
Dynamic stiffness matrices

Definition of end displacements, rotations, forces and moments
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Figure 1: Coordinate system.
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Figure 2: End displacements and rotations.
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Figure 3: End forces and moments.

Relationship between end generalized displacements and generalized forces

K(λ)d = f (1)
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Fixed beam
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Figure 4: Fixed beam.

dT = (wi, ϕi, wj, ϕj) (2)

fT = (Zij,Mij, Zji,Mji) (3)
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Fixed-hinged beam
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Figure 5: Fixed-hinged beam.

dT = (wi, ϕi, wj) (5)

fT = (Zij,Mij, Zji) (6)
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Hinged-fixed beam
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Figure 6: Hinged-fixed beam.

dT = (wi, wj, ϕj) (8)

fT = (Zij, Zji,Mji) (9)
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Frequency (Koloušek’s) functions
frequency parameter

λ = l
4

√
µω2

EI
(11)

where l is the length, µ is the weight of unit length, ω is the prescribed circular frequency,
E is the Young’s modulus of elasticity and I is the moment of inertia of the cross section.

F1(λ) = −λ sinhλ− sinλ

coshλ cosλ− 1
(12)

F2(λ) = −λcoshλ sinλ− sinhλ cosλ

coshλ cosλ− 1
(13)

F3(λ) = −λ2 coshλ− cosλ

coshλ cosλ− 1
(14)

F4(λ) = λ2 sinhλ sinλ

coshλ cosλ− 1
(15)

F5(λ) = λ3 sinhλ+ sinλ

coshλ cosλ− 1
(16)

F6(λ) = −λ3 coshλ sinλ+ sinhλ cosλ

coshλ cosλ− 1
(17)

F7(λ) = λ
2 sinhλ sinλ

coshλ sinλ− sinhλ cosλ
(18)

F8(λ) = λ2 sinhλ+ sinλ

coshλ sinλ− sinhλ cosλ
(19)

F9(λ) = −λ2 coshλ sinλ+ sinhλ cosλ

coshλ sinλ− sinhλ cosλ
(20)

F10(λ) = −λ3 coshλ+ cosλ

coshλ sinλ− sinhλ cosλ
(21)

F11(λ) = λ3 2 coshλ cosλ

coshλ sinλ− sinhλ cosλ
(22)

F12(λ) = λ3 coshλ cosλ+ 1

coshλ sinλ− sinhλ cosλ
(23)
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