Priklady k procviceni 11: Prurezové charakteristiky

Zadani: Vypocitejte hlavni momenty setrvacnosti a vykreslete elipsu setrvacnosti na za-
danych obrazcich.

Priklad 11.1

Zadani: Rozkresleni na jednoduché obrazce:
v 300 . y 300 .
% N -~ N
o T | o
) X )
LO o O
1O
[a]
>§ li
150
[mm] [mm]

v~

1) Vypocet plochy a tézisté:
A = 500-300=1,5-10° mm?,
T, = 150 mm,
T, = 250 mm

2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

1 .1
I = —.p-p3=_—_. . 3-3.125-10° 4
v T 3 300-500% = 3,125-10° mm
1 1
I, = —-b*-h=-—-300%-500=1,125-10° mm*
12 12

4

D,. 0 mm

3) Vypocet hlavnich momentu setrvacnosti a vykresleni elipsy setrva¢nosti:

2
L, +1, I,-1I,
]1,2 = Y + (y2 ) +D52

2

2
3,125-107 +1,125- 107 3,125-109-1,125-10°
5 + 5 +02

I, = 3,125-10° mm*=1,,,
[2 = 1,125 : 109 mm4 = [mzn
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Lin 1,125-10°

. Loz /3,125 -10°
tmax = A = 1.5- 105 =144,3 mm

Umin = 1 1.5 10° 86,6 mm

A=
144,3

=/
250

F— [mm]

zV

Poznamka: Pokud je prufez symetricky, pak je deviaéni moment D, nulovy. Potom jsou
tezistové momenty setrvacnosti zaroven hlavnimi momenty setrvacnosti a osy se nepootoci
o zadny uhel. Neni tedy nutné pocitat I; 5. Zde je uvedeno pouze ilustrativné.

Priklad 11.2

Zadani: Rozkresleni na jednoduché obrazce:
300 300
Y / 7 Yy / 7
o
=)
(e
=] =]
g} O
<t x <t
Ty
200
z v [mm] 2 ¥ [mm]

A = 5-300-450:6,75-104 mm?,

T, = 200 mm,
T, = 300 mm

2) Vypocet tézistovych momenta setrvacnosti a deviaéniho momentu:

1 1
I, = —-b-h*=—-300-450° = 7,59375-10° mm*

36 36
1 1
I, = —-b¥-h=—-300%-450=3,375-108 4
36 36 mm
1 1
D,. = = b2 h? = = 3002 - 450? = -2,53128 - 10® mm*
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3) Vypocet hlavnich momentia setrvacnosti a vykresleni elipsy setrvac¢nosti:
2-D,.  2-(-2,53125-10%) ~

I,-1, 3,375-10% - 7,59375-108

ap = 25,1°

' 2
I+ 1. I,-1I.
]1’2 = 5 :I:\l ( 5 ) +D§Z

2
7,59375- 10 +3,375-10° \l (7, 59375108 — 3,375 - 108)

tan 2ap

]172 = + (—2, 53125 - 108)2

2 2

I, = 8,8793-10° mm®=1,,,
I, = 2,1894-10%® mm*=1,,,

I [8,8793-10°
.max = = —— =114
! V4 "V 76,7510 mm

Irnin 2,1894 - 108

) = = _— = 57
tmin A 6,75 10° i
y< r‘
o DY
=
& <
2wy \d
200
[mm]  zpV %()\
zV
Priklad 11.3
Zadani: Rozkresleni na jednoduché obrazce:
y y 200
- S - ) x
e}
LO — Tg
g X
(@) T S
5 < 550|@ <
A
NS @ NS
>< >§
(=) )
¥ 500 v 300 S p 500 « 300 S
zV [mm] zV
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A; = 500-550=2,75-10° mm?
1
Ay = 5-300-450=6,75-104mm2

A = A +A,=275-10°+6,75-10* = 3,425 - 10° mm?
Ay Ty + Ay Ty,  2,75-10°-550 + 6,75 - 104 - 200

y A 3.425-10° 81 mm
Ay T+ Ay-Ty,  2,75-100-275+6,75- 104 - 150
T, = = =250 mm
A 3,425 10°

2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

Az = T -T,=275-250=25mm
Az, = Tp, —T,=150-250 = ~100 mm

1 1
Iy = E-bl-h§’+A1-Azf:E-500-5503+2,75-105-252=7,10417-109mm4
1 1
Ip = % by h3+ Ay A22 = % -300-450% +6,75-10% - (-100)? = 1, 43438 - 10° mm*

I, = I, +1,=7,10417-10+1,43438-10° = 8,53855 - 10° mm"*

Ay, = Ty —T,=550-481 =69 mm
Ay = Ty, —T,=200—-481 = 281 mm

1 1
I, = E-bﬁ-hﬁAl-Ayf:5-5003-550+2,75-105-692:7,03844-109mm4
1 1
I, = = b3 ho+ Ay - Ay2 = %~3003-450+6,75.104~(—281)2 =5,6674-10° mm*

I, = Iqi+1,,="7,03844-10°+5,6674-10° = 1,27062 - 10'° mm*

Dy = 0+A;-Ay - Az =2,75-10°-69 25 = 4,74375 - 10° mm*
1 1
Dy = = D33+ Ay Ay - Azy = = -300% - 450% + 6,75 - 10* - (=281) - (-100)
= 2,14988-10 mm*

Dy, = Dy + D, =4,74375-10% + 2,14988 - 10° = 2,624 - 10° mm*

3) Vypocet hlavnich momentia setrvacnosti a vykresleni elipsy setrvacnosti:

2.D 9.2,624-10°
tan2ay = vz _ ! - 1,25922
S0 = T T 1,27062- 100 - 8, 53855 - 109

ap = 25,8°

2
I,+1, I,-1I,
]172 = y2 :I:\l(y2 )+Dgz

I 8,53855- 109 + 1,27062 - 1010 . \l (8, 53855109 — 1,27062 - 1010
12 =
2 2

2
) +(2,624-109)2
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I, = 1,39732-10° mm* =1,
I, = 7,27160-10° mm* =1,,,,

1 2-1010
Z'ma:p = max ’3973 0 = 202,0 mm
3,425-10°

. 9
bmin = \/ foan _ [7,27160 107 145,7 mm
A 3,425-10°

481 )
P 7
y L -
(@]
- S T
YT ogpt
=
& \&
Yo
\ §
2 ¥ [mm]
Al
Priklad 11.4
Zadani: Rozkresleni na jednoduché obrazce:
YA YA YA
100 T
2 S 2 T o 3576 T2
200 |, B S
— X
400 400 400 ~
K A K A K A [mm]
1) Vypocet plochy a téziste:
Ay = 300-400=1,2-10° mm?
1002
Ay, = L = 7.85308-10° mm”
= A - Ay=1,2-10° - 7,85398-103 = 1,12146 - 10° mm?
T — Ay .10% - 200 — 103 -
T - AT, — Ay Ty, _ 1,2-10%-200 - 7,85398 - 103 - (300 + 57,6) ~189.0 mm
A 1,12146 - 10°
ATy, - Ay T 1,2-105-150 - 2103+ (2
o ATy ATy L, 07 - 150 — 7,85398 - 103 - (200 + 57, 6) 1425 mm
A 1,12146 - 10°
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2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

Ay, = Ty, -T,=150-142,5=7,5 mm
Ayy = Ty, -T,=257,6-142,5=115,1 mm

1 1
L = 5obioh+ Ay Ay = 5 -400-300° +1,2-10° 7,57 = 9,0675 - 10°

Lo = 0,0549-7% + Ay - Ay2 = 0,0549 - 100% + 7,85398 - 10 - 115, 1% = 1,09540 - 10® mm*
I, = I,+1,5=90675-10%-1,09540-10% = 7,9721 - 108 mm*

Az, = Ty, -T,=200-189 =11 mm
Azy = Ty, —T, =357,6-189 = 168,6 mm

1 1
Iy, = E-bi’-h1+A1-Aﬁ:5-4003-300+1,2-1O5-112:1761452-109 mm*

Iy = 0,0549 -7+ Ay - Ax3 =0,0549 - 100* + 7,85398 - 10° - 168, 6% = 2, 28750 - 10° mm*
I, = I,j-1I,=1,61452-10°-2,28750- 10" = 1,38577 - 10° mm"*

Dy = 0+A;-Axy-Ay; =1,2-10°-7,5-11=9,9-10° mm*

Dyyo = —0,0165-7* + Ay - Ay - Ay = —0,0165 - 100* + 7,85398 - 10° - 115,1 - 168,6
= 1,50763-10® mm*

Dyy = Dyt — Dyso=9,9-10°-1,50763 - 10° = -1,40863 - 10* mm*

3) Vypocet hlavnich momenta setrvacnosti a vykresleni elipsy setrvacnosti:

2.D, 2. (~1,40863 - 10%)
tan2qy = Y = ’ = -0,4787
e T T, T 138577109 - 7,0721 108
Qp = -12,790

' 2
I+ 1 I,- L
11’2 = 5 :I:\l ( 5 ) +D§Z

Lo =

7,9721-10% +1,38577 - 10° . \l (7, 9721-108 -1,38577-10°
2 2

2
) + (~1,40863 - 108)?

I, = 1,4177-10° mm®* = I,,,,
I, = 7,6523-10% mm*=1,,,

. 9

tmaz = Lmaz = M =112,4 mm
A 1,12146- 105
B 7,6523-108

! A 1,12146-105 -0 mm

I min
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Priklad 11.5
Zadani: Rozkresleni na jednoduché obrazce:
)
v A = v A
>§
i @ T3 <
T
— 100 <
i)
| O
. @ SEE
xT
;((D;i @ 1 =X L
¥ 500 v S| [mm] 250 [mm]

A; = 100-500=5-10* mm?
Ay, = 500-100=5-10* mm?
A; = 100-500=5-10* mm?
3
= > A4;=5-10"+5-10*+5-10* = 1,5- 10> mm”

i=1

T, = 250 mm
T, = 350 mm

Poznamka: Pokud je prutez symetricky, je zbytecné pocitat jeho téziste.

SMAT1 LS 2011/2012 7 © Adéla Pospisilova



2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

Ayy = Ty —T,=50-350=-300 mm
Ay = Toy—T,=350-350=0 mm
Ays = Ty, —T, =650 -350 =300 mm

1 1
Iy = T by-h3+ A - Ay? = —-500-100° +5-10*- (-300)? = 4, 54167 - 10° mm*

12
1 1

Iy = E-bg-h§+A2-Ay§:5-100-5003+5-1O4-02:1,04167-109mm4
1 1

Ly = E-bg-h§+A3-Ay§:E-500-1003+5-1O4-3002:4,54167-109mm4

3
I, = Y ILi=4,54167-10° + 1,04167 - 10° + 4, 54167 - 10° = 1,01250 - 10** mm*
=1
Az, = Ty -T,=250-250=0 mm
Azy = Ty —T, =250 - 250 =0 mm
Az = Ty, —T, =250 -250=0 mm

1 1

Iy = E-b“;’-h1+A1-Ax%=5-5003-100+O:1,04167-109mm4
1 1

Iy = E-bg-h2+A2-Ax§=E-1003-500+0:4,16667-1O7mm4
1 1

Iz = E-bg-h3+A3-A:p§=E-5003-100+0=1,04167-109mm4

3
I, = > 1, =1,04167-10" +4,16667 - 10" + 1,04167 - 10° = 2,125 - 10° mm*
=1

Dy, = 0 mm*

obrazce neni totozné s celkovym (tj. tim, ke kterému poéitdme momenty). A pokud je
prufez symetricky, pak je D, nulovy.

3) Vypocet hlavnich momentua setrvacnosti a vykresleni elipsy setrvacnosti:

I, > I, = Iy =1,

I, = 1,01250-10'° mm* =1,,,,
I, = 2,125-10° mm*=1,,,
. J [1,01250 - 1010
tmaxr = A = 1’ 5.10° = 259,8 mm
. Lonin 2,125-10°
Ymin = A = 1’5 ) 105 = 119,0 mm
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Priklad 11.6
Zadani: Rozkresleni na jednoduché obrazce:
y Aﬂl/ L(OD; y T3 N
- — ) - T =] N T
0| D10
5|88
T
5) —» [e— 8 x 2
" ©
l §< |@? X N
N
zV 2 Tv 2 v [mm]
500 250
K A [mm] N
1) Vypocet plochy a tézisteé:
Ay = 500-50=2,5-10* mm?
Ay = 50-500=2,5-10* mm?
A; = 200-50=1-10* mm?
3
= > A;=25-10"+2,5-10"+1-10* = 6- 10" mm?®
=1
y = 200 mm
AT, Ay - T As-T: 2,5-10%- 2,5-10%- 1-10%-2
TZ _ 1 12+ Ao lo, + Ag 3Z: ,5 0*-575 + 75 0*-300 + 0 5:368’75mm

A 6-104

2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

Az = Ty, -T,=575-368,75 = 206,25 mm
Azy = T5,-T,=300-368,75=-68,75 mm
Azy = T3,-T,=25-368,75=-343,75 mm
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D

Yyz

1 1
-bl-h?+A1~Azf=E-500-5O3+2,5-104-206,252:1,06868-109 mm*

12

1 1

ok by-hi+ Ay - A22 = 550 500 +2,5-10* - (-68,75)? = 6, 38997 - 10° mm*
1 1

R by-hi+ A Az3 = o 200-50% +1-10*-(-343,75)? = 1,18372-10° mm*

3
> I,;=1,06868-10° +6,38997 - 10® + 1,18372 - 10° = 2,89140 - 10° mm*
=1

Ty, - T, = 250 - 250 = 0 mm
Ty, — T, = 250 - 250 = 0 mm
Ty, - T, = 250 - 250 = 0 mm
1
12
1
12
1
12

1
-b:{'-h1+A1-Ayf:5-5003-50+O=5,20833-108 mm*

1
-b§~h2+A2~Ay§=E~503-5OO+0=5,20833-106 mm*

1
B3+ by + As - Ayf = - 200°-50 +0 = 3,33333 - 107

3
> I;=5,20833-10° +5,20833 - 10° + 3,33333- 10" = 5,59375 - 10° mm*
=1

0 mm*

3) Vypocet hlavnich momentu setrvacnosti a vykresleni elipsy setrvaénosti:

1
I
I

Zma:p

tmin

> I > Lo = 1,
2,89140-10° mm® = I,,,,
5,59375-10% mm* = 1,,;,

Lz 2,89140-10?
\/ Y :\/ 5100 =219,5 mm

Lin — [5,59375-10%
\/A _\/ 6108 =96,6 mm

y L — 966
T 0
s AT o5
S =
~ T
y; = Yo \
[ 7
zV [mm]
250
Y
ZT = Zo ¥
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Priklad 11.7

Zadanti: Rozkresleni na jednoduché obrazce:
- X -
y 2 y 38 ) 300 150
o S a
>§ (@] @ ,Tl
o ] I X x D
= 3 T ) S
>Y
)
o
(@]
%ﬂy 300 y 300 /150%15 Z% 250
Y 300
[mm] s
400
/}/—
z ¥

1
A = 5-600~900:2,7~105mm2
1
Ay = 5-300-200:3-104mm2
1
As = 5-150-20021,5-104mm2
= A -Ay—A3=2,7-10°-3-10*-1,5-10* =2,25-10° mm?
ATy + Ay Ty +As- Ty, 2.7-105-300-3-104-400-1,5-10%-2
Ty _ 1 1y+ 2 2y+ 3 3y: ,7 0°-300-3-10 00 ,5 0 50:290mm
A 2,25-10°
ATy, +Ay - To,+ As-Ts,  2,7-105-200-3-10%-266,7-1,5-10%-266,7
T, = = =186,7 mm
A 2,25-10°

2) Vypocet tézistovych momenti setrvacnosti a deviaéniho momentu:

Az = Ty, -T,=200-186,7 = 13,3 mm
Azy = Ty, —T,=266,7-186,7 = 80 mm
Az = Ty, —T,=266,7-186,7 = 80 mm

Iy = %-bl-hi{wAl-Azf = %-900-6003+2,7-105-13,32 =5,44776 - 10° mm*

Iy = %-bg.h%&-mg = %-300-2003+3-104-802 = 2,58667 - 10* mm?

Iz = %-bg-h§+A3-Az§ = %-150-2003+1,5-104-802 =1,29333-10° mm*

I, = I, -1l,n-1I,;3=5,44776-10° - 2,58667 - 10° - 1,29333 - 10° = 5,05976 - 10° mm"*

SMAT1 LS 2011/2012 11 © Adéla Pospisilova



Ay, = Ty, -T,=300-290 =10 mm
Ay, = Ty, —T,=400-290 = 110 mm
Ays = Ty, -T,=250-290 = 40 mm

1 1

I, = %-bi’-hﬁAl-Agﬁ:%-9003-600+2,7-105-102:1,2177-1010mm4
1 1

I, = %-bg-thrAg-Ay%:%-3003-200+3-104-1102=5,13-108mm4
1 1

I3 = %-b§~h3+A3-Ay§:%~1503~200+1,5-104-(—40)2=4,275-107mm4

I, = Ii-1,-1,5=12177-10-5,13-10%-4,275-10" =1,16213-10'° mm*

1 1

Dy = —E-b%-h%Al-Ayl-Azl:—5-9002-6002+2,7-1o5-1o-13,3:—4,01409-109 mm*
1 1

D,.» = —5-b§~h§+A2-Ay2.Az2=—i-3002-200%3.104-80-110:2,14.108mm4
1 1

D,.3 = ﬁ-bg-h§+A3-Ay3-A23:i-1502-2002+1,5-104-80-(—40):—3,55-107mm4

Dy, = Dy~ Dyo— Dyos = —4,01409-10° - (2,14 - 10° - 3,55-107) = -4,19259 - 10° mm*

3) Vypocet hlavnich momenta setrvacnosti a vykresleni elipsy setrvacnosti:

2.D, 2 (~4,19259 - 109)
tan2ap = v _ : - ~1,27793
e S T T, T 1,16213-10 - 5,05976- 10°
Qp = -26°

2
I+1. I~ 1.
[172 = Tﬂ:\l( 5 ) +D§Z

5,05976- 10° + 1,16213 - 10
2

' 2
5,05976-10% - 1.16213 - 1010
\J( ’ n ) +(~4,19250 - 109)2

I, = 1,3664-10 mm* =1,
I, = 3,0169-10° mm* = I,,;,

, Ipew  [1,3664- 1010
fmaz = A "V 225100

Lom  [3,0169-10°
‘min = = =115.8
! V. a "V 225100 S i

=264,4 mm
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Priklad 11.8

@ Z
< S)
y T T2>< L(EE T3
@n X X @ﬁ
S 66,7 &
_ 300
y : 533,3
A
&) z v
y ONMONMONO,
T, Ts  Ts Tr 159
. 250
A
[oom] y 350
7 450
A 7, '
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1

5-100-10025-103 mm?
400-100 = 4 - 10* mm?

1

5-100-10025-103 mm?

7 - 502

As=Ag=A; = =1,9635-10° mm?

3 7
YA -> A;=5-10°+4-10"+5-10* - 4-1,9635 - 10° = 4,2146 - 10* mm?
=4

i=1

300 mm
Ap-T, + Ay Ty, + Ag- T3, - Ay Ty, — As - T, — Ag - T, — A7 - T,
A
5-10%- 240 +4.10*-50 +5-10% - 2520 - 41,9635 - 10% - 50 53 055
42146 - 10° - 99, Ion T

2) Vypocet tézistovych momentt setrvacnosti a deviacniho momentu:

Az
Azo
Azg
Azy

I

yl
I,

I

y3

Iy,

2.1
T.-T, = TOO - 53,955 = 12,712 mm

15, -1, =50-53,955 = -3,955 mm
15, =T, = @ -53,955 =12,712 mm

Azs=Azg=Az;=T;, =T, =50-53,955 = -3,955 mm

%~b1-h§’+A1~Az§=3—16-100~1003+5-103~12,7122:3,58575-106 mm*
1—12-b2-h§+A2-Az§ = 1—12-400-1003+4-104-(—3,955)2 =3,39590- 10" mm*
%-bg-h§+A3-Az§:3—16-100-1OO3+5-103-12,7122:3,58575-106 mm?*
Iy5=fy6=1y7=6—4-7r~d4+A,-~Az§=6i4~7r-504+1,9635~103.(—3,955)2:

3,37509 - 10° mm*

3 7

Z I, - Z I =3,58575-10% + 3,39590 - 107 + 3,58575 - 10° — 4 - 3,37509 - 10° =
i=1 i=4

3,95805- 10" mm*

100
Ty, -T, = (T + 500) - 300 = 233,33 mm

Ty, - T, =300 - 300 = 0 mm

2100
Ty, - T, = %—300:—233,33 mm

Ty — T, =450 - 300 = 150 mm
Ts, =T, = 350 - 300 = 50 mm
Tey — T, = 250 - 300 = =50 mm
17, -T, =150 - 300 = =150 mm
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D,.

—med + Ay Ayg =
— .. d* + As .Z&yg =
6—4-7r-d4+A6-Ay§:
credt + Ar - AyE =

64
7

64
1

R
1

64
1
64

/0

™

™

3
Yo Li-> I;=2,74992-10°

i=1 =4

1
—'b:f'h1+A1-Ayf:%-1003~100+5~103-233,332=2,74992-108 mm?

1
—-bi-hﬁAg-Ay%:5-4003-100+0=5,33333~108 mm?

1
— b3 -hy+ Az Ayj = %-1003-100+5-103-(—233,33)2 =2,74992-10% mm?*

1
— . 71-50%+1,9635-10% - 1502 = 4, 44855 - 10" mm*

-50* +1,9635-10% - 50% = 5, 21555 - 10° mm*

-50% +1,9635 - 10% - (-50)? = 5,21555 - 10°® mm*

50" +1,9635 - 10% - (-150)? = 4, 44855 - 10" mm*

+5,33333-10°% + 2,74992 - 10® - 4,44855 - 107

~5,21555-10% - 5,21555 - 10° - 4, 44855 - 107 = 9,83915 - 10® mm*

0 mm*

Poznamka: Prufez je symetricky, tudiz je D,, nulovy. Kdo by tomu nevéfil, necht projde
nasledujici vypocet.

l)yzl

1 1
E~b§-h%+A1~Ay1'Azl:5~1002-1002+5-103~12,712~233,33=

1,62193- 10" mm*

0+ Ay Ayy-Azy =0+4-10%-(-3,955)-0 =0 mm*

72
-1,62193-10” mm*

0+ Ay - Ayy-Azy=0+1,9635-
0+ A5 -Ays- Az =0+1,9635 -
0+ Ag-Ayg-Azg=0+1,9635-
0+ A7 - Ay;- Az =0+1,9635 -

103
103
103
103

1 1
—— b3 -h3+ Az -Ayz-Azz = = 100 -100* +5-10% - 12,712 (-233,33) =

-(~3,955) - 150 = -1, 16485 - 10° mm?
-(~3,955) - 50 = —3, 88282 - 10° mm*
-(~3,955) - (=50) = 3,88282 - 10° mm*
-(~3,955) - (~150) = 1,16485 - 106 mm?*

3 7
Z D,.. - Z D,.;=1,62193-10" +0 - 1,62193- 107 — (-1,16485 - 10°
i=1

1=4

-3,88282-10° + 3,88282-10° + 1,16485 - 10°) = 0 mm*

3) Vypocet hlavnich momenti setrvaénosti a vykresleni elipsy setrvaénosti:

I
I
I

\

]i g ]ﬁmaz = ]%

9,83915-10° mm* = .,
3,95805 - 107 mm* = I,,;,
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, Imee  [9,83915-10°
fmaz = A -\ 12146101 - 1928 mm
I 3,95805 - 107
mln — mn — ) — 30 7
Z A"V 4216100 0T
“‘\
. = 152,8
Y AL -
yT = 0 \_/ _w
300
zr = 7oV zV

Prosba V pripadé, ze v textu objevite néjakou chybu nebo budete mit ndmét na jeho

vylepSeni, ozvéte se prosim na adela.pospisilova@fsv.cvut.cz.

V02: U vsech piikladi opraveno znaceni os. (Na chybu upozornil doc. Zeman.) V03: U
piikladu 11.3 opraven D,.s. (Na chybu upozornil Jakub Kostyf.)
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