
A posteriori error estimate – ZZ method

FEM solution:

Where B is the matrix of derivatives of approximation functions. 
We assume that the exact stress state is close to this 

Coefficients rs sigma are determined so that the error of the difference of the approximated stresses sFEM

And the augmented stresses sigma_star in the least square meaning must be as small as possible: 

After some mathematical operations (see Lecture 11), we obtain: 

FEM

FEM



Example 1: Tensile bar

Analytical solution:

Let’s assume: 

Stress is determined from the equilibrium equation:

The displacement is derived from the integration:



FEM solution:

# number of elements

# fem solution



         The smoothed stress:

Nodal values of the smoothed stress:

where the matrix A and vector b is assembled by the localization from Ae and be.



Error estimate:



Full integration

Reduced integration

● Cantilever beam:

● Cantilever beam:

Comparison of full integration and reduced integration scheme for one and more elements

● Full integration (2 points):

● Reduced integration (1 point):

Deflection – analytical solution:
Our case:

Deflection – analytical solution:
Our case:

Ratio

Ratio

# numerical integration

# error contributions from elements



Example 2: Plane stress problem – cantilever beam loaded by a force

Note: The FEM solution is not presented. 



# mesh draw

Error estimate:
Nodal values of the smoothed stress:



# right hand side for 3 components

# code numbers = node numbers

# numerical integration





Error estimate:

Stress profile



# numerical integration

# error contributions from elements

  # stress at integration point
# diff. sigma - sigma_fem









Error estimate for different mesh sizes

sizes char. elem. size   
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