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Abstract. Thispaperdealswith variousaspectof the computationahnalysisof strain local-
izationandfailurein quasibrittiematerials.lt givesa geneal overviav of threemainclasseof
modelingapproadies:modelswith propagating cohesivadisplacementiscontinuities soften-
ing continuunmmodelswith partial regularizationbythefracture enegy approad, andfully reg-
ularizedsofteningcontinuummodels For thesecondtlassof modelstheeffectof mesh-induced
directionalbiasis demonstatedandtheimportanceof crack-inducedanisotiopyandof a clean
resolutionof a stress-fee crack is discussedFor the third classof models,a mesh-adaptive
tedhniquebasedon an error indicator combinedwith a simpleerror estimatoris briefly de-
scribedandillustratedby an example Asan alternativeto the usualh-refinementan extended
finite elemenimethods outlined.
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1 Intr oduction

Thebehaior of quasibrittlematerialgsuchasconcreterock, toughceramicspr ice) subjected
to increasingmechanicakolicitationsis characterizedy diffuse microcrackingthat later lo-
calizesin relatively narrav zonesyeferredto asthefractureprocesszones.Thelocalizationof
strainanddamagesventuallyleadsto a gradualdevelopmenif macroscopistress-freeracks.
Despitea considerablgprogressn the pasttwo decadestheoreticalmodelingand computa-
tional resolutionof the localizationprocesaup to structuralfailure still remainsa challenging
issueof contemporangolid mechanicsThe purposeof this paperis to summarizecertainlatest
developmentsn this areaandto outlinethe currenttrendsandfuture prospects.

Narrav zonesof highly concentrate@volving microdefectcanbe modeledin mary different
ways.Onepossibleclassificationwasproposedn [1]. Existingmodelsweredividedinto three
broadandpartially overlappingclassesdependingon the regularity of the kinematicdescrip-
tion. Thecharactepof thedisplacementield andof thecorrespondingtrainfield for thesethree
fundamentatlasse®f modelsis illustratedin Fig. 1, which depictsthe one-dimensionaditua-
tion. Thefractureprocesszoneis representeditherby asinglepointatwhich thedisplacement
field hasa jump (Fig. 1a),or by afinite interval. In the latter case the strainfield eitherhasa
jump atthe boundaryof the processzone(Fig. 1b), or remainscontinuougFig. 1c).
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Figurel: Representationf the proceszoneby a) a strongdiscontinuity b) abandof localized
strainseparatedy two weak discontinuities,c) a continuousprofile of localizedstrain. Left
column:displacemenprofile; right column:strainprofile
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In multiple dimensionsthe foregoing characteristicef the kinematicdescriptionmustbe ap-
propriatelygeneralizedModelsbelongingto thefirst classadmitthe presencef a strongdis-
continuity, i.e.,of acurve (in two dimensionspr surface(in threedimensionspacrossvhichthe
displacementield hasa jump. In generalthe discontinuityis assumedo transmitsomecohe-
sive tractionsthat arerelatedto the openingandsliding componenbf the displacemenjump
by a specialtraction-separatiolaw. Physically sucha discontinuitycanbe consideredisa co-
hesve crackor slip line. Thetractionstransmittedoy a cohesve crackare usuallyassumedo
vanishwhenthe crackopeningexceedsa certainlimit, andthe crackthenbecomestress-free.

Models belongingto the secondclassusea continuousdescriptionof the displacementield

but admitthe presencef weakdiscontinuitiesi.e., of curvesor surfacesacrosswhich certain
componentof the strainfield have jumps. Typically, suchweak discontinuitiesform at the
internal boundarieghat separatea bandor layer of softeningmaterialfrom the surrounding
materialthat undegoesunloading.The thicknessof the softeningbandcanbe consideredas
a materialpropertyindependenof the spatialdiscretization(e.g.,finite elementmesh),or as
a measureof the minimum possiblelocalizationpatternthat canbe resolved on a givenmesh.
In the former case the bandthicknesgepresentsinintrinsic materiallengthandthe softening
stress-straitaw canbeuniquelydefinedwhile in thelattercasethe softeningmodulusmustbe
adjustedaccordingo thespatialdiscretizatiorandthemodelcanbeinterpretecasaregularized
form of acohesve crackmodel,with a strongdiscontinuityapproachedh thelimit asthemesh
is refined.

Finally, modelsbelongingto thethird classarecharacterizethy continuityof boththedisplace-
mentfield andthestrainfield, andthey representheprocesszoneasabandor layerof softening
material,in which the straingraduallyincreasegrom the minimum value on the boundaryof

the bandto the maximumvalue at the center Suchfully regularizedmodelsare obtainedby

properenhancementsf the standardcontinuumtheory e.g.,by theincorporationof nonlocal
averageor higherordergradientsof internalvariables.

2 Modelswith propagatingcohesve discontinuities

The simplestexampleof a propagatingdisplacementliscontinuityis a stress-freerackwith a
sharptip, at which the stressfield hasa singularity If the materialremainslinear elastic,the
proceszonecollapsedo asinglepointandthemodeldoesnotpossesary characteristitength.
Suchmodelsaresuitablefor thedescriptionof quasibrittiematerialsonly onavery largescale,
whenthe actualprocessoneis nggligible with respecto the characteristidimensionf the
structure Scalingof nominalstrengths thengivenby apowerlaw. Onsmallerscalesthemodel
mustberefinedby introducingacohesvetraction-separatiotaw, whichremovesthesingularity
andleadsto the formation of a processzonewith a finite length but still zerothickness.The
lengthof the cohesve processoneis relatedto the characteristidengthl. = EGr/ f? thatis
setby theelasticmodulusE, fractureenegy G (areaunderthetraction-separationurve),and
tensilestrengthf, (stressat which the discontinuitystartsopening).Owing to the presencef a
characteristitength,the modelcanreproducea transitionalsizeeffect of anon-pavertype.
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Computationatesolutionof discretecrackswastraditionallybasedn finite elementswith dis-
placementiscontinuitiesat elementinterfaces,or on variousforms of the boundaryelement
methodlf stresssingularitiesarepresentiroundcracktips,theaccurag canbeincreasedby us-
ing specialelementssuchasthe quarternodeelementsn which the singularityof the Jacobian
atoneof the nodesproducesa singularityof the stressapproximatior2].

If thedisplacemendiscontinuityis allowedto appeawonly atelemeninterfacespropagatiorof
thecrackrequiredrequentremeshingotherwisethecracktrajectorywould behighly restrained.
Eventhoughefficient remeshingechniquesreavailablefor two- aswell asthree-dimensional
problemd3, 4, 5, 6], increasingattentionis beingpaidto alternatve techniqueshatcanhandle
displacemendliscontinuitiesn amoreflexible manneyrindependentlyf the mesh.Onefruitful
researchdirectionhasbeenfocusedon discontinuitiesembeddednsidefinite elementsat arbi-
trary locationsandwith arbitraryorientationd7, 8, 9, 10, 11, 12]. The standardinite element
interpolationsareenrichedby termsthatcanreproducea jump in thedisplacementield, either
directly (by addeddiscontinuoushapdunctions)or indirectly (by addedstrainmodeshatcor-
respondto discontinuoudisplacementsVirtually all thesemodelsdealwith nonconforming
interpolationsj.e., compatibility is satisfiedonly in the weaksenseThis makesit possibleto
treatthe addeddegreesof freedomthat correspondo discontinuousnrichmentsasinternal
onesandeliminatethemontheelementevel. Themainadwantages thatonly standardiegrees
of freedom(nodal displacementsare kept on the global, structurallevel, and the numberof
globalequilibriumequationsandstructureof the stiffnessmatrix do not changewvhenthecrack
propagateandenrichmentareaddedo nev elementsHowever, thereis apriceto payfor this
cornvenienceA detailedanalysisof the behaior of a singleelementwith anembeddedliscon-
tinuity revealsthat,in orderto guaranteeiniquenessf the elementresponsdo arny prescribed
history of nodaldisplacementsserererestrictionsmustbe placednot only on the elementsize
(to preventa non-uniqueresponse&nown as“local snapback”)but alsoon the elementshape
[13]. Theserestrictionshecomesvenmoreseverein the presencef multiple discontinuitiesn
oneelement(neededo describecrackbranching)andin threedimensionsWhenthey arevio-
lated,the numericalalgorithmevaluatingthe nodalforcescannotbe expectedto berobustand
convergefor all possibldoadinghistories(evenif theloadis appliedin very smallincremental
steps)anddivergenceon the elementevel occursassoonasoneof thediscontinuitiegs intro-
ducedin aunfavorablepositionwith respecto the basicelementAnotherincorveniencas that
the tangentstiffnessmatrix of the embeddedlementis in generalnonsymmetricevenif the
materialstiffnesse®f the continuousmaterialandof the cohesve discontinuityaresymmetric.

Dueto thehigh sensitvity of elementsvith embeddedliscontinuitiedo the positionof thedis-
continuity it is practicallyimpossibleto extendthetechniqueo threedimensionsvithout using
specialnumericaltricks [14], andthe beautyandsimplicity of the originalideais lost. This has
alsobeenconfirmedby thepresentiuthorsn theirunpublishedvork. Thenumericalrobustness
andversatility of the modelingapproachdealingwith displacementliscontinuitiescanbe sub-
stantiallyimprovedif the discontinuitiesareincorporatednto the enrichedinterpolationusing
the partition-of-unity concept.The original ideaof the partition-of-unitymethod[15, 16] was
thatthe approximationspacespannedy a standardbasis(e.g.,by the standardinite element
shapdunctions)canbe easilyenrichedby productsof the standardasisfunctionswith special
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functionsselectedoy the userand constructede.g.,from the analyticalsolution of the prob-
lem undersomesimplifying assumptionsThis permitstheincorporationof a priori knowledge
aboutthe characteof the problemandits solutions.Multiplication by the standardshapdunc-
tions ensureghat the enrichmentfunctionshave a limited supportandthatthe corresponding
degreesof freedomcanbe assignedo the nodesof the basicfinite elemenimesh.Thisideawas
adaptedor linearelasticfracturemechanicsn [17], with theenrichmentonstructedisingthe
neartip asymptoticsolutionsandsimpleHeaviside functions.The methodwaslater calledthe
eXtendedFinite ElementMethod (X-FEM). It canefficiently handlethree-dimensionatracks
[18] andevenbranchingandintersectingcracks[19].

A big advantageof this techniques thatthe displacemeninterpolationis conforming,with no
incompatibilitiesbetweenelementsand that the strain on both sidesof a stress-freecrackis
fully decoupledwhichwasnotthe casefor mostof the previous elementsvith embeddedlis-
continuities.The addeddegreesof freedomareglobal, but they canbe assignedo the existing
nodesof the basicfinite elementmesh,without any needfor topologychangesSuchdegrees
of freedomareeasilyinsertednto the global setof equationsandthe resultingstiffnessmatrix
preseresits bandedcharacterExtensionof the methodto cohesve crackmodelsis reportedn
[14]. Dueto the absencef a stresssingularity no specialenrichmentaroundthe cracktip are
neededandtheenrichmenfunctionsareconstructedsproductsof theHeavisidefunctionwith
standardinite elementshape&unctionsthatcorrespondo the nodesof thoseelementghatare
intersectedy thecrack.Thecohesve zonemodelbasedn the partitionof unity, sofar studied
only in two dimensionsseemgo overcomethe difficulties associateavith the piecavise con-
stantinterpolationof thedisplacemenump usedby mary previousmodelsandit evenrestores
the symmetryof the stiffnessmatrix.

3 Softeningcontinuum modelswith partial regularization

As alreadyalludedto in the Introduction,modelsthat representhe fractureprocesszoneby
a finite bandof localizedstraincanbe interpretedn two differentways.One possibility is to
considetthethicknessf thelocalizationbandasamaterialparametethathasa precisegphysical
meaningln thiscasethespatialdiscretizatiormustbeconstructeguchthatthethicknessf the
numericallyresohed bandcorrespondso the prescribedvalue.In a finite elementsimulation
of a softeningmaterial,straintypically localizesinto onelayer of elementsThe original idea
proposedn [20] wasto fix the elementsize so asto matchthe physicalsize of the process
zone.Thisis of coursea seriousconstrainton the mesh becauséhetrajectoryof the softening
bandis in generalnot known in adwance,so the meshwould needto have a constantdensity
acrossthe entire structure Also, the effective thicknessof the numericallyresolhed softening
banddependson the orientationof the bandwith respecto the meshlines. For example,in a
squaremeshthethicknesof a zig-zagbandin the diagonaldirectionis v/2 timeslargerthanif
the bandpropagateparallelto the elementsides.A partialremedyis provided by the concept
of softeningbandsembeddedhnto finite elementg21, 22, 23]. Here,theelementanbelarger
(but notsmaller)thanthe prescribedhicknesf the processzone,andtheresultsareobjectve
with respectto the relative orientationof the softeningbandandthe elementsNevertheless,
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thereremainsa constrainion theminimumelementize,which canleadto problemswhenfine
detailsof the structuralgeometryneedto beresoled. It is alsodisturbingfrom thetheoretical
pointof view thatthe notionof corvergenceuponmeshrefinementannotbeintroduced.

A refinedtechniquefrequentlyusedin practicalapplicationsjs basednthe adjustmenbf the
softeningmodulusaccordingto the elementsize[24, 25]. Thisis sometimegalledthefracture
enegy approachbecauseheaim s to properlyreproducehe enegy dissipationin the soften-
ing band.Theareaunderthe uniaxialstress-straicurve correspondso theenegy gr dissipated
perunit volumeof theproceszoneunderpureMode-I failure.In arigorousapproachenly the
partof theenegy dissipatedafterthe peak(afterthe onsetof localization)shouldbe takeninto
account.The productof this enegy densityperunit volumewith thethicknessof thelocalized
softeningband L, givesthe enepgy dissipationper unit areaof the resultingstress-freerack,
i.e., thefractureenegy G . Despitesomecontinuingcontroversiesregardingits objectie ex-
perimentalevaluation,this enepy is usually consideredas a fundamentaimaterial property
Insteadof treating L, asa fixed materialparameterone caninterpretit asa mesh-relatega-
rametemgiving thethicknesf thenumericallyresohedlocalizationband.If theareaunderthe
stress-straircurve (after subtractionof the pre-peakenengy dissipation)is adjustedaccording
to theformulagr = Gr/Ls, enegy dissipationin the softeningbandis describedbjectively
for meshesf an arbitrary density Of course,if the meshis too coarse somediscretization
errorscanbe introduced but the importantpropertyis thatthe total dissipationandthe global
load-displacemerdiagramcorvergeto a physicallymeaningfullimit asthe meshis refined.In
the simplestcaseof uniaxial tension,this limit exactly correspondso the solutionof a cohe-
sive crackmodelwith the samefractureenegy G andanappropriatdraction-separatiotaw.
In fact, the softeningcontinuummodel canthen be interpretedas a regularizedversionof a
displacementliscontinuitymodel,with the displacemenjump (crackopening)smearedver a
finite distancel; andreplacedy anequialentinelasticstrain.

The techniqueadjustingthe softeningpart of the stress-strairdiagramaccordingto the ele-

ment size provides only a partial regularizationof the softeningcontinuum.It removes the

pathologicalsensitvity to the refinementof the meshand leadsto objectve global solution

characteristicdNeverthelessthe displacemenandstrainfieldstendto a solutionwith a strong

discontinuityasthe meshis refined.Also, the orientationof the numericallyresolhed process
zonecanbe affectedby mesh-inducedlirectionalbias.

To illustrate this point, considerthe four-point sheartest of a single-edge-notcheldeam,for
metalsknown asthe losipescubeam.The testwas adaptedfor concretein [26]. The experi-
mentally obsered cracktrajectoryis curved and hasthe shapeshown by the dashedcurve in
Fig. 2a. To comparethe performancef seseral softeningcontinuummodelswith partial regu-
larizationby thefractureenegy approachthetestis simulatedon thequadrilaterameshshovn
in Fig. 2b. In thecentralpartof thebeamwherethe crackis expectedo propagatethe meshis
quite fine andcompletelyregular. The simulationis doneusingthe following four constitutve
formulations:
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1. Isotropicdamagemodelwith damageevolution driven by the equivalent strain related
to the positive part of effective stress(Rankine-lile failure envelope),describede.g.in
[27,28].

2. Standardotatingcrackmodelwith maximumprincipalstres<riterionfor crackinitiation
andwith computationatrackdirectionrotatingwith the principalstrainaxes[29, 30].

3. Rotatingcrackmodelwith transitionto a scalardamageanodelat the statewhenthecrack
openingexceedsa critical level or whenthetangentsheamodulusdropsbelow a critical
fractionof its elasticvalue[27].

4. Anisotropicdamaganodelbasedon the principle of enegy equivalenceandon the mi-
croplaneconcep{31, 32].

Theresultingcracktrajectoriegbandsof localizedstrain)are comparedn Fig. 3. For all the
models the crackstartspropagatingrom the notchin the correctdirection.Theisotropicdam-
agemodel (Fig. 3a) is sensitve to the meshbiasandthe cracktrajectoryis soonattractedoy
the meshlines—thecrackpropagatesertically andreacheghetop surfaceof the specimerto
theleft of theloadingplaten,which doesnot agreewith the experimentalresults.Therotating
crackmodel(Fig. 3b) givesa somavhatbettertrajectorybut the straincannotfully localizedue
to stresdocking [33]. Large stressesire presentaroundthe crackeven whenits openingis so
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Figure2: Four-pointsheartest:a) geometryandloading,b) finite elemenimesh
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Figure3: Cracktrajectoryin afour-pointsheatest:a)isotropicdamagemodel,b) rotatingcrack
model,c) rotatingcrackmodelwith transitionto scalardamaged) anisotropicdamagemodel
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large thatthe crackshouldbe stress-freeandthe simulationfails to corverge. A modification
developedby thefirst author[27], basedn thetransitionto a scalardamagdormulationatlate
stagesf the softeningprocessremoveslocking andleadsto a fully localizedsofteningband,
which reacheghe top surfaceof the specimenjust right to the loading platen(Fig. 3c). This
is animprovementover the isotropicdamageamodel,but the trajectoryis still too straight.The
bestresultsare obtainedwith the anisotropicdamagemodeloutlinedin generattermsin [31]

anddevelopedin [32]. Thismodelis free of locking, andthe numericalcracktrajectoryclosely
approximateshe experimentalone.

This examplerevealsthe importanceof anisotroyy for the correctsimulationof fractureprop-
agatingalonggenerakurvedtrajectories Theisotropicdamagemodelis affectedby thedirec-
tional meshbiasandleadsin this caseto a shea#type failure. Modelsthat capturethe crack-
inducedanisotroy of thematerialaremoresuccessfuin reproducinghe correctfailuremode,
but they mustbe capableof cleanlyreproducinga widely openstress-freerackwithin a con-
tinuum formulation.Whenthe modifiedrotatingcrackmodelwith transitionto scalardamage
is usedonly apartof the processzonecloseto its tip is simulatedn atruly anisotropidashion;
theremainingpartof thatzoneis in theregime describedy a fixed anisotropicstiffnesstensor
multiplied by a scalarparametethattendsto zero.This meanghatthe ratiosof the damaged
stiffnesscoeficientsarefrozenatthemomentof transitionandthesubsequeravolution of dam-
ageis isotropic. The microplane-basednisotropicdamagemodelreflectsthe stateof damage
by a setof scalarparameterselatedto preselectedpatialdirections.The sumof contributions
from all thesedirectionsprovidesthe damageeffect tensor which is thenusedin the context
of a damageformulationbasedon the principle of enegy equivalence.This allows relatively
generaknisotropicdamagesvolutionsand,at the sametime, locking effectsareexcluded.

4 Regularizedsofteningcontinua

4.1 Generaloverview

Full regularizationof the localization problem can be achiered by propergeneralizationof
the underlying continuumtheory Generalizedcontinuain the broad sensecan be classified
accordingto the following criteria:

1. Generalizekinematics.

(a) Continuawith microstructure.

(b) Continuawith nonlocalstrain.
2. Generalizedtonstitutve equations.

(a) Materialmodelswith gradientsof internalvariableqor gradientof thermodynamic
forces,or both).

(b) Material models with nonlocal internal variables (or nonlocal thermodynamic
forces,or both).
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Herewe focuson the secondclassof models,with enrichmentsn the level of the constitutive
equationsTheiradwantagas thatthekinematicandequilibriumequationgemainstandardand
the notionsof stressand strain have their usualmeaning.However, it is importantto keepin
mind thatthey representhe actualstateof a heterogeneousaterialonly on the macroscopic
level, in the senseof meanvaluesaveragedover a certainrepresentatie volume.As shown in
[34] for elasticcompositesvith arandommicrostructurethe homogenizatiotheoryindicates
thattheusuallocalform of thestress-straifaw onthemacroscopidevel is only thefirst approx-
imation. When higherorder effectsare taken into accountthe constitutve equationdbecome
nonlocal.This is true alreadyfor an elasticcomposite andthe role of nonlocalinteractionis
furtheremphasizetby inelasticprocessessspeciallyafterthe onsetof localization.Thereason
is thatthe characteristiavave lengthof the deformationfield decreaseandbecomesgloserto
theinternallengthof the material,relatedto the sizeandspacingof majorinhomogeneities.

Even thoughthe idea of a nonlocalcontinuumhasa muchlonger history, nonlocalmaterial
modelsof theintegral type werefirst exploited aslocalizationlimitersin the 1980s After some
preliminaryformulationsusingthe conceptof animbricatecontinuum([35], the nonlocaldam-
agetheoryemepged[36]. Nonlocalformulationswerethendevelopedfor a numberof consti-
tutive theories,including softeningplasticity, smearedracking,microplanemodels,etc. The
basicconceptseemdo be sound,but the detailsof the formulationfor a given materialmodel
arestill to alargeextentambiguousFormulationsapplyingnonlocalaveragingto differentvari-
ablesoftengive similar resultsat the onsetof localizationbut their behaviors at later stagesof
the deformationprocessmay be dramaticallydifferentand may exhibit somepathologieq37].
Thereare also controversiesregardingthe thermodynamidoundationsof nonlocalmodeling
[38, 39]. From the practicalpoint of view, the mostseriousdeficieny is that no sufficiently
generahonlocalmodelfor complex materialssuchasconcreteseemsdo be available.Existing
formulationsusuallyyield satisfictoryresultsfor a specificclassof failure mechanismge.g.,
for tensilefailure), but they arehardto extendto arbitraryloading scenarioslt is even ques-
tionablewhetherthe generakcasecanbe coveredusinganisotropicnonlocalaveragingscheme
with a singlecharacteristitength[40].

4.2 Adaptive analysis

Fully regularizedmodelsarein generalkcomputationallyexpensve, but they provide mary im-

provementscomparecdto partially regularizedmodelsbasedon the fractureenegy concept.
Whena sufficiently fine meshis used the mesh-inducedlirectionalbiasareeithercompletely
removed,or atleastsubstantiallyalleviated.Owing to the continuousspatialdistribution of the
internalvariablesthey areideally suitedfor mesh-adaptie simulationg41]. To illustratethat,
the methodologydevelopedby the presentauthorswill be briefly describedlt is basedon the
Zienkiewicz-Zhuerrorestimatof42] for regionsthatremainelastic,anda damage-basegkrror
indicatorfor regionsof extensie cracking.

Theproposedapproachs truly adaptve, with mappingof displacementandinternalvariables,
which allows to continuethe analysisfrom the currently reachedstate,insteadof restarting
the analysisfrom the very beginning after the meshrefinementThe basicblocksof the adap-
tive procedurdancludethe error estimatorandindicator remeshingeriteria, primary unknovn

10
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mappingalgorithms,internalvariablemappingalgorithms,and meshgeneratoiinterface.The

correspondingabstractinterfaceshave beendesignedallowing to develop, useand combine
differentalgorithms[43]. The error estimator/indicators invoked at the end of eachloading

stepto evaluatethe quality of thesolution. Theremeshingriteriausetheinformationaboutthe

errordistributionanddeterminghefurtherstrateyy. If anacceptablerrorlevelis norexceeded,
the analysiscontinueson the currentmesh.In the oppositecase the requiredmeshdensityis

determinedandthe adaptve remeshingprocesss activated.The purposeof the meshgenerator
interfaceis to invoke the correspondingneshgeneratarwhich produceshe new discretiza-
tion basedon the problemgeometry boundaryconditionsandrequiredmeshdensity After a

new discretizationhasbeengeneratedthe correspondinglomainrepresentatioms readand

the transferof displacemenandinternalvariablesfrom the old to the nev meshis performed.
Themappingof primary unknonvns (displacementsks donefirst, usuallyusingthe shapefunc-

tion projections,andthenthe transferof necessarynternal variablesis performed.After the

internalhistory hasbeenmappedit is usedtogetherwith the strainvectorcomputedrom the

mappeddisplacement$o updatethe internal stateof eachnew integration point (to achieve

local consisteng). Whenthe transferis finished,the old discretizationis deletedandan equi-

librium iterationprocesdringsthe mappedconfigurationinto global equilibrium. Afterwards,
the solutioncontinueswith the next loadincrement.

Thefollowing exampleillustratestheapplicationof the developedstratey to theanalysisof the
four-point sheartestdescribedn Section3. The specimergeometryis reproducedn Fig. 4a.
The constitutve modelusedis a nonlocalversionof the anisotropicdamagemodelmentioned
in Section3. The meshsizein the elasticregionsis controledby the Zienkiewicz-Zhu error
estimator(errorlessthan15%required) andthe maximumprincipal valueof the second-order
damagetensoris usedas the error indicator for inelasticregions. A very simple remeshing
criterion for the inelasticregion is adopted,using a prescribedconstantmeshdensityin the
regionswherethe damageandicatorexceeds).1. The meshsizeprescribedn theseregionsis
afractionof thenonlocalinteractionradius,to make surethatthe nonlocalinteractionbetween
individual Gauspointsis properlyactivated.

During the adaptve simulation,theinitial meshwith 145 nodesand234 elementqFig. 4b) is
graduallytransformednto the final meshwith 4174nodesand8120elementqFig. 4c). The
damagadlistributionatcompletefailure,shavnin Fig. 4d, nicely corresponds$o theexperimen-
tal results.Thedamageevolutionis shovn onthe adaptve discretizationin Fig. 5.

Adaptive analysisof the four-point sheartesthasalso beenperformedusing a nonlocalfor-
mulationof the simpleisotropicdamagenodelwith a Rankine-like equivalentstrainmeasure.
The damagedistribution presentedn Fig. 6 shavs thatthe final processzoneis closerto the
experimentallyobsered cracktrajectorythanthe crackbandobtainedwith a local versionof
themodelon afixedmesh(Fig. 3). Neverthelessthe simulatedrajectoryis almoststraightand
theresultsareclearlyworsethanwith the anisotropiomodel.

11
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Figure 4. Adaptive analysisof a four-point sheartestusingthe nonlocalanisotropicdamage
model:a) geometryandloading,b) initial meshc) final mesh d) final damage
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Figure6: Adaptiveanalysisof afour-pointsheatestusingthenonlocalisotropicdamagemodel:
a) final mesh b) final damagepatternandmesharoundthe processzone

4.3 Processoneresolutionby extendedfinite elements

The previous subsectiorpresentedan adaptve approachbasedon h-refinement,.e., on the
adjustmenbf the elementsize, keepingthe orderof the elementsconstantand usuallylow).
However, low-orderelementgproducestressoscillationsdueto the mismatchbetweenthe in-
terpolationof local and nonlocalquantities[44]. As shown in [1], p-adaptve methodsbased
on anincreaseof the polynomialorderof finite elementshapefunctionsleadto only a partial
improvementTheundesiredtresoscillationsareusuallyreducedaroundthe centerof thepro-
cesszonebut they remainappreciablearoundthe boundaryof the processzonesurroundedy
materialthatexperiencesunloading.This is causedy the poor ability of polynomialapproxi-
mationsto capturehenon-smoothransitionbetweertheunloadingregion with almostconstant
strainandthe softeningprocesszonewith faststrainincreasen the directionperpendiculato
the boundary Consequentlythereis a strongneedfor an innovative adaptve procedurethat
goesbeyondthecommonlyusedh or p-adaptvity. A temptingideais to usetheextendedinite
elementmethod,alreadymentionedn Section2 in the context of discontinuouslisplacement
approximations.
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Figure7: Three-pointbendingtest:a) specimergeometryb) coarsaneshc) fine mesh

For regularizedmodels the enrichmentxanbe basedon a smoothfunction graduallygrowing
from 0to 1, whichrepresentaregularizedcounterparof the Heavisidefunction.Someprelim-
inary resultsarereportedn [45]. To illustratethe potentialof this promisingapproachathree-
point bendingtestis simulatedusingthe nonlocalisotropicdamaganodelwith a Rankine-like
equialentstrainmeasureThe geometryof the specimens showvn in Fig. 7a. The propagating
crackgeometryis assumedsa growing straightsegmentplacedon the axis of symmetryof
the specimenThe basicmeshusedin this exampleis shovn in Fig. 7b. It consistof 67 nodes
and 92 constant-strairelements During the adaptve analysis,only 6 additionalgeneralized
displacementlegreesof freedomareintroduced.

Fig. 8 compareghe resultingload-displacemendiagramwith the diagramobtainedusingthe

standardinite elementinterpolationon a fine mesh,containing976 nodesand 1868 constant-
strainelementgFig. 7c). Theagreemenis surprisinglygood,giventhatthe numberof degrees
of freedomusedby the extendedfinite elementmodelis very low. The mainadwantageof this

techniquds its ability to reasonablyapturethe evolution of the fractureprocesszoneevenon

very coarsemeshesThis canbe illustratedusingthe obtainedprofilesof local strain(Fig. 9a)

anddamaggFig. 9b).
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