of minimizers are provided due to symmetric and
positive definite matrix Ap. O

REMARK 3.22 (Solution of GAwNI by Conjugate gradients). According to [37],
the minimizers of fully discrete formulations are equivalent to weak formulations,
similar to those in Def. [Z23.  Moreover, the solutions can be found by the means
of Conjugate gradients applied to linear systems Cx = b and C'x’ = b’ defined for
particular o as

Gy AN ey = —GJVANE GY AN W = —GY AR
—_——— e —— —_——— — —
C x b c’ x/ b’

for initial approximations Xo, X{, that have to belong to the appropriate subspaces,
En, Jn resp. Easily, Conjugate gradients minimizes the quadratic forms in the fully
discrete formulations [0



Paper 6

page 132

12 Jaroslav Vondfejc, Jan Zeman, and Ivo Marek

LeMMA 3.23 (Convergence of discrete minimizers). Let material coefficients A
be continuous and sufficiently reqular in order to minimizers e(®, 3(®  Def. [Z3, be
sufficiently reqular — particularly having all weak partial derivatives up to order p in
the space Lf,er(y; R%). Then the sequence of discrete minimizers 653)7 ‘753), Def.[3.17,
converge to the minimizers, i.e.

n
e—enllrz < C(minN, — 0 for min N, — 00
P
er [e% [e%

where constant C' is independent of IN; it depends only on the material coefficients,
its positive definiteness, norm, and reqularity.

3.4. Connection of primal and dual formulations. This section is dedicated
to the connection between the primal and the dual formulations in the fully discrete
setting (38]). General theory for dual problems can be found for example in [7]. We
start with the statement of general lemma.

LEMMA 3.24 (Perturbation duality theorem — page 54 in [7]). Let V and X be
Hilbert spaces and @ : V x X — R be a continuous functional, convex, coercive for
the first variable (limyevy |jv|—o0o P(v,0) = 00), and satisfying following property: there
exist vo € V such that ¢(vo,-) is finite and continuous around 0 € V. Then the primal
and the dual problems

I\}?\I}QS(V,O) max —d*(0;x™) (3.7)
have the solutions and the extremal values are equal to one another. Here ®* is the
usual Fenchel conjugate function defined on V x X as

& (v x*) = sup [(v*,v)V + (x*,x)X —&(v,x)]. (3.8)
veV xeX
The following lemma is an application of previous lemma on the homogenization
problem in fully discrete setting; it is sufficiently general to apply for arbitrary number
of discretization points. Both the lemma and the proof are analogy to Proposition
2.2 and Corollary 2.3 in [6] that are stated for continuous formulations.

LEMMA 3.25 (Transformation to dual formulation). Let An € RIXIXNXN pe
symmetric positive definite matriz, Vi be a proper nontrivial subspace of Uz, = {v €
RIXN . v.u = 0 for allu € Un}, and the following primal problem be set: find
A5 € RY satisfying the following relation for arbitrary macroscopic load E € R?

(AeﬂE’ E)]Rd

= inf (An(E E
Nin eNllng( N(EN +en),EN+en)gin
where En := IN[E]) € Un. Then the problem is equivalent to the dual problem: find
Acg € R? satisfying the following relation for arbitrary macroscopic load J € R?
~—1
(Aeﬁ« J, J) Rd

= ijigvaN (AN UN +in)s IN i) pasn

where Jy = In[J] € Uny and Wxn = (Un © V). Moreover, between macroscopic

fields E, J and between minimizers égf), ]g;,j) of the primal and the dual formulations,

the following relations hold

~ ~(J -
J = AgE, In +i0) = AnEn +85). (3.9)
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Proof. First, we define a function @ : Vyy x RN R as

1
P(en,x) = 5 (AN[EN +en +x), [En +en +X]) pucn

Since matrix Apn is symmetric positive definite and the undergoing spaces are finite
dimensional, the assumptions of previous Lem. [3.27] are satisfied. Hence the primal
formulation reformulated with @ to

2 .
(AcaE E)y, = N e;g{m P(en,0),

is equivalent to the dual formulation

(Aeﬁ:E, E)Rd sup —&*(0,x")

- |N|H x* ERIXN

where 0 € R¥ is a vector with all components equal to zero and @* : Vy x RN —
R is the Fenchel conjugate function, see Eq. ([3.8]).

Using substitution x’ = Ex + exn + x where x’ covers the whole space RAxN , we
deduce
AgE E = su " (0, x”
( ff L, )Rd |N|H . E]deXN ( ’ )
= 2 sup — sup <(x* x —En — eN) — l(ANx/ x') )
|N|1‘[ x* €RAX N eNEVN,X’ERdXN ' RAXN 2 ’ RAXN

I [0 BN+ (6 )

* ’ 1 ’ ’
7X/€S]1;1dl3<N ((X s X )Rde - E(ANX RS )Rde):|
We focus on the supreme in the last equation where the equilibrium point satisfies
Anx = x*. Since Ay is symmetric positive definite, we have x’ = AI_\,lx*. Therefore,
the inner supremum is simplified to

1 1 —1 % U*
sup ((X*ax/)Rde - i(ANx/ax/)Rde) = i(Ale y X )]Rde'

x' ERAX N

The inner infimum equals to minus the indicator function of Vi, explicitly

0 for x* € Vi
inf (x*, e =<7 N
en GVN( ) N)]Rde {

—00, otherwise.

Hence, we can omit the inf term while restrict the supremum to space V. It leads
to

1

- |N|H *S;l‘IIDL [(x*’EN)RdXN - 2(AN1X*,X*)R‘1XN:| .
X N

(Aet B, E)
Since the following inclusion holds Un € Vi, space Vi can be decomposed Vi =
Un &+ Wy where Wy = {w € VZ{; :w-u=0 for all u € Un}. Hence, we state

1
(AeffEaE)Rd sup |:(JN; EN)Rde —  inf §(A17\r1(JN +JN)7JN +jN)Rde:|I

N1 syeUn inEWN
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*

where x* = Jn + jy such that Iy € Un, jny € Wxn. Then we define matrix
B.g € R¥*? gatisfying for arbitrary J € R?

(Begd, J) inf (AN'(IN +in) IN +IN)gaxn

B | N ineVn

where JN = IN[J]
Now, we show B.g = Ae_ﬁ} , the first identity in Eq. [89). With obvious identity

1

M(JZ\U EN)]Rde = (Ja E)Rda

the dual problem becomes

(A E,E),, = sup [2(J, E)y, — (Bend, J).]
JeRd

and comply with the equilibrium state BegJ = E. The matrix Beg is symmetric
positive definite as Ay is (see e.g. []), whence substition of J = B_; E into the
dual formulation leads to required identity.

The second identity in Eq. (8.9]) follows from equations obtained during the proof,
particularly An (En +v+x) = x* = Jny+]jp, and the fact that the primal formulation
is obtained for x = 0. O

COROLLARY 3.26 (Special case of the odd number of discretization points IV).

Let N € N? be odd, and the fully discrete formulations [38 be defined. Then:

(i) Both the primal and the dual homogenized matrices coincide AS@}? = ASFIETDI?N.

(i) Primal and dual discrete minimizers égf;), ]53) are related

€5 +in = AnY Ealen +6%) (3.10)

where E = (Alf ') tes.
Proof. The proof is the consequence of Lem. B.23 for Vi = En, Wy = Jn, and
decomposition R>*N =Upn @ En @ Jn stated in Lem. B141 O

COROLLARY 3.27 (General case of the arbitrary number of discretization points

~FFTH ~FFTH
N). Let we have following homogenization problems: find A.g n , Acgtp.N € Rxd

such that

~FFTH, _ . _ . .
((Aeff,N) 1J7J)]Rd = |N|HJ Helni]]‘ (ANI(JN +JN)7JN +JN)]Rd><N (3113“)
N N
~ FFTH 1 .
(Aeff,D,NEaE)Rd = m e}\,lg@fE.N(AN(EN + eN), En + eN)Rd (3.11b)

and let égs) and ]ES) be their approximate unitary minimizers. Then the following

holds:

(i) The fully discrete primal and dual formulations, Eq.[3.6d and[Z.60in Def.[Z19]

are equivalent to those here in Eq. (3.11a) and (B.IID) resp. in the sense the

. . L ~ FFTH ~FFTH
homogenized matrices coincide AS@}? =Ag N and ASFIETDI?N =AgpN-
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1) The discrete unitary minimizers e('@), ] 0 Eq can be e:L’pressed as a
N N

linear combination of these minimizers eN , j of Eq. BID) a

estey) =AR Y Jalea +iN)) €En (3.12a)
(B) _(a)
€5 +in =AN D Ealea+ey) €In (3.12b)
where the macroscopic quantities are set to E := (AS;TDIfN)’leg and J =

(iii) The primal and the dual homogenized matrices can be compared
AGDN S AN (3.13)
Proof. The proof is mainly the consequence of Lem. B.25and B.I4t for the primal
fully discrete formulation with Vny = Exn, Wn = Jn and for the dual one with

Vn =In, Wxn = Exn — see Fig. B;ﬂwith the scheme of the subspaces. The inequality
in B.13] comes from relation Exn C Ep, see Lem. 314l and a relation

1

|N|H en€eEn |N|H en€EN

holding for arbitrary fixed En € Un. O

REMARK 3.28. The effective matrices Agf? N and A§§7%§N can be compared with
relation =, in the sense of quadratic norms, to none of the matrices Aect Aoy n, and
Zeﬂ‘JV as is numerically shown in Sec. @

REMARK 3.29. In engineering literature relating FFT-based homogenization, e.g.
[19, 120, [16], the criterion for the numerical convergence of the primal approximate
minimizers en s based on an equilibrium condition of the dual fields Anen con-
trolling to be divergence-free. However, this criterion is reasonable only for the odd-
number of discretization points, cf. Eq. BI0), as observed in [20]; they also offer a
remedy that exactly corresponds to the formulation in Eq. BI1a) — the dual fields
BI12a) are then, if a convergence is reached, in appropriate subspace #n, the space
of divergence-free fields.

3.5. Calculation of upper-lower bounds. The calculation of the upper-lower

(8)

bounds of the homogenized matrix consists of the integral evaluation of type (Aegs), en

occurring in Def. Generally, the integral cannot be evaluated in a closed form
because of non-specific material coefficients. The idea is to adjust material coeffi-
cients to calculate the integrals accurately and efficiently and simultaneously keep the
upper-lower bounds structure.

For an easier orientation among various homogenized matrices, we refer to their
scheme in Fig. The matrices Aest, Aog N> ZQH,N, Acg N, and D introduced
in Def. 23] [Z8 21T are in no relation to matrices Aggjf\l,{, ASE;EI’{N from Def. BI7]

see Rem.
lin,M

In this section, we introduce approximations of upper-lower bounds Aeﬁ« D.N

lin, M
Aeﬁs N based on piecewise bilinear material coefficients and homogemzed matrices

guaranty bounds. All four introduced matrices can be calculated efficiently by FFT
algorithm, see Lem. 33T and Lem.

1
inf (AN(ENJreN) EN+eN)Rde < inf (AN(EN+eN)aEN+eN)RdeI

)iz
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~ lin,M ~ lin,M
Aeff,D,N Aeff,N
M 2 u con, M
con, — —=con,
0 = AGN S Aan 2 A 2 Agn 2 Ag N

Il I
AgNn—Dn=< Agn =XAsnN+Dn

S
AFFTH equality if N is odd AFFTH
eff, D,N < eff, N

Fic. 3.2. The overview of homogenized material bounds

LeEMMA 3.30 (Sufficient condition for the upper-lower bounds). Let A € Lge, (Y R‘Si;dd)l

be material coefficients and A, A € Lper(y; R¥*4) jits upper and lower approximations
satisfying

A(x) < A(z) < A(x), for almost allz € ). (3.14)

Let égf;) € &N and 553) € N be unitary minimizers for material coefficients A,

¢f. Def.[23. Then matrices Zeﬁ‘,éeﬂ. € R4 defined as

Nag = (Ales + X)) €0 + X)) 1o (3.152)

—~

A
(A pas = (A7 (ep +31) €a +g(“’)L§a, (3.15b)
comply with the upper-lower bound structure, i.e.

éeﬂN<AeﬂN<Aeff<Aeﬁ‘N<Aeﬁ‘N

Proof. The inner inequalities A4y = Aesr = Zeff’ ~ are already proven in
Lem. 210 the rest easily arise from assumed inequality ([B.I4]) that is kept under
integration. O
Next lemma provides a way for the calculation of the homogenized matrices by the
FFT routine, Lem. It requires the material coefficients to be expressed as a
linear combination of some basis functions concentrated on the set of nodal points.

LeEMMA 3.31 (Calculation of homogenized matrices). Let un,vn € T3 be
trigonometric polynomials and Ans € L35, (V; RI*4) for M € N be function explicitly
expressed as

Ap () = Z P(x+xh)AY, TEY

d
neli,s

where Y € L2, (V5 R) is some basis function and Apr € RIXIXM - Then the integrals
of the type occurring in Eq. BI3) can be calculated as

(AMuN,UN I |y|dz Z uvK}ﬁaﬁA% (3.16)

a,f mezdy

where integration weight w(m) is defined as w(m) := fyw(m)gpm(m) and factors
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UVN 5.0, Al are defined as

_ 1 -
VN g0 = NI Z un (25N ) VN o (TN s T (3.17a)
| |H keZdn
wh= D Angwar™ (3.17b)
nezl,

Proof. First, we note that [}, (z + x3y)pm(x)de = [}, () pm(x — 2)de =
w(m)wy™™ where m,n € Z%. Since un g, VN0 € I, for their multiplication holds
UN,BUN,« € Jan. Thus, it can be expressed as interpolation through 2NN nodal
points

UNGONG = D W5 aPm (3.18)

MELY

Then, the direct calculation finish the proof

(Apun,vN) L2 |y|dZ/AMaﬁ Jun g(x)vN,o(x)de

|y|d Z Z Z Aaﬁqu B, a/y7/)(-'17 + @) om(x)de

a,f nezd, merly

D T SHantm) A

a,B meZdy, nezd,

d

LEMMA 3.32 (Homogenized matrices by FFT algorithm). Let the assumptions
from the previous lemma be satisfied and, in addition, let M € N¢ be such that
M, > 2N, then the formula in Eq. B16) can be calculated using the FFT algorithm
of size 2N and M resp.

Proof. In Eq. [3I7al), the function values of un g, VN o at nodal points x5, can
be calculated with inverse DF'T of size 2IN — the Fourier coefficients with frequencies
zg‘N — Z,; are completed with nils. Then Eq. (3I7) is, up to a constant, the DFT
on space R?N and RM resp. — compare it to DFT matrix FN in Def. Bl acting on
space RN The Fourier coefficients of v A.a €qual to zero for m € 73\ Ziy, it
reveals requirement M, > 2N,. O
Up to now, we have shown that the homogenized properties can be calculated effec-
tively using the FF'T algorithm if the material coefficients are expressed as the linear
combination of basis functions concentrated on the set of nodal points. Now, we show,
in Def. B33l some examples of basis functions, to be utilized in Lem. 331l that can
be used to calculate the homogenized matrices; the choice depends on the possibility
to analytically express the integral weights, cf. Lem. B34

DEFINITION 3.33 (Constant and bilinear basis functions). Let M € R? be a
parameter such that M, > 1. We say that functions xpg, tripg € Lg?er(y;R), defined
on )Y as

1, < Yo 1l
XM (x) = [zl Mo for all o ,  tripg(x
0, otherwise

2Y
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are, one by one, a constant and a bilinear basis functions.

LEMMA 3.34 (Weights of numerical integration). Let xasr and trips be the basis
functions from Def.[3.33. Then for m € Z* we state
© Sine ( >

i) = gt - TT %
wpr(m) !Z/ytriM( )dx = H S e (ﬁ—Z)

1 =0
where sinc(x) = si’n(m) * .
Tz o TF0
Proof. For m € Z¢ we calculate
v Yo
aMla @ . XaMg | Me
/ XMst C]w H/z |< eXp 17T Yo )dxoz N H |:i7rma eXp(lﬂ' Yo ):| _Ya
@ (e M

11 |2 i M:> 2y C<ma>
= T mme | Ll smel 3o
el B L, M,

Integral weights w},(m) for bilinear basis functions trips are calculated accordingly.
d

REMARK 3.35. Since we realize that the integral weights can be calculated for the
basis functions shifted by h € R%, e.g.

/y XN (@ + ) om (@) = Wl (M) (— ),

we can calculate the upper and lower bounds exactly if the material coefficients are
expressed as some linear combination of the shifted basis functions from Def. [Z.33.
We note that the shifts by particular h enable to calculate the bounds using the FFT
algorithm, cf. Lem.[3.31] and Lem. [3.32

Next, the basis functions stated in Def. are not the only suitable ones, for
example the circle basis function defined for x € ) as

cire, (x) = Lo 2le =7
" 0, otherwise

produces the integral weight with the Bessel function of the first kind By, i.e. for
fa(m) = %

2 m=0

wf\lrrc(m) = / cire, () pm (z)dk = {Tg B,1(27rr||£(m)|\2) otherwise
Y rlgmil

Now, we will define approximations of the guaranteed bounds with the basis func-
tions stated in Def. B.33} a piecewise constant approximation is defined in a way to
still provide the guaranteed bounds while a piecewise bilinear approximation only
approximate these bounds, see Lem. [3.30
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DEFINITION 3.36 (Constant and bilinear approximation of material coefficients).

Let A € L3 (Y; ‘Si;dd) be material coefficients and M € N a parameter. Then we
define functions A", BemM - AlinM - glin M o Lg‘;r()};RdXd) forx el as
— M —con,M,
A M (@) = 3 warla o+ 2h) Bar
nezd,
BconM Z XMGTJrH? )BconMn
nGZd
Al M Z tripg(x + i) A(xhy),
nezl,
B'mM( Z trips (@ + ) A (27,
nGZd

——con,M,n Bcon Mn Rdxd

where matrices Apg are defined as

——con,M,n M —
AM = HA((B + "BT]\LJ)HL“(QM;RSPde)I’ ECOn, e ||A 1((13 + mT]\"J)||LOO((zM;Rngdd)I)I
noting that Lpg.-norm is restricted on Qar = [, (—XT‘L, XT‘L) The matrices are

called, one by one, upper constant, lower constant, upper bilinear, and lower bilinear
approrimation of material coefficients.

LEMMA 3.37 (Constant approximation of material coefficients). The constant
approximations of the material coefficients, Def. [3.30, satisfy the sufficient condition
in Lem. [3.30 for guaranteeing bounds.

Proof. Tt is necessary to show

—-con, M

A(z) 2 A (@), A7) < B M), (BM) (@) < A@) < A (@) ]

however, it is a direct consequence of the definition of the approximated material
coefficients. O

DEFINITION 3.38 (Bounds and its approximation of homogenized material co-
efficients).  Let égf;) € &N and 353) € _IN be approzimations of unitary mini-

mizers, e.g. from Def. 23, and AconM BeonM - Alin M plin M- M e N9 pe

apprommatwns of material coefficients from Def. [3.30l Then we define the bounds

—con,M lin, M lin, M

off N ,AC?HHJ\J]VI, Aeﬁ« N AeﬁsyDyN € R4 of the homogenized matriz as

—con, M —con,M o 0 -~ 0
e = (A e e o (AR = B MY s

per per

(3.19a)

lin, M in, o ~lin,M | _ in o
AeffNa,@ - (Al Megg)aeg\f))[g ) (Aeff,D,N)aé = (Bl 7M.7§5)3.7§V)) per- (Slgb)

per

THEOREM 3.39 (Guaranteed bounds for piecewise constant material coefficients).
The bounds AC;nZéVI, Aeﬁ' N € R4 from the previous definition are the guaranteed
bounds, i.e.

—con, M

AT 2 A 2 A v (3.20)
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and can be calculated with the FFT algorithm.

Proof. Relation ([320) is a corollary of Lem. B37 The possibility to caclulate
it using the FFT algorithm is a consequence of formula BI0) in Lem. B31] and
discussion in Lem. d

REMARK 3.40 (Homogenized bounds). The bounds obtained with the bilinear
approzimations of the material coefficients are only approximation of the bounds from
Def. [Z8, explicitly A:;%I ~ AN, A:;:D,N ~ Agn- Nevertheless, it is still
possible to calculate it using the FFT algorithm, cf. Lem.[3.32

4. Numerical experiments. This section is dedicated to numerical experi-
ments. We discuss the practical aspects of computing the homogenized matrices,
and then verify the theoretical results: the upper-lower bounds structure of homog-
enized matrices in Section 1] and the rate of convergence, particularly convergence
of approximate solutions to continuous one and the convergence of the homogenized
matrices, Sec.

Finally, the numerical experiments are compared to the p-version of the Finite
Element Method provided in [6], see Sec.

REMARK 4.1. The calculations are provided for a 2-dimensional problem with
(2, 2)-periodic material coefficients defined on periodic unit cellY = (—1,1)x(—=1,1) C
R? as

A(x) =11+ pf(w)], =€),

where I € Rgpxdd 18 the identity matriz, p corresponds to the phase ratio and is taken

as 10 except Sec. [{.3 where it is taken as (1073 — 1), and f : Y — R is a scalar
nonnegative function defined explicitly for particular experiment — it controls the
shape of inclusions and the regularity of material coefficients.

Moreover, discrete minimizers eg\of) € &v and gg\of) € In from Def. [317 are
obtained for both odd and even number of discretization points, namely N = (n,n)
where either n € {5-3%a € Ng,0 < a <6} orn € {2%a € N,2 < a < 10}; both the
sets of numbers are geometric series carrying ratios between succesive terms \ equal
to either 3 or 2.

LoGARITHM 4.2 (Calculation of guaranteed bounds of homogenized material
properties). Let Apr € Lg‘;r()};RdXd) be material coefficients. The algorithm for
calculation of the homogenized matrices is composed of several steps:

(i) Set the number of discretization points N and assemble matrices AN, A;,l,
Gél), GE,Q) € RIXIXNXN dofined in Def. and [T11. Since they are block

diagonal, only the diagonals are stored and the matriz by vector multiplication
is provided as element-wise multiplication.

1) For «, find discrete minimizers é(a) € En, j(a) € Jn as the solutions o
N N

linear systems described in Rem.[3.29 for unitary macroscopic loads €,. The
convergence criterion is based on the norm of residuum ||f||cec < € where
Irlég = |N|ﬁ1(r,r)Rde; the yielding value is set as ¢ = 10719 and initial
approzimate vectors of CG are set as zeros.

(ii) Calculate, if possible as stated in Rem.[Z.33, the evact upper and lower bounds
Actt,N, Ao v, see Def. [Z8. Otherwise, evaluate the approximations of the

—lin, M . ~ M~ M X

upper-lower bounds A.g N ,ézg’AN/I, AZ?;N ,AZ;I:D,N, Def. [Z38, according to
Lem. B30 for some sufficiently large M € R%, ¢f. Lem.[352
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REMARK 4.3 (Convergence criterion). The norm for residuum |¢|cq, due to
Plancherel’s theorem, equals to | Tn" [Fllzz,,- The yielding value is set as small as
possible to diminish an error caused by an inaccuracy in the solution of the linear
systems.

REMARK 4.4 (Avoiding the solution of dual formulation). If N is odd, the
dual discrete minimizers jg\?) can be obtained from Eq.[310 based on the assumption
that the original minimizers ég@‘) are the exact solutions of the corresponding linear
systems, see Rem.[T22 In reality, the linear systems are solved only approzimately,

thus it fails the dual minimizers to be from appropriate subspace ]53) ¢ In. It can be
saved with projection operator GSQ) and, in case AN is badly conditioned, by providing
couple of iterations of the dual formulation (3.61).

REMARK 4.5 (Interpolation operator Qpn for non-continuous functions). The
discrete formulations, Def. [3.17, require the interpolation operator Qn to be well
defined; it takes the function values and thus, originally, the operator is well defined,
for example, on continuous functions.

We assume the piecewise constant material coefficients and define the discrete
formulations as it states in Def. [T19 Generally, it still provides the upper-lower
bounds, however, it can fail to converge. Alternatively, some reqularization of material
coefficients, see [31)], can be performed to obtain convergence, nevertheless, generally
arbitrary slow.

4.1. The behavior of the bounds of the homogenized matrix. In this
section, we validate the properties of the upper-lower bounds of the homogenized
matrices for two phase materials with three types of inclusions characterized by scalar
functions f, see Rem. [T} explicitly, they are defined as

1, ||lx <3
* square (S): f(@) = {0 ﬂt}lleofwiseg) ’
L, fzlle <%
0, otherwise ’
L e <3

0, otherwise

e square (S1): f(x) = {

e square (S2): f(x) = {

Fig. 1] depicts the interface between phases and the nodal points sets, {z%; €
YV :n e 2%}, for particular N. The squares (S1) and (S2) differ only at the interface
having the 2-dimensional Lebesque’s measure equal to zero, thus insignificant for the
upper and lower bounds, see Def.

The square (S) receive the interface exactly between the nodal points — it ap-
proximate well an inclusion contrary to the squares (S1) and (S2) representing the
extreme cases of an inclusion approximation. The nodal points lie exactly on the
boundary causing the difference in the discrete formulation and consequently in dis-
crete minimizers egf;), ggs) and upper-lower bounds 2637 Ny A N-

In Fig. £1] we demonstrate the properties of the homogenized matrices for their
particular diagonal component. Inequality A.g n = Zefﬂ ~N stated in Lem.
is satisfied and the error, difference between them, is approaching zero supporting
Lem. 214

For odd N in Fig. the primal and the dual approximate homogenized
matrices coincide Agfl“;, TH— AefIE TD{{N as stated in Theorem 3260 Moreover, it approx-
imates properly the real homogenized coefficients A.g even for small N compared to
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1 X X X X X X X X X X X X X X X 1
X @ X X @ X X @ X X @ X X @& X
X X X X X X X X X X X X X X X
05 X X X[X X X X X X X X X[X X X 05' Y x Y x Y
g X @B XX ® X X®XX® XX @ X g
% i i i i — interface % * | — interface
£ 00lx e x|x|e o N =(55) £ 0.0p o (e o N=(4,4)
i Trxkx x N =(15,15) i L x x N =(8,8)
8 X @ XX @ X X @® X X @ XX @ X 8
_05 X X X[X X X X X X X X X[X X X _05' L[] x ] X L]
X X X X X X X X X X X X X X X
X @ X X @ X X @® X X @ X X @8 X
1 X X X X X X X X X X X X X X X 1
=1.0 -0.5 . 5 1.0 =1.0 -0.5 0.0 0.5 1.0

Coordinate xo Coordinate xo

(a) square (S) (b) square (S1) and (S2) resp.

Fia. 4.1. Periodic unit cell with nodal points and interfaces between phases

2.3 6.5 =
FFTH FFTH,
= Actt, N S 6.0 *ox A s (S1)
T22 AN g s+ ANTTING (S1)
3} © 5.5 —-
g AN £ o A N; (S1)
221 Actt, N 25.0 . oo A ; (S1)
g — £ Pt
8 g4s | XX A%fé%? (52)
FUZ.O Tao ‘.\ ook Aeff‘D,N; (S2)
Q o A
S S \ Actr, N (S2)
§Dl.9 §D3'5 Aeff_N; (82)
19 53.0
= %
2 225 &
x:
1.7 2.0
10° 10* 10? 10° 10* 10° 10" 10° 10° 10*

0
No. of discretization points n; N = (n,n) No. of discretization points n; N = (n,n)

(a) square (S); n is odd (b) square (S1) and (S2); n is even

Fia. 4.2. The upper-lower bounds of the homogenized matrixz for both the odd and the even
number of discretization points

the mean value A.g N = %(Aeﬁ«yN + Zeth) that overestimates.

For even N in Fig. [4.1(b)| the approximate homogenized matrices satisfy a sharp
inequality A§$ %%IN < Az n for both squares (S1) and (S2) confirming (B.13)) in
Theorem B27 Both the homogenized matrices ASE o, AngTDI_{N either overestimates
or underestimates even over the upper or the lower bounds. Exception is a case
N = (4,4) when the material coefficients coincide at the nodal points for both squares
(S1) and (S2).

However, the primal and the dual homogenized matrices, in Eq. ([3.6al) and (3.11b)),
differ substantially for small IN alike subspaces &x and &x do. Hence, the mean of
the upper-lower bounds Acg n provides the more accurate result. Albeit, from the
design perspective, either the lower or the upper bound is chosen as the most reliable
homogenized property depending on a design demand: resistance or conductivity.

4.2. Rate of convergence. In this section, we focus on the rate of convergence
(RoC) depending primarily on the regularity of material coefficient. Thus, according
to Rem. [} we define material coefficients through scalar functions f as

3
Lo leflz < 5
0, otherwise’

e circle (C): f(x) =
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e cone (E): f(x) = {1 — x|z, lzl2<1

0, otherwise’
1=2llzl3, [zl <3
e hummock (H): f(z) = ¢ 2(1 — ||z|]2)?, 1 <=/ <1,
0, otherwise

1

e standard mollifier (M): f(x) = exp(l - 1’||z”2)’ lzll2 <' ! ;

0, otherwise

the cut through the periodic unit cell, for xo = 0, can be observed in Fig. The
regularity of the material coefficients are based on the regularity of scalar functions f;
circle (C) is piecewise constant, cone (E) has piecewise constant the first derivative,
hummock (H) has piecewise constant the second derivative while standard mollifier
(M) is infinitely smooth, having continuous all derivatives.

b

i
=)

-]

»
—
Q
=

N}
—

fas]
=

Material coefficient Aqq
o

|
2 N

0 —05 00 . 05 1.0
Coordinate z1 while 22 =0

F1a. 4.3. The material coefficients at PUC for xo =0 showing their smoothness

First, we verify the RoC of ||e(®) — egs) [zz,, < C(5)7" from Lem. B2 for o = 1.
Unfortunately, the exact solution e(!) is possible to obtain only in a very special cases,
hence, we approximate it by a solution calculated with a very fine grid, i.e. e ~ eV

_ N
where we have chosen N = (2005, 2005). It enables to calculate the approximations

of order p, particularly

le) — eV llzz., )
un = log ||e(—1) a (log \) ™+, (4.1)

& — ez,

where the factors A equals to 2 or 3, cf. Rem. LIl Norms || - ||zz  in @) can be

calculated exactly using Plancherel’s theorem as all functions are the trigonometric
polynomials.

TABLE 4.1
The rate of convergence pun for the odd number of discretization points

RoC f\n 5 15 45 135 405 limit
UN (C) 0.568  0.579  0.511 0.544  0.565 0.5
UN (E) 1.083 1.410 1.522 1.527 1.557 1.5
UN (H) 2.504  2.554  2.476 2.478 2.499 2.5
UN (M) 1.491 3.009 6.777 10.266 6.091

The rate of convergence can also be studied from the upper-lower bounds of the
homogenized matrix. According to Lem. 214l it converges with rate 2 that represents

the smallest value of following rates [|e(®) — e{&) 12, and ||3(*) — 7% 2. for all a.
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TABLE 4.2
The rate of convergence un for the even number of discretization points

RoC f\n 4 8 16 32 64 128 256 512 limit
UN (©) -0.139 1.111 0.315 0.484 0.553 0.578 0.467 0.603 0.5
UN (E) 1.067 1.210 1.293 1.407 1.483 1.515 1.522 1.525 1.5
UN (H) 2.326 2.964 2.652 2.468 2.443 2.452 2.469 2.486 2.5
UN (M) 1.475 1.710 2.714 4.812 7.246 8.895 12.656 4.858 —
10™ 10"
iz 107 107
£
“Ho? 10° = s (O)
g i ()
<10 10" e T (E)
g, , s RN ()
510 10 °e s (M)
-
10° 10°
7 -7
10y40 10" 10’ 10° 10* %10° 10 10° 10° 10*
odd no. of discretization points n even no. of discretization points n

F1G. 4.4. Progress in error nn for increasing in the number of discretization points N = (n,n)

Hence, we define

1 tr DN
in = = log [ —=—— ) (log \)~* 4.2
[iN 20g<trDAN)(og) ; (4.2)
where Dy is the error from Def. 211l and A is taken as 2 or 3.
Nevertheless, it can be calculated only for special material coefficients A, e.g. for
problem (C), cf. Rem. Thus, we define the alternative

lin, N
in. N 1 tr Dy’
i N = 5 log | =R | (logN) ", (4.3)
tr Dy
~ lin,N 1| lin, N ~ lin,N

where D' = |Agg N — Ac pv| and N = (2005, 2005).

Analogically, we define the normalized errors

tr DN
=7 4.4
N tr Aeﬁ‘7M ( a)
¢ ~ lin,N
in, N rn
o= 4.4b
N trAeﬂ',M ( )

where M = (1215,1215) or M = (1024,1024) depending on N being odd or even,
and NN is taken as previously.

Now, we will discuss and compare the results. First, there is no significant ob-
servation between even and odd number of discretization points IN in the rates of
convergence, compare Tab. [T versus Tab. 2] 4] and see also almost straight
lines of the normalized errors in Fig. 441

The rates of convergence suffer from an inaccuracy for large IN; the rates of
e — eg\lr)H rz,, stated in Tab. E.Tl and are depreciated due to approximation of
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TABLE 4.3
The rate of convergence (RoC) from the guaranteed bounds for odd N = (n,n)

RoC f\n 5 15 45 135 405 | theory
AN (©) 0.495 0.402 0.484 0.460 0.496 0.5

™ (C) | 0495 0401 0483 0441 0338 | 0.5
™ (B) | 1185 1.446 1406 0526 0.032 1.5
N (") | 2655 1.662  0.054  0.000 0.000 | 2.5
N vy | 1836 2.732 0.319 0.000  0.000 | 777

TABLE 4.4
The rate of convergence (RoC) from the guaranteed bounds for even N = (n,n)

RoC f\n 4 8 16 32 64 128 256 512 limit
AN (©) 0.727 0.276 0.641 0.230 0.596 0.379  0.561  0.469 0.5

™ (C) | 0727 0276 0.641 0231 0593 0.363 0524  0.360 | 0.5
™ (BE) | 1055 1.284 1475 1520 1427 0.853 0.207 0.026 | 1.5
™ (H) | 2456 2.999 2133 0.396 0.015 0.000 0.000 0.000 | 2.5
N (M) | 1511 1.892  2.774  1.975 0.013  0.000  -0.000  0.000 | ?7?

minimizers e(!) ~ e%) and the rates of the upper-lower bounds, see Tab. and

. . — ~ lin, N ~ lin, N .
@3l due to approximations Aesg N ~ Aeg n and Ag v =~ Agg n- The exception

is the rate fin in ([@2), calculated for circle (C), that can be compared with its
approximation [Llji\?’N in ([43), see Tab. and [£4l Both the rates coincide for two
digits up to N = (45,45) for the odd case and up to N = (64, 64) for the even case. It
can also be compared in terms of errors ({4l shown in Fig. 41— the corresponding
lines differ significantly only for N = (1215,1215) and N = (1215, 1215) resp.

Further, the errors in Fig. 4] — observed for problems (E), (H), and (M) —
reach a limit state about the order 1076, It is primarily caused by an inaccuracy in
approximation e(!) ~ e%). It also depreciate the rates in Tab. [£3] 4l However, the
rates give evidence in the parts where errors in Fig. 4] produces the straight lines.

Concluding, the rates of convergence, calculated as in Eq. (d.1]), (£2), and (@3],
are comparable and depend on the regularity of material coefficients. Particularly,
problem (C) reaches the rate 1, while (E) 2, and the last (H) and (M) even higher —
about % — however, this value is highly influenced by the inaccuracy in its determina-
tion.

4.3. Comparison with p-version of FEM. In this section, we compare the
upper-lower bounds calculated with FFT-based FEM to p-version of FEM by [6]. The
comparison is made for material coefficients defined according to Rem. 1] through
scalar functions:

e circle (C): f(x) = {

1
2

Lo zlle <7

0, otherwise
1, e < 3
0, otherwise

L fa1] < Alea| < 2

0, otherwise

e square (S): f(x) = {

3

e rectangle (R): f(z) = {

Contrary to the previous examples, the conductivity of circle, square, and rectangle
inclusion is set to 1073 that intends to model void. The number of degrees of freedom
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for the p-version of FEM reaches 959 for circle and 511 for square and rectangle
while the number of discretization points for FFT-based FEM was taken as N =
(1215, 1215), hence substantially larger.

However, p-version of FEM is still significantly better in the terms of errors 7, see
Tab. It is mainly caused by better approximation properties of the p-version of
FEM, the shapes of inclusions are well suited for this method. Although, p-version of
FEM only approximates circle inclusion contrary to the FFT-based method. More-
over, the FFT-based FEM is influenced by variational crime caused by the numerical
integration in Def.

TABLE 4.5
The comparison of the homogenized matrices between the p-version of FEM and the FFT-based
FEM

method pFEM p-FEM  p-FEM FFTH FFTH FFTH
problem\property | AfFY,  ALFEL " EM Ao, N 11 Aot N 22 N

© 0.600  0.600  1.166582¢-04  0.588 0588  2.6760-02

(S) 0.578  0.578  3.611941e-03  0.476 0476  2.149-01

(R) 0425  0.671  6.403170e-03  0.346 0.569  1.95le-01

Nevertheless, the p-version of FEM with divergence-free subspaces is mostly suit-
able to 2-dimensional problems. It is an opportunity for the FFT-based FEM that
manage higher dimensional problems without any additional effort, especially for data
provided as voxel images.

Acknowledgments. The authors are thankfull to Jaroslav Haslinger for point-
ing out the works of Jan Dvorak, [5] [6].

Appendix A. Continuous projections on solenoidal and curl-free spaces.

DEFINITION A.1. Fori € {0,1,2}, we define operators GW[] : L2 (V;RY) —
L2 (ViR?) as convolution

GO () = / T -y = 3 7 (m)o(n)en()

Y nezd

where ¥y, 1= (va, ‘P")LZ denotes the Fourier coefficients for opn(x) = exp(in Zi:l %

Ber
Integral kernels ' qre easily expressed in the Fourier space; the matrices f‘(z) (n) €
RI*4 of the Fourier coefficients reads

- (0) I . (1) 0 . (2) 0, form=20

£(n)-é(n) £(n)-€(n) *

where I € R js the identity matriz, 0 denotes either a vector or a matriz with
zero components, and &,(n) = T;,—Z for period Y being consistent with periodic unit
cell Y =T],(—Ya,Ys) C RL

LEMMA A.2. Operators G from previous definition are mutually orthogonal
projections on, step-by-step, % ,&, and # — the subspaces of Lf)er(y;Rd) defined in
Eq. 7).

Proof. In [31], we show in detail that G(Y) is a projection onto &, the other cases

are analogical. It is based on mutual orthogonality of f‘(z) (n) for particular n € Z4
that can be found for example in [I7]. O
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