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Change-point detection

At time points t = 1, 2, . . . we observe X1,X2, ...

H0 : X1,X2, . . . ,Xn, . . . all have the same stochastic behaviour

H1 : X1,X2, . . . ,Xk have the different stochastic behaviour from

Xk+1,Xk+2, . . .

We do not know the value of k .

On-line detection

Off-line detection
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Typical feature

{Xi = (Xi1, . . . ,Xip)
T , i = 1, 2, . . . } p is very large

Basic characteristics:

E X = µ = (μ1, . . . , μp)
T , Var X = Σpxp

The goal of statistical inference:

Detect a change (changes) in the mean vector µ (at least in one
component).

There are 2p − 1 subsets of indexes where a change can occur.

It would be very nice if we could say before which type of change we
expect.



Examples

1. We expect an increase in some components of µ = (μ1, . . . , μp)
T .

0 100 200 300 400 500 600 700 800 900 1000
−6

−4

−2

0

2

4

6

8

10

Then we can study the sequence of means {X̄i , i = 1, . . . , n} where
X̄i =

∑p
j=1 Xij/p.



2. There is a decrease in the mean of the first p1 components as well as
a decrease in the mean of the last p − p2 components but an increase in
the mean of the middle components.
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Then we can try to detect this type of change by studying the
characteristics:

{X̄i(p1, p2) − X̄i (1, p1)}
{X̄i(p, p2) − X̄i(p1, p2)}



Often, we are looking for a change in the mean in one, two, ..., m
characteristics that have usually a form of linear combinations of the
components of the observed vectors:

A
(1)
i = aT1 Xi , A

(2)
i = aT2 Xi , . . . , A

(m)
i = aTmXi , i = 1, . . . , n.

Statistical inference - hypotheses testing

The alternative has to be set before the statistical inference is performed.



It can happen that we do not know which linear combinations to choose.
Is it possible that the data speak for themselves?

Solution: Choose such linear combinations aTX, bTX, . . . that have the
largest variance (supposing ||a|| = 1, ||b|| = 1, . . . )



Why? Two possibilities:

1. The large variance of the chosen linear combination is natural -
we have chosen a wrong linear combination.

2. The large variance of the chosen linear combination is caused by a
shift in the mean of this linear combination - we have chosen a right
linear combination.
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Method of choosing the linear combinations with the largest variances is
well-known - method of principal components.

We compute

eigenvalues λ1 > · · · > λp

eigenvectors w1, . . . ,wp

of the variance-covariance matrix VarX and consider the linear
combinations:

wT
1 X, . . . ,w

T
mX, m is small.

(Then, we test for a change in mean of these linear combinations.)
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We prefer ”smooth” type of changes

We replace the observed vectors with many components by ”smooth”
functions.

The data are not anymore vectors but they are smooth functions.
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Functional data analysis

Instead of dealing with a space Rp we are dealing with a space of
integrable functions L2([0,T ]). We can use again the method of principal
components replacing

wT
1 Xi by

∫ T

0
w1(t)Xi(t) dt

wT
2 Xi by

∫ T

0
w2(t)Xi(t) dt

...
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