A posteriori error estimate — ZZ method

FEM solution:

u ' (z) = N(z)r

o (z) = DB(z)r

Where B is the matrix of derivatives of approximation functions.
We assume that the exact stress state is close to this

o*(z) = N(z)r,

Coefficients 75 sigma are determined so that the error of the difference of the approximated stresses 6™
And the augmented stresses sigma_star in the least square meaning must be as small as possible:

T .
/ (U* — O'FEM) (a* = O'FEM) dQ) — min.
Q
After some mathematical operations (see Lecture 11), we obtain:
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Example 1: Tensile bar
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Let’s assume: f: =11=3,EA=1
Analytical solution:
Stress is determined from the equilibrium equation: o(z) = f,(1—xz)/A, =< (0,])

The displacement is derived from the integration:

u(e) = [y o(s)/Eds = [(fuls — f25°/2)/(BA)]; = —(f:/BA)  (—2*/2 — lz)



FEM solution:

# number of elements

n=>5
1 = 3/n;
E=1;
A=1;

# fem solution
ki = (E*A/1)*[1 -1; -1 1];
fi= [172/(2*%1) 172/(2*1)1;
zeros (n+l);
zeros (n+l, 1);
for i=1:n
loc = [i i+1];
K(loc, loc) += ki;
F(loc)+= fi';
endfor
u K(2:n+1, 2:n+1)\(F(2:n+1,1));
u [0 ; ul

m X
I

#plot analytical solution

hold on;

X =0:0.1:3;

plot (x, -x.72/2+3*x, "b;u;", x, -x+3, "r;N;")

sig = zeros(n,1l);
#evaluate stress and plot obtained solution
for i=1:n
eps = (U(i+1)-U(1))/1;
sig(i) = E*eps;
N = A*E*eps;
plot ([(i-1)*U i*1], [U(i) U(i+1)], "b--")
plot ([(i-1)*L i*1], [N N], "r--")
endfor



c
||

.00000
.62000
.88000
.78000
.32000
.50000

AP OWNRERO

The smoothed stress: o

N /3 1/6 b2
=il e[l 2|
fllNz [Ny N ] 1/6 1/3 1/2
beszTaedm:{"l/2}
o¢l/2
Nodal values of the smoothed stress: Arzb

where the matrix A and vector b is assembled by the localization from A° and b*.




In [4]:

# evaluate recovered stresses
Ai = [L/2, 0; 0, 1/2];
bi = [1/2;1/2];
A zeros(n+l);
B zeros(n+l,1);
for i=1:n
loc = [i i+1];
A(loc, loc) += Ai;
B(loc)+= sig(i)*bi;
endfor
sig2 = A\B;

#plot analytical solution
hold on;

X =0:0.1:3;

plot (x, -x+3, "r;Sigma;")

#plot recovered stresses
hold on;
for i=1:n

plot ([(i-1)*U i*1], [sig(i) sig(i)],
plot ([(i-1)*1 i*1], [sig2(i) sig2(i+1)], "o--")

endfor
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Error estimate:

el = Jq E(lz) <G;;(:c) — OI;EM(.'IZ)>2d.’IZ.

el =32, .[;e E(lx) (Ujg(m) — UI;EM(w)>2d:U.




In [5]:

# numerical integration
w=[1.0; 1.0];
xi=[-1./sqrt(3); 1/sqrt(3)];

# error contributions from elements
e = zeros(n,1);
err = 0.0;
hold on;
for i=1:n
for ip=1:2
sig2xi = (1-xi(ip))/2*sig2(i)+(1+xi(ip))/2*sig2(i+1);
dsig = sig2xi-sig(i);
e(i) += (dsig”2/E)*w(ip)*1/2;

endfor
err = err+e(i);
endfor
e
err
for i=1:n
plot ([(i-1)*L i*l], [e(i) e(i)], "o--")
endfor
e =
0.018000
0.018000
0.018000
0.018000
0.018000

err = 0.090000
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Example 2: Plane stress problem - cantilever beam loaded by a force
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Note: The FEM solution is not presented.



In [7]:

# mesh draw

hold on;

sig;

triplot(enodes,x,y, 'k')

triplot(enodes,xnew,ynew, 'r')

#for ie=I1:nelem

# trimesh(enodes(ie, :),xnew(enodes(ie,:)),ynew(enodes(ie,:)),[sig(ie,1),sig(1
e,1),sig(ie,1)])

#endfor
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Error estimate:

Nodal values of the smoothed stress:
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In [8]:

function [Ai, bi] = plane stress reco (xe,ye,sig)

# numerical integration
w = [0.26014666666; 0.26014666666;0.26014666666; -0.28125];
xi=[0.2, 0.2; 0.6, 0.2; 0.2, 0.6; 0.3333333333, 0.3333333333];

Ae=(1/2)*((xe(2)*ye(3)-xe(3)*ye(2))-(xe(1l)*ye(3)-xe(3)*ye(l))+(xe(l)*ye(2)-X
e(2)*ye(l))) ;
AAi=zeros(3);
Ai=zeros(3);
bi=zeros(3,3); # right hand side for 3 components
for ip = 1:4
Ni=[xi(ip,1), xi(ip,2), 1-xi(ip,1)-xi(ip,2)]; # bazove funkce
AAi = AAi + Ni'*Ni*w(ip)*2*Ae;
bi = bi+Ni'*sig*w(ip)*2*Ae;
endfor
for i=1:3
Ai(i,i)=sum(AAi(i,:));
endfor
end

# evaluate recovered stresses

zeros(nnodes) ;

zeros(nnodes, 3);

for en=1:nelem

xe = [x(enodes(en,:))] ;

ye [y(enodes(en,:))] ;

[Ai,bi] = plane stress reco (xe,ye,sig(en,:));

1lm = [enodes(en,1), enodes(en,2), enodes(en,3)]; # code numbers = node numbers

w
o

Ai;
B(lm,[1,2,3])+= bi;
endfor
sig2 = A\B
if (0)
hold on;
caxis ("auto")
colorbar;

for en=1:nelem
xe = [x(enodes(en,:)); x(enodes(en,1))];
ye = [y(enodes(en,:)); vy(enodes(en,1l))];
sig2e = [sig2(enodes(en,:),1); sig2(enodes(en,1),1)];
patch (xe, ye, sig2e);
endfor
endif
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Stress profile o7}

Error estimate:

lel| = / oFEM(2))" D (0* (2) — oFEM(2)) a2



In [9]:

# numerical integration
w = [0.26014666666; 0.26014666666;0.26014666666; -0.28125];
xi=[0.2, 0.2; 0.6, 0.2; 0.2, 0.6; 0.3333333333, 0.3333333333];

# error contributions from elements
e = zeros(nelem,1);
err = 0.0;
sig
for en=1l:nelem
sig2e = [sig2(enodes(en,l),:); sig2(enodes(en,2),:);sig2(enodes(en,3),:)];
xe = [x(enodes(en,:))] ;
ye = [y(enodes(en,:))] ;
Ae=(1/2)*((xe(2)*ye(3)-xe(3)*ye(2))-(xe(1l)*ye(3)-xe(3)*ye(l))+(xe(l)*ye(2)-X
e(2)*ye(1))) ;
[ke,dbe,de,be] = plane stress(xe,ye,E,nu) ; # de

for ip=1:4
xiip = [xi(ip,1), xi(ip,2), 1l-xi(ip,1)-xi(ip,2)1;
sig2xi = xiip*sig2e; # stress at integration point
dsig = sig2xi-sig(en,:); # diff. sigma - sigma_ fem
e(en) += (dsig)*inv(de)*dsig'*w(ip)*Ae*2;

endfor

err = err+e(en);
endfor
e
err
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err = 0.30338
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Error estimate for different mesh sizes

sizes |h (char. elem. size =\/ﬁ;) w(l) |o.(0)|[le]|

4x10 |0.05 0.541 |-230.7|0.303
6x20 |0.029 0.961 |-422.7(0.265
8x25 |0.022 1.074 |-476.1|0.20
10x30 (0.018 1.1453|-510.8|0.16

15x40 (0.013 1.226 |-552.7|0.08




In [10]:

h=[0.05;0.029;0.022; 0.018; 0.013];
e=[0.303;0.256; 0.20; 0.16; 0.08];

w=[0.541; 0.961;
-422.7;

1.074; 1.145;

-476.1;

s=[-230.7;
subplot(1,3,1)
plot (h,e)
subplot(1,3,2)
plot (h,w)
subplot(1,3,3)
plot (h,s)
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