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Opakovani PRPE
viz téZ skriptum, dodatek B
Zakladni vztahy
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Rozklad na objemovou a deviatorickou ¢ast

KaZdou deformaci 1ze rozloZit na zménu objemu pii zachovani tvaru (objemovou, hydrostatickou ¢ést) a zménu
tvaru pii zachovani objemu (deviatorickou ¢4st).

Priklad: ¢tverec — obdélnik:

|
+

pouze zména objemu pouze zména tvaru

Zména objemu

v
(02 + oy +02:) =

Ey RéExteEy+ e, =

ey ...objemova deformace (relativni zména objemu)
Om -..stfedni napéti (napéti zptisobujici zménu objemu)
K ...objemovy modul (modul pro zménu objemu)
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Zména tvaru (,,zbytek)

2 1 1 eV 2 1 1
Sg = 0g —Om = ;0 — 50y — 502 EI:E‘z*?:gé‘z*gEy*gfiz
2 1 1 eV 2 1 1
Sy =0y —Om =50y — =0z — 50, €y =€y — — = €y — o€z — 5E;
3 3 3
2 1 v 201 1
Sy, =0, —Om = =0, — =0y oy €, =€, — — = —¢€, Ep — =€y
3 3 3 3 3 3
Syz = Tyz €yz = Vyz
Szx = Tzx €rz = Vex
Sxy = Tay €xy = Yoy
sz = 2Ge, Sy, = Gey,
5y = 2Gey S = Gey
s, = 2Ge, Szy = Gegy

2 ¥ 2

deviatoricka ¢ast deformace (deformace vyjadfujici zménu tvaru)
Sz,Sy, Sz, Syzs Szz, Say - - - deviatorickd ¢dst napéti (napéti zplisobujici zménu tvaru)
E

G= 00y ..smykovy modul (modul pro zménu tvaru)

e$7ey)eZ)€yZ7eZ$7e$y

Invarianty napéti a hlavni napéti

I =0, +0y+0,=30n

1 1
J2 = 6 [(Uy - 0'2)2 + (O'z - Uz)2 + (Uz - 09)2] + TyQZ + TzQac + T$2y = 5 (8123 + 832/ + 83) + TyQZ + TZQ@ + Tgy
Fyzikalni vyznam:
I je umérny napéti zptisobujici zménu objemu
Jo je tmérny energii pruzné deformace zpisobujici zménu tvaru
Hlavni napéti:
det(c — AI) =0
Op — A Try Toz
Tya Oy — A Tyz =0
Tzx Tzy 0, — A

tii kofeny pro A\ — 01,092,035 ...

01,2,3 ... fyzikdlnf vyznam: extrémni hodnoty napéti pro v§echna moZn4 natoCeni soufadnicového systému.

— -l x\/ { —> i
R g SR O R VA VAR

Pro rovinnou napjatost

Oz Tzy O
o=| Ty oy 0] — detloc—A)=(0z—N(oy —A)(=A)+ T$2y>\ —
0 0 0
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Nékteré zakladni podminky plasticity

1D ilustrace, idealni pruzno-plasticky model

A o
0o
yummpanm
. .
' L 4
' L 4
4 L4
- — > <
4 L4
L4 L 4
* .
Y2 L 4
- - -'
oo
zavedeni pro konkrétni model zobecnéni
funkce plasticity: f(o) = |o| — o0
podminka: 0 < o9 Ao > —og podminka plastické pfipustnosti: f(o) < 0
o<ogNo>-—0y — pruznystav,é, =0 f(0) <0 — pruznystav,é, =0
o =09 —  plast. pfetvéfent, £, > 0 flo)=0 — plast. pretvéfeni, ¢ = )\%@), A>0
o= —0oyp —  plast. pfetvéafent, £, <0 f(o)=0 — plast. pretvéfeni, ¢ = }\%;), A>0
Ep #0 — o=o09Vo=—0p Ep #0 —  f(o) = 0 (podminka plasticity)
fA=0

Vhodné pro materialy bez vnitiniho tfeni, napr. kovy

Trescova podminka plasticity

f(0) = Tmax(0) =10 =0 (Tmax(a) _ ‘71203>

von Misesova podminka plasticity

flo)=+/J2(c) —170=0
Vhodné pro materialy s vnitinim tienim, napr. zeminy, beton

Mohrova-Coulombova podminka plasticity

1+ sin 1 —sin
flo) = %01(0)—7@03(0)—00005@:0

Druckerova-Pragerova podminka plasticity

f(o) =3apom (o) +/J2(0) —170=0
Priklad 1
Ocel, von Misesova podminka plasticity
frah = flak = 235 MPa,  fomyx = 70 =7

podminka: \/Jo = 7
o = {ftaha 07 0) 07 0) O}T

1
J2 = [(Uy - JZ)2 + (JZ - J$>2 + (JI - Uy)ﬂ + Ty22 + TZQI + Tz2y = gf‘?ah

| =

1 1
T0o =/ Jo = — ah| = —235 = 135,7 MPa
0 2 \/§|ft 1| \/g
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Priklad 2

Oedometricky test

o, =7
M4 14
E = 40 GPa
v=20,2
ftan = 30 MPa

von Misesova podminka plasticity
o, < 0 (tlak)

LLLLLLLLLLLLL.
7777777777777

AARAARARARARAARRARAN)

Op =0y =

71—1/—|—1/—|—1/ _ 1+v
T 30—y T 30-n”
31—v)—(1+v)  2(1-2v)

ETOETOmMT TR ) T 31— 7

v 1+v 2v—1
Sg = Sz = 0g — Om = - z =
1—-v 3(1-v) 3(1—v)

Om

s dosazenim v = 0,2:
0,2 1
= O’Z = —O’Z
Y 1-0.2 4
14+v 140,2 1

Om = o, = 0, = =0,

31—-v) * 3(1-02)° 2
2(1 —2v) 2(1-2-0,2) 1
S, = o, = 0, = =0,
3(1—v) 3(1-0,2) 2
-1 2:02-1 1

Sy = S, = = —*ZUZ

31—v) 3(1-02)

2 2 2
IR RSN N I 1 1 _ 32
J2—2(sm+sy+sz)—2 l( 402) +( 40z) +(20z) ] = 16°=
flo)=+/Ja—10=0

V3. L
PR

4 4
|az|:§ftah:§-30:40MPa — o0,=2+40MPa — o, = —40MPa

Oy =0

ftah =0

o

1
Op =0y = ZO'Z = —10 MPa
—-10—-10—-14
am:%JFUByJFUZ: 0 30 0 16,66 MPa
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Plastické pretvareni
zakon plastického pretvareni:

- sdruZeny (asociativni):

(0f(o)
=\
P Jo
- nesdruzeny (neasociativni):
. dg(o)
&y =327 (o) £ f(o)
pomocné vyrazy:
oJ 0 1 1
af‘i = E (6 [(Uy - 02)2 + (Uz - Uw)Q + (UI - Uy)2]> = 6 [2(0:5 - Uy) + 2(060 - UZ)] =
1 1
= 5(201. —0y—0,) = 5(301.—01. — 0y —0;) =0y —Om = Sz
8\/J_2 o 1 <9J2 o Sz
0oy 2/ 00, 2/
0oy O (0x+0y+ 0. 71
do,  Ooy 3 3
Priklad 3
rovinnd deformace (g, = Vz> = Yy = 0)
oy =1
M4
o, =0
1
£, = E(JZ voy, —voy) =0 — o0, =v0y,
1+v
Om = 5 O
1+v 1+v
Se =0z —0Om =0 — 3 oy = Tay
1+v 2—v
Sy =0y — Om = Oy Tay: 3 oy
1+v 2v—1
S, =0, — Om = V0y 3 oy = 3 oy
1 1+v \?> [(2—v \° [2v—1 \?| 1-v+2
J2:§ [(—Tay> + (Tay) +( 3 Uy) = 3 05

a) von Misesova podminka plasticity,
sdruZeny zakon plastického pretvarent,
v =0,3,
ftan =355 MPa,
oy > 0 (tah)
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o, =0

€, =voy = 0,30y

1
o= = 0,4330,
1
Sy = ———g Vay = —0,4330,
2 —
sy, = ——0, = 0,5660,
2v—1
SZ = 3 O'y = _071330-y
1—v+12
o = ————0; = 0,26330
1
flo)=+vJo—170=0 — +/0,2633|0,| — ﬁftah =0
1

fran = 1,125 fran = 400 MPa

vl = 555633

oy = £400 MPa — o, = 400 MPa

_39fl0) _ 9 (VTs — 79) = A—22

= A g = e N
_;9f(e) _ 0 N3 Sy
= AT = A, (V=) =Age

) Of(e) . 0 .S,
£ = A :Aaaz(\/J_rTO):A—

Epx P Epy P Epz = Sz 1 Sy 1 5, = —0,433: 0,566 : —0,133

b) Druckerova-Pragerova podminka plasticity,
nesdruZeny zdkon plastického pretvarent,

v =02,

ftah =3 MPa,
filak = 35 MPa,
Qqy = 0,1,

9(o) = Bayom + v'J2 — 7o,
oy < 0 (tlak)

\/gTQ \/gTO
ah = —— 2 =——— — 79 =23,191 MPa, oy = 0,486
fran T V3ay frlak 30, 0 ®
o, =0
e, =vo, = 0,20,

71+V

Om Tay = 0,40,
1
Sy = — ;Vay = —0,40,
2—v
Sy = "3 Oy = 0,60
2v—1
S, = VS oy 0,20
1—v+1v? , 9
Jy = 3 v = 0,280,
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flo) =3a40m ++\/Jo—T70=0 — 3-0,686-0,40,+,/0,2802 — 3,788 =0

oy = 2,80 MPa, o, = —59,04 MPa
déle pro o, = —59,04 MPa:

1

5y = —%ay — 23,62 MPa
2 —

sy =3 Y5, = —35,42 MPa
% —1

s, = ”3 o, = 11,81 MPa

J2 = 0,280, = 975,94 MPa’

Epr = A do. = A£(3a¢0m +VJo—1) =Xy + —= ) =0,478A

24/ Ja
O0f(e) . 0 . Sy .
- . AT —70) = A — _0,467X
py = A a0, Aaay Bayom + VJ2 — 1) ay + SNa
.= A = \— m —T0) = A — | = 0,289
°p do, do, Bayom ++/Jz =70) o+ AV

Epa  Epy 1 Epe = 0,478 : —0,467 : 0,289

V pripad¢ nalezeni chyb, nejasnosti ¢i dotazti mi prosim napiste na jan.stransky @fsv.cvut.cz

verze 01, 6.1.2015
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