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Abstract. Thispaperdealswith variousaspectsof thecomputationalanalysisof strain local-
izationandfailure in quasibrittlematerials.It givesa general overview of threemainclassesof
modelingapproaches:modelswith propagatingcohesivedisplacementdiscontinuities,soften-
ing continuummodelswith partial regularizationbythefractureenergyapproach,andfully reg-
ularizedsofteningcontinuummodels.For thesecondclassof models,theeffectof mesh-induced
directionalbiasis demonstratedandtheimportanceof crack-inducedanisotropyandof a clean
resolutionof a stress-freecrack is discussed.For the third classof models,a mesh-adaptive
techniquebasedon an error indicator combinedwith a simpleerror estimatoris briefly de-
scribedandillustratedby an example. Asan alternativeto theusualh-refinement,an extended
finiteelementmethodis outlined.
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1 Intr oduction

Thebehavior of quasibrittlematerials(suchasconcrete,rock,toughceramics,or ice)subjected
to increasingmechanicalsolicitationsis characterizedby diffusemicrocrackingthat later lo-
calizesin relatively narrow zones,referredto asthefractureprocesszones.Thelocalizationof
strainanddamageeventuallyleadsto agradualdevelopmentof macroscopicstress-freecracks.
Despitea considerableprogressin the pasttwo decades,theoreticalmodelingandcomputa-
tional resolutionof the localizationprocessup to structuralfailurestill remainsa challenging
issueof contemporarysolidmechanics.Thepurposeof thispaperis to summarizecertainlatest
developmentsin this areaandto outlinethecurrenttrendsandfutureprospects.

Narrow zonesof highly concentratedevolving microdefectscanbemodeledin many different
ways.Onepossibleclassificationwasproposedin [1]. Existingmodelsweredividedinto three
broadandpartially overlappingclasses,dependingon the regularity of thekinematicdescrip-
tion.Thecharacterof thedisplacementfield andof thecorrespondingstrainfield for thesethree
fundamentalclassesof modelsis illustratedin Fig. 1, which depictstheone-dimensionalsitua-
tion. Thefractureprocesszoneis representedeitherby asinglepointatwhich thedisplacement
field hasa jump (Fig. 1a),or by a finite interval. In the lattercase,thestrainfield eitherhasa
jump at theboundaryof theprocesszone(Fig. 1b),or remainscontinuous(Fig. 1c).
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Figure1: Representationof theprocesszoneby a)astrongdiscontinuity, b) abandof localized
strainseparatedby two weakdiscontinuities,c) a continuousprofile of localizedstrain.Left
column:displacementprofile; right column:strainprofile
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In multiple dimensions,the foregoingcharacteristicsof thekinematicdescriptionmustbeap-
propriatelygeneralized.Modelsbelongingto thefirst classadmit thepresenceof a strongdis-
continuity, i.e.,of acurve(in two dimensions)or surface(in threedimensions)acrosswhichthe
displacementfield hasa jump. In general,thediscontinuityis assumedto transmitsomecohe-
sive tractionsthatarerelatedto theopeningandsliding componentof thedisplacementjump
by aspecialtraction-separationlaw. Physically, sucha discontinuitycanbeconsideredasaco-
hesive crackor slip line. The tractionstransmittedby a cohesive crackareusuallyassumedto
vanishwhenthecrackopeningexceedsacertainlimit, andthecrackthenbecomesstress-free.

Modelsbelongingto the secondclassusea continuousdescriptionof the displacementfield
but admit thepresenceof weakdiscontinuities, i.e., of curvesor surfacesacrosswhich certain
componentsof the strain field have jumps.Typically, suchweak discontinuitiesform at the
internalboundariesthat separatea bandor layer of softeningmaterialfrom the surrounding
materialthat undergoesunloading.The thicknessof the softeningbandcanbe consideredas
a materialpropertyindependentof the spatialdiscretization(e.g.,finite elementmesh),or as
a measureof theminimumpossiblelocalizationpatternthatcanberesolvedon a givenmesh.
In theformercase,thebandthicknessrepresentsanintrinsic materiallengthandthesoftening
stress-strainlaw canbeuniquelydefined,while in thelattercasethesofteningmodulusmustbe
adjustedaccordingto thespatialdiscretizationandthemodelcanbeinterpretedasaregularized
form of acohesivecrackmodel,with astrongdiscontinuityapproachedin thelimit asthemesh
is refined.

Finally, modelsbelongingto thethird classarecharacterizedby continuityof boththedisplace-
mentfield andthestrainfield,andthey representtheprocesszoneasabandor layerof softening
material,in which thestraingraduallyincreasesfrom theminimum valueon theboundaryof
the bandto the maximumvalueat the center. Suchfully regularizedmodelsareobtainedby
properenhancementsof thestandardcontinuumtheory, e.g.,by the incorporationof nonlocal
averagesor higher-ordergradientsof internalvariables.

2 Models with propagatingcohesivediscontinuities

Thesimplestexampleof a propagatingdisplacementdiscontinuityis a stress-freecrackwith a
sharptip, at which the stressfield hasa singularity. If the materialremainslinear elastic,the
processzonecollapsesto asinglepointandthemodeldoesnotpossessany characteristiclength.
Suchmodelsaresuitablefor thedescriptionof quasibrittlematerialsonly onavery largescale,
whentheactualprocesszoneis negligible with respectto thecharacteristicdimensionsof the
structure.Scalingof nominalstrengthis thengivenby apowerlaw. Onsmallerscales,themodel
mustberefinedby introducingacohesivetraction-separationlaw, whichremovesthesingularity
andleadsto the formationof a processzonewith a finite lengthbut still zerothickness.The
lengthof thecohesive processzoneis relatedto thecharacteristiclength

���������
	���
��� that is
setby theelasticmodulus

�
, fractureenergy

��	
(areaunderthetraction-separationcurve),and

tensilestrength

 � (stressat which thediscontinuitystartsopening).Owing to thepresenceof a

characteristiclength,themodelcanreproducea transitionalsizeeffectof anon-power type.
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Computationalresolutionof discretecrackswastraditionallybasedonfinite elementswith dis-
placementdiscontinuitiesat elementinterfaces,or on variousforms of the boundaryelement
method.If stresssingularitiesarepresentaroundcracktips,theaccuracy canbeincreasedby us-
ing specialelements,suchasthequarter-nodeelementsin which thesingularityof theJacobian
at oneof thenodesproducesasingularityof thestressapproximation[2].

If thedisplacementdiscontinuityis allowedto appearonly atelementinterfaces,propagationof
thecrackrequiresfrequentremeshing,otherwisethecracktrajectorywouldbehighly restrained.
Eventhoughefficient remeshingtechniquesareavailablefor two- aswell asthree-dimensional
problems[3, 4, 5, 6], increasingattentionis beingpaidto alternativetechniquesthatcanhandle
displacementdiscontinuitiesin amoreflexible manner, independentlyof themesh.Onefruitful
researchdirectionhasbeenfocusedon discontinuitiesembeddedinsidefinite elementsat arbi-
trary locationsandwith arbitraryorientations[7, 8, 9, 10,11, 12]. Thestandardfinite element
interpolationsareenrichedby termsthatcanreproducea jump in thedisplacementfield, either
directly (by addeddiscontinuousshapefunctions)or indirectly (by addedstrainmodesthatcor-
respondto discontinuousdisplacements.Virtually all thesemodelsdealwith nonconforming
interpolations,i.e., compatibility is satisfiedonly in theweaksense.This makesit possibleto
treat the addeddegreesof freedomthat correspondto discontinuousenrichmentsas internal
onesandeliminatethemontheelementlevel.Themainadvantageis thatonly standarddegrees
of freedom(nodaldisplacements)arekept on the global, structurallevel, andthe numberof
globalequilibriumequationsandstructureof thestiffnessmatrixdonotchangewhenthecrack
propagatesandenrichmentsareaddedto new elements.However, thereis apriceto payfor this
convenience.A detailedanalysisof thebehavior of asingleelementwith anembeddeddiscon-
tinuity revealsthat,in orderto guaranteeuniquenessof theelementresponseto any prescribed
historyof nodaldisplacements,severerestrictionsmustbeplacednot only on theelementsize
(to preventa non-uniqueresponseknown as“local snapback”)but alsoon the elementshape
[13]. Theserestrictionsbecomeevenmoreseverein thepresenceof multiple discontinuitiesin
oneelement(neededto describecrackbranching)andin threedimensions.Whenthey arevio-
lated,thenumericalalgorithmevaluatingthenodalforcescannotbeexpectedto berobustand
convergefor all possibleloadinghistories(evenif theloadis appliedin verysmall incremental
steps),anddivergenceon theelementlevel occursassoonasoneof thediscontinuitiesis intro-
ducedin aunfavorablepositionwith respectto thebasicelement.Anotherinconvenienceis that
the tangentstiffnessmatrix of the embeddedelementis in generalnonsymmetric,even if the
materialstiffnessesof thecontinuousmaterialandof thecohesivediscontinuityaresymmetric.

Dueto thehighsensitivity of elementswith embeddeddiscontinuitiesto thepositionof thedis-
continuity, it is practicallyimpossibleto extendthetechniqueto threedimensionswithoutusing
specialnumericaltricks [14], andthebeautyandsimplicity of theoriginal ideais lost.Thishas
alsobeenconfirmedby thepresentauthorsin theirunpublishedwork.Thenumericalrobustness
andversatilityof themodelingapproachdealingwith displacementdiscontinuitiescanbesub-
stantiallyimprovedif thediscontinuitiesareincorporatedinto theenrichedinterpolationusing
thepartition-of-unityconcept.Theoriginal ideaof thepartition-of-unitymethod[15, 16] was
that theapproximationspacespannedby a standardbasis(e.g.,by thestandardfinite element
shapefunctions)canbeeasilyenrichedby productsof thestandardbasisfunctionswith special
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functionsselectedby the userandconstructed,e.g.,from the analyticalsolutionof the prob-
lemundersomesimplifying assumptions.Thispermitstheincorporationof apriori knowledge
aboutthecharacterof theproblemandits solutions.Multiplication by thestandardshapefunc-
tions ensuresthat theenrichmentfunctionshave a limited supportandthat the corresponding
degreesof freedomcanbeassignedto thenodesof thebasicfinite elementmesh.This ideawas
adaptedfor linearelasticfracturemechanicsin [17], with theenrichmentconstructedusingthe
near-tip asymptoticsolutionsandsimpleHeavisidefunctions.Themethodwaslatercalledthe
eXtendedFinite ElementMethod(X-FEM). It canefficiently handlethree-dimensionalcracks
[18] andevenbranchingandintersectingcracks[19].

A big advantageof this techniqueis thatthedisplacementinterpolationis conforming,with no
incompatibilitiesbetweenelements,andthat the strainon both sidesof a stress-freecrack is
fully decoupled,which wasnot thecasefor mostof thepreviouselementswith embeddeddis-
continuities.Theaddeddegreesof freedomareglobal,but they canbeassignedto theexisting
nodesof thebasicfinite elementmesh,without any needfor topologychanges.Suchdegrees
of freedomareeasilyinsertedinto theglobalsetof equationsandtheresultingstiffnessmatrix
preservesits bandedcharacter. Extensionof themethodto cohesivecrackmodelsis reportedin
[14]. Dueto theabsenceof a stresssingularity, no specialenrichmentsaroundthecracktip are
needed,andtheenrichmentfunctionsareconstructedasproductsof theHeavisidefunctionwith
standardfinite elementshapefunctionsthatcorrespondto thenodesof thoseelementsthatare
intersectedby thecrack.Thecohesivezonemodelbasedonthepartitionof unity, sofarstudied
only in two dimensions,seemsto overcomethedifficultiesassociatedwith thepiecewisecon-
stantinterpolationof thedisplacementjumpusedby many previousmodels,andit evenrestores
thesymmetryof thestiffnessmatrix.

3 Softeningcontinuum modelswith partial regularization

As alreadyalludedto in the Introduction,modelsthat representthe fractureprocesszoneby
a finite bandof localizedstraincanbe interpretedin two differentways.Onepossibility is to
considerthethicknessof thelocalizationbandasamaterialparameterthathasaprecisephysical
meaning.In thiscase,thespatialdiscretizationmustbeconstructedsuchthatthethicknessof the
numericallyresolvedbandcorrespondsto the prescribedvalue.In a finite elementsimulation
of a softeningmaterial,straintypically localizesinto onelayerof elements.Theoriginal idea
proposedin [20] was to fix the elementsizeso as to matchthe physicalsizeof the process
zone.This is of courseaseriousconstrainton themesh,becausethetrajectoryof thesoftening
bandis in generalnot known in advance,so the meshwould needto have a constantdensity
acrossthe entirestructure.Also, the effective thicknessof the numericallyresolvedsoftening
banddependson theorientationof thebandwith respectto themeshlines.For example,in a
squaremeshthethicknessof azig-zagbandin thediagonaldirectionis � � timeslargerthanif
thebandpropagatesparallelto theelementsides.A partial remedyis providedby theconcept
of softeningbandsembeddedinto finite elements[21, 22,23]. Here,theelementscanbelarger
(but notsmaller)thantheprescribedthicknessof theprocesszone,andtheresultsareobjective
with respectto the relative orientationof the softeningbandandthe elements.Nevertheless,
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thereremainsaconstrainton theminimumelementsize,whichcanleadto problemswhenfine
detailsof thestructuralgeometryneedto beresolved.It is alsodisturbingfrom thetheoretical
point of view thatthenotionof convergenceuponmeshrefinementcannotbeintroduced.

A refinedtechnique,frequentlyusedin practicalapplications,is basedon theadjustmentof the
softeningmodulusaccordingto theelementsize[24, 25]. This is sometimescalledthefracture
energy approach,becausetheaim is to properlyreproducetheenergy dissipationin thesoften-
ing band.Theareaundertheuniaxialstress-straincurvecorrespondsto theenergy � 	 dissipated
perunit volumeof theprocesszoneunderpureMode-I failure.In arigorousapproach,only the
partof theenergy dissipatedafterthepeak(aftertheonsetof localization)shouldbetakeninto
account.Theproductof this energy densityperunit volumewith thethicknessof thelocalized
softeningband ��� givesthe energy dissipationper unit areaof the resultingstress-freecrack,
i.e., the fractureenergy

��	
. Despitesomecontinuingcontroversiesregardingits objective ex-

perimentalevaluation,this energy is usually consideredas a fundamentalmaterialproperty.
Insteadof treating ��� asa fixedmaterialparameter, onecaninterpretit asa mesh-relatedpa-
rametergiving thethicknessof thenumericallyresolvedlocalizationband.If theareaunderthe
stress-straincurve (after subtractionof the pre-peakenergy dissipation)is adjustedaccording
to theformula � 	����
	�� ��� , energy dissipationin thesofteningbandis describedobjectively
for meshesof an arbitrarydensity. Of course,if the meshis too coarse,somediscretization
errorscanbe introduced,but the importantpropertyis that thetotal dissipationandtheglobal
load-displacementdiagramconvergeto aphysicallymeaningfullimit asthemeshis refined.In
the simplestcaseof uniaxial tension,this limit exactly correspondsto the solutionof a cohe-
sivecrackmodelwith thesamefractureenergy

�
	
andanappropriatetraction-separationlaw.

In fact, the softeningcontinuummodelcan thenbe interpretedasa regularizedversionof a
displacementdiscontinuitymodel,with thedisplacementjump (crackopening)smearedovera
finite distance��� andreplacedby anequivalentinelasticstrain.

The techniqueadjustingthe softeningpart of the stress-straindiagramaccordingto the ele-
ment size provides only a partial regularizationof the softeningcontinuum.It removes the
pathologicalsensitivity to the refinementof the meshand leadsto objective global solution
characteristics.Nevertheless,thedisplacementandstrainfieldstendto a solutionwith a strong
discontinuityasthemeshis refined.Also, theorientationof thenumericallyresolvedprocess
zonecanbeaffectedby mesh-induceddirectionalbias.

To illustrate this point, considerthe four-point sheartestof a single-edge-notchedbeam,for
metalsknown as the Iosipescubeam.The testwasadaptedfor concretein [26]. The experi-
mentallyobservedcracktrajectoryis curved andhastheshapeshown by thedashedcurve in
Fig. 2a.To comparetheperformanceof severalsofteningcontinuummodelswith partialregu-
larizationby thefractureenergy approach,thetestis simulatedonthequadrilateralmeshshown
in Fig. 2b. In thecentralpartof thebeam,wherethecrackis expectedto propagate,themeshis
quitefine andcompletelyregular. Thesimulationis doneusingthefollowing four constitutive
formulations:
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1. Isotropicdamagemodelwith damageevolution driven by the equivalentstrain related
to the positive part of effective stress(Rankine-like failure envelope),describede.g. in
[27, 28].

2. Standardrotatingcrackmodelwith maximumprincipalstresscriterionfor crackinitiation
andwith computationalcrackdirectionrotatingwith theprincipalstrainaxes[29, 30].

3. Rotatingcrackmodelwith transitionto ascalardamagemodelat thestatewhenthecrack
openingexceedsacritical level or whenthetangentshearmodulusdropsbelow acritical
fractionof its elasticvalue[27].

4. Anisotropicdamagemodelbasedon theprincipleof energy equivalenceandon themi-
croplaneconcept[31, 32].

The resultingcracktrajectories(bandsof localizedstrain)arecomparedin Fig. 3. For all the
models,thecrackstartspropagatingfrom thenotchin thecorrectdirection.Theisotropicdam-
agemodel(Fig. 3a) is sensitive to the meshbiasandthe cracktrajectoryis soonattractedby
themeshlines—thecrackpropagatesvertically andreachesthetop surfaceof thespecimento
the left of theloadingplaten,which doesnot agreewith theexperimentalresults.Therotating
crackmodel(Fig. 3b)givesasomewhatbettertrajectorybut thestraincannotfully localizedue
to stresslocking [33]. Largestressesarepresentaroundthecrackevenwhenits openingis so
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Figure2: Four-point sheartest:a)geometryandloading,b) finite elementmesh
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a) b)

c) d)

Figure3: Cracktrajectoryin afour-pointsheartest:a)isotropicdamagemodel,b) rotatingcrack
model,c) rotatingcrackmodelwith transitionto scalardamage,d) anisotropicdamagemodel
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large that thecrackshouldbestress-free,andthesimulationfails to converge.A modification
developedby thefirst author[27], basedon thetransitionto ascalardamageformulationat late
stagesof thesofteningprocess,removeslocking andleadsto a fully localizedsofteningband,
which reachesthe top surfaceof the specimenjust right to the loadingplaten(Fig. 3c). This
is animprovementover theisotropicdamagemodel,but thetrajectoryis still too straight.The
bestresultsareobtainedwith theanisotropicdamagemodeloutlinedin generaltermsin [31]
anddevelopedin [32]. Thismodelis freeof locking,andthenumericalcracktrajectoryclosely
approximatestheexperimentalone.

This examplerevealsthe importanceof anisotropy for thecorrectsimulationof fractureprop-
agatingalonggeneralcurvedtrajectories.Theisotropicdamagemodelis affectedby thedirec-
tional meshbiasandleadsin this caseto a shear-type failure.Modelsthat capturethe crack-
inducedanisotropy of thematerialaremoresuccessfulin reproducingthecorrectfailuremode,
but they mustbecapableof cleanlyreproducinga widely openstress-freecrackwithin a con-
tinuumformulation.Whenthemodifiedrotatingcrackmodelwith transitionto scalardamage
is used,only apartof theprocesszonecloseto its tip is simulatedin atruly anisotropicfashion;
theremainingpartof thatzoneis in theregimedescribedby afixedanisotropicstiffnesstensor
multiplied by a scalarparameterthat tendsto zero.This meansthat the ratiosof thedamaged
stiffnesscoefficientsarefrozenatthemomentof transitionandthesubsequentevolutionof dam-
ageis isotropic.Themicroplane-basedanisotropicdamagemodelreflectsthestateof damage
by a setof scalarparametersrelatedto preselectedspatialdirections.Thesumof contributions
from all thesedirectionsprovidesthe damageeffect tensor, which is thenusedin the context
of a damageformulationbasedon the principle of energy equivalence.This allows relatively
generalanisotropicdamageevolutionsand,at thesametime, locking effectsareexcluded.

4 Regularizedsofteningcontinua

4.1 Generaloverview

Full regularizationof the localizationproblemcan be achieved by propergeneralizationof
the underlyingcontinuumtheory. Generalizedcontinuain the broadsensecan be classified
accordingto thefollowing criteria:

1. Generalizedkinematics.

(a) Continuawith microstructure.

(b) Continuawith nonlocalstrain.

2. Generalizedconstitutiveequations.

(a) Materialmodelswith gradientsof internalvariables(or gradientsof thermodynamic
forces,or both).

(b) Material models with nonlocal internal variables (or nonlocal thermodynamic
forces,or both).
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Herewe focuson thesecondclassof models,with enrichmentson thelevel of theconstitutive
equations.Theiradvantageis thatthekinematicandequilibriumequationsremainstandard,and
the notionsof stressandstrainhave their usualmeaning.However, it is importantto keepin
mind that they representtheactualstateof a heterogeneousmaterialonly on themacroscopic
level, in thesenseof meanvaluesaveragedover a certainrepresentative volume.As shown in
[34] for elasticcompositeswith a randommicrostructure,thehomogenizationtheoryindicates
thattheusuallocalform of thestress-strainlaw onthemacroscopiclevel is only thefirst approx-
imation.Whenhigher-ordereffectsaretaken into account,the constitutive equationsbecome
nonlocal.This is true alreadyfor an elasticcomposite,andthe role of nonlocalinteractionis
furtheremphasizedby inelasticprocesses,especiallyaftertheonsetof localization.Thereason
is that thecharacteristicwave lengthof thedeformationfield decreasesandbecomescloserto
theinternallengthof thematerial,relatedto thesizeandspacingof majorinhomogeneities.

Even thoughthe ideaof a nonlocalcontinuumhasa much longerhistory, nonlocalmaterial
modelsof theintegral typewerefirst exploitedaslocalizationlimiters in the1980s.After some
preliminaryformulationsusingtheconceptof animbricatecontinuum[35], thenonlocaldam-
agetheoryemerged[36]. Nonlocalformulationswerethendevelopedfor a numberof consti-
tutive theories,including softeningplasticity, smearedcracking,microplanemodels,etc.The
basicconceptseemsto besound,but thedetailsof theformulationfor a givenmaterialmodel
arestill to alargeextentambiguous.Formulationsapplyingnonlocalaveragingto differentvari-
ablesoftengive similar resultsat theonsetof localizationbut their behaviors at laterstagesof
thedeformationprocessmaybedramaticallydifferentandmayexhibit somepathologies[37].
Therearealsocontroversiesregardingthe thermodynamicfoundationsof nonlocalmodeling
[38, 39]. From the practicalpoint of view, the mostseriousdeficiency is that no sufficiently
generalnonlocalmodelfor complex materialssuchasconcreteseemsto beavailable.Existing
formulationsusuallyyield satisfactoryresultsfor a specificclassof failure mechanisms(e.g.,
for tensilefailure),but they arehardto extendto arbitraryloadingscenarios.It is even ques-
tionablewhetherthegeneralcasecanbecoveredusinganisotropicnonlocalaveragingscheme
with asinglecharacteristiclength[40].

4.2 Adaptive analysis

Fully regularizedmodelsarein generalcomputationallyexpensive,but they provide many im-
provementscomparedto partially regularizedmodelsbasedon the fractureenergy concept.
Whena sufficiently fine meshis used,themesh-induceddirectionalbiasareeithercompletely
removed,or at leastsubstantiallyalleviated.Owing to thecontinuousspatialdistributionof the
internalvariables,they areideally suitedfor mesh-adaptivesimulations[41]. To illustratethat,
themethodologydevelopedby thepresentauthorswill bebriefly described.It is basedon the
Zienkiewicz-Zhuerrorestimator[42] for regionsthatremainelastic,andadamage-basederror
indicatorfor regionsof extensivecracking.

Theproposedapproachis truly adaptive,with mappingof displacementsandinternalvariables,
which allows to continuethe analysisfrom the currently reachedstate,insteadof restarting
theanalysisfrom thevery beginningafter themeshrefinement.Thebasicblocksof theadap-
tive procedureincludetheerrorestimatorandindicator, remeshingcriteria,primaryunknown
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mappingalgorithms,internalvariablemappingalgorithms,andmeshgeneratorinterface.The
correspondingabstractinterfaceshave beendesigned,allowing to develop, useandcombine
differentalgorithms[43]. The error estimator/indicatoris invoked at the endof eachloading
stepto evaluatethequalityof thesolution.Theremeshingcriteriausetheinformationaboutthe
errordistributionanddeterminethefurtherstrategy. If anacceptableerrorlevel is norexceeded,
theanalysiscontinueson thecurrentmesh.In the oppositecase,the requiredmeshdensityis
determinedandtheadaptiveremeshingprocessis activated.Thepurposeof themeshgenerator
interfaceis to invoke the correspondingmeshgenerator, which producesthe new discretiza-
tion basedon the problemgeometry, boundaryconditionsandrequiredmeshdensity. After a
new discretizationhasbeengenerated,the correspondingdomainrepresentationis readand
thetransferof displacementandinternalvariablesfrom theold to thenew meshis performed.
Themappingof primaryunknowns(displacements)is donefirst, usuallyusingtheshapefunc-
tion projections,andthenthe transferof necessaryinternalvariablesis performed.After the
internalhistoryhasbeenmapped,it is usedtogetherwith thestrainvectorcomputedfrom the
mappeddisplacementsto updatethe internal stateof eachnew integrationpoint (to achieve
local consistency). Whenthe transferis finished,theold discretizationis deletedandanequi-
librium iterationprocessbringsthemappedconfigurationinto globalequilibrium.Afterwards,
thesolutioncontinueswith thenext loadincrement.

Thefollowing exampleillustratestheapplicationof thedevelopedstrategy to theanalysisof the
four-point sheartestdescribedin Section3. Thespecimengeometryis reproducedin Fig. 4a.
Theconstitutivemodelusedis a nonlocalversionof theanisotropicdamagemodelmentioned
in Section3. The meshsize in the elasticregions is controledby the Zienkiewicz-Zhu error
estimator(errorlessthan15%required),andthemaximumprincipalvalueof thesecond-order
damagetensoris usedas the error indicator for inelasticregions.A very simple remeshing
criterion for the inelasticregion is adopted,usinga prescribedconstantmeshdensityin the
regionswherethedamageindicatorexceeds0.1.Themeshsizeprescribedin theseregionsis
a fractionof thenonlocalinteractionradius,to makesurethatthenonlocalinteractionbetween
individualGausspointsis properlyactivated.

During theadaptive simulation,the initial meshwith 145nodesand234elements(Fig. 4b) is
graduallytransformedinto the final meshwith 4174nodesand8120elements(Fig. 4c). The
damagedistributionatcompletefailure,shown in Fig. 4d,nicelycorrespondsto theexperimen-
tal results.Thedamageevolution is shown on theadaptivediscretizationin Fig. 5.

Adaptive analysisof the four-point sheartesthasalsobeenperformedusinga nonlocalfor-
mulationof thesimpleisotropicdamagemodelwith a Rankine-like equivalentstrainmeasure.
The damagedistribution presentedin Fig. 6 shows that the final processzoneis closerto the
experimentallyobservedcracktrajectorythanthecrackbandobtainedwith a local versionof
themodelonafixedmesh(Fig. 3). Nevertheless,thesimulatedtrajectoryis almoststraightand
theresultsareclearlyworsethanwith theanisotropicmodel.
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a)

F0.13F

203 397 397 203

82

224

61 61

b)

c)

d)

Figure4: Adaptive analysisof a four-point sheartestusing the nonlocalanisotropicdamage
model:a)geometryandloading,b) initial mesh,c) final mesh,d) final damage
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Figure5: Adaptive analysisof a four-point sheartestusing the nonlocalanisotropicdamage
model:evolutionof thedamagepatternandof themesharoundtheprocesszone
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a)

b)

Figure6: Adaptiveanalysisof afour-pointsheartestusingthenonlocalisotropicdamagemodel:
a) final mesh,b) final damagepatternandmesharoundtheprocesszone

4.3 Processzoneresolutionby extendedfinite elements

The previous subsectionpresentedan adaptive approachbasedon � -refinement,i.e., on the
adjustmentof the elementsize,keepingthe orderof the elementsconstant(andusuallylow).
However, low-orderelementsproducestressoscillationsdueto themismatchbetweenthe in-
terpolationof local andnonlocalquantities[44]. As shown in [1], � -adaptive methodsbased
on an increaseof thepolynomialorderof finite elementshapefunctionsleadto only a partial
improvement.Theundesiredstressoscillationsareusuallyreducedaroundthecenterof thepro-
cesszonebut they remainappreciablearoundtheboundaryof theprocesszonesurroundedby
materialthatexperiencesunloading.This is causedby thepoorability of polynomialapproxi-
mationsto capturethenon-smoothtransitionbetweentheunloadingregionwith almostconstant
strainandthesofteningprocesszonewith faststrainincreasein thedirectionperpendicularto
the boundary. Consequently, thereis a strongneedfor an innovative adaptive procedurethat
goesbeyondthecommonlyused� or � -adaptivity. A temptingideais to usetheextendedfinite
elementmethod,alreadymentionedin Section2 in thecontext of discontinuousdisplacement
approximations.
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Figure7: Three-pointbendingtest:a) specimengeometry, b) coarsemesh,c) finemesh

For regularizedmodels,theenrichmentscanbebasedon a smoothfunctiongraduallygrowing
from 0 to 1, whichrepresentsaregularizedcounterpartof theHeavisidefunction.Someprelim-
inary resultsarereportedin [45]. To illustratethepotentialof this promisingapproach,a three-
point bendingtestis simulatedusingthenonlocalisotropicdamagemodelwith a Rankine-like
equivalentstrainmeasure.Thegeometryof thespecimenis shown in Fig. 7a.Thepropagating
crackgeometryis assumedasa growing straightsegmentplacedon the axis of symmetryof
thespecimen.Thebasicmeshusedin this exampleis shown in Fig. 7b. It consistof 67 nodes
and92 constant-strainelements.During the adaptive analysis,only 6 additionalgeneralized
displacementdegreesof freedomareintroduced.

Fig. 8 comparestheresultingload-displacementdiagramwith thediagramobtainedusingthe
standardfinite elementinterpolationon a fine mesh,containing976nodesand1868constant-
strainelements(Fig. 7c).Theagreementis surprisinglygood,giventhatthenumberof degrees
of freedomusedby theextendedfinite elementmodelis very low. Themainadvantageof this
techniqueis its ability to reasonablycapturetheevolution of thefractureprocesszoneevenon
very coarsemeshes.This canbe illustratedusingtheobtainedprofilesof local strain(Fig. 9a)
anddamage(Fig. 9b).
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Figure8: Three-pointbendingtest: load-displacementdiagramsproducedby extendedfinite
elementson acoarsemeshandby standardfinite elementsona finemesh
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Figure9: Three-pointbendingtest:a) strainprofile,b) damageprofile
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[17] N. Moës,J.Dolbow, andT. Belytschko. A finite elementmethodfor crackgrowth without
remeshing.InternationalJournal for NumericalMethodsin Engineering, 46, 131–150,
(1999).
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[20] Z. P. Bažant. Instability, ductility, andsizeeffect in strain-softeningsolids.Journalof the
EngineeringMechanicsDivision,ASCE, 102, 331–344,(1976).

[21] T. Belytschko, J.Fish,andB. E. Engelmann.A finite elementwith embeddedlocalization
zones.ComputerMethodsin AppliedMechanicsandEngineering, 70, 59–89,(1988).

[22] L. J. Sluys. Discontinuousmodelingof shearbanding. In D. R. J. Owen,E. Oñate,and
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