
Czech Technical University in Prague

Faculty of Civil Engineering

Department of Mechanics

Stochastic modelling of heterogeneous

materials based on image analysis

Anna Kučerová, Jan Sýkora and Jan Zeman 

27 May 2014 1

Seminar on Uncertainty Modelling in Engineering

Prague, Czech Republic



Motivation
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Modelling of heterogeneous materials with

• random spatial distribution of particular constituents

• characteristic length comparable to the macroscopic lengthscale

assumptions required for application

of homogenization-based modelling 

are inadequate

variation in material properties has

significant influence on structural 

response and needs to be considered

irregular masonry



Random fields
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Definition of a random field 𝑞 𝒙, 𝜔 :

mean: 𝜇𝑞 𝒙 = 𝔼 𝑞 𝒙, 𝜔 =  Ω 𝑞 𝒙, 𝜔 ℙ(d𝜔)

covariance function: 𝐶𝑞 𝒙, 𝒙′ = 𝔼 𝑞 𝒙, 𝜔 − 𝜇𝑞(𝒙) 𝑞 𝒙′, 𝜔 − 𝜇𝑞(𝒙′) =

=  
Ω

𝑞 𝒙, 𝜔 − 𝜇𝑞(𝒙) 𝑞 𝒙′, 𝜔 − 𝜇𝑞(𝒙′) ℙ(d𝜔)

Modelling of a random field:

• discretization: by FE mesh into a finite but high number of points 

covariance function 𝐶𝑞 𝒙, 𝒙′ becomes covariance matrix 𝐂𝑞

• dimensionality reduction: by solving eigenvalue problem: 𝐂𝑞𝝓𝑖 = 𝜁𝑖𝝓𝑖

leads to Karhunen-Loève (KL) expansion:  𝒒 𝜔 ≈ 𝜇𝑞 +  𝑖=1
𝑀 𝜁𝑖𝜉𝑖 𝜔 𝝓𝑖

x

q(x,𝜔)

 2



Uncertainty propagation
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Demonstration for a linear system: 𝑨 𝑞 𝝃 𝜔 𝒖 𝝃 𝜔 = 𝒇

• system response can be approximated by polynomial chaos (PC) with 

respect to probability measure of 𝝃 𝜔 :  𝒖 𝝃 𝜔 =  𝛼∈ℐ𝒖𝛼𝐻𝛼 𝝃 𝜔

e.g. Hermite polynomials 𝐻𝛼 𝝃 𝜔 are orthogonal in Gaussian measure

• using KL approximation of 𝑞 𝝃 𝜔 and PC approximation of 𝒖 𝝃 𝜔 :

 𝑨  𝑞 𝜔  𝒖 𝜔 = 𝒇

• applying Bubnov-Galerkin projection we obtain

∀𝛽 ∈ ℐ: 

𝛼∈ℐ

𝔼 𝐻𝛽 𝝃 𝜔  𝑨  𝒒 𝝃 𝜔 𝐻𝛼 𝝃 𝜔 𝒖𝛼 = 𝔼 𝒇𝐻𝛽(𝝃 𝜔 )

which is a large system of equation for PC coefficients

[e.g. Ghanem & Spanos, 1991, SFE
or  Matthies & Keese, 2005, CMAME]



Covariance function
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How to determine covariance function of material properties?

• Gaussian covariance function:

𝐶 𝒙, 𝒙′ = 𝜎𝑞
2exp −

𝑥−𝑥′
2

2𝐿𝑥
2 −

y−𝑦′ 2

2𝐿𝑦
2

• Exponential covariance function:

𝐶 𝒙, 𝒙′ = 𝜎𝑞
2exp −

𝑥−𝑥′

𝐿𝑥
−

𝑦−𝑦′

𝐿𝑦

• Image-based covariance function:

𝐶 𝒙, 𝒙′ = 𝑆2
1

𝒙, 𝒙′ − 𝑐 1 2
𝑞 1 − 𝑞 2 2

𝑐 1 is volume fraction of phase 1

𝑆2
1

𝒙, 𝒙′ is two-point probability function 

𝑞 1

𝑞 2

[Lombardo et al., 2009]



Covariance function
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Two point probability function – probability that vector 𝒙𝒙′ starts and ends in       

a given phase

𝑆2
1

𝒙, 𝒙′ = IDFT DFT 𝜒 1 𝒙, 𝒙′ DFT 𝜒 1 𝒙, 𝒙′

𝜒 1 𝒙,𝜔 =  1 if 𝒙 ∈ 𝒟 1 (𝜔)
0 otherwise

volume fraction 𝑐
squared 

volume 

fraction 𝑐2



Numerical example – irregular masonry
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Linear heat conduction problem:

−∇⋅ 𝜆(𝑥)𝛻𝜃(𝑥) = 𝑓(𝑥),  𝑥 ∈ ℊ ⊂ ℝ2

𝜃(𝑥) = 𝑔(𝑥),  𝑥 ∈ 𝜕ℊ,

𝜆 1 = 1.9 Wm−1K−1

𝜆 2 = 0.9 Wm−1K−1



Numerical example – covariance kernel
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Correlation lengths of Gaussian and exponential covariance function were 

optimized so as to fit the corresponding covariance functions to image-

based covariance function:



Numerical example – FE discretization
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Element size 

= 0.2 [m], 

(36 FE nodes)

Element size 

= 0.025 [m], 

(1681 FE nodes)



Numerical example – Karhunen-Loève modes
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Numerical example – RF realisations
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Numerical example – PC + KL error
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Numerical example – Difference in CF
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𝜖 𝜃 =

𝜃𝑀 − 𝜃441
image

𝑙2 ℊ×Ω

𝜃441
image

𝑙2 ℊ×Ω

Discretized 
by 1000 
samples



Conclusions and future work
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• Demonstrated significant difference in temperature field modelled using 

ad-hoc chosen covariance function and image-based covariance 

function

• Hard to determine, which covariance function truly better represents the 

reality         comparison needs 

to be done on samples randomly 

cut from a microstructure



Conclusions
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